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ABSTRACT. In this paper we present nonlinear ob-
servers for a class of biotechnological processes. These
observers are an extension of the asymptotic observers
(observers with unknown inputs) devoted to biotechno-
logical systems for which some parts of the model are
unknown. We take benefit of the outputs which are
non linear functions of the state to design a close loop
observer. The global convergence of these nonlinear
observers is proven. The method is illustrated with an

experimental application to a water treatment process.
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1 Introduction and motivation

The dynamical behaviour of a continuously stirred tank
bioreactor (CSTR) is often described by a general non-

linear mass-balance model of the following form [1]:

§(t) = Kr(&(t)) — D@)E(H) + D(1)€in (t) — Q&) (1)

In this model, the vector £ = (&1,&,...,&,) ¢ is the
vector of the concentrations of the biological or chem-
ical species species inside the liquid medium. The
first term K r(£) on the right-hand side represents the
biological and biochemical conversions in the reactor
(per unit of time) according to the underlying reac-
tion network. The (n x k) matrix K is a constant
(stoichiometric-like) yield coefficient matrix. The vec-
tor (&) = (ri(€),r2(8),...,mx(€)) is a vector of reac-

tion rates (or conversion rates). The influent feeding

concentration is represented by &, (t), and D(t), the
dilution rate is the ratio of the influent flow rate and
of the volume of the fermenter. For sake of brevity the
time dependence will be omitted in the future. The
last term Q(&) represents the gaseous exchange with

the outside of the fermenter.

Very often, the precise formulation of the kinetics r(§)
is not known, and therefore to build observers for these
systems it is often preferable to consider r(£) as an un-
known input and apply the linear theory of rejection of
unknown inputs [2, 3]. This is the principle of the mass
balance observers [1, 4]. These observers are based on
mass-balance considerations, in order to eliminate the
unknown kinetics r(£). But since they are in open-loop,
they are not very robust to errors on the estimation
of the influent masses. Nevertheless these observers
require the measurements of some gaseous flow rates.
In this paper we take benefit of these outputs and of
other measurements rather easy to perform in practice
(pH, conductivity, ...) to build a closed-loop nonlinear
observer, that achieves better properties of robustness

and convergence rate.

2 Notations and definitions

In the sequel the mappings r(£), Q(&) are assumed to
be C! on the considered open domain 2. The solutions
of the ordinary differential equations are well defined

and unique.

We assume that a part &; of the state £ can be measured

on-line. The part of the state which is not measured,



&, is of dimension p. We have thus € = (£, &)t We
assume moreover that the output y of the system (i.e.

the set of measurements) can be split into 3 parts:

y=(y1y293)" with: yy =& € R"7,
Y2 = Q(g) € Rn7 Ys = h(€17€2) eER™

In other words we suppose that we can measure the
gaseous flow rates Q(&) and also a set of functions of
the state h(&1,&). They can be physical variables (pH,
partial pressure of a gas, etc.) related to the state . As
it will be illustrated in the following, in the general case
there does not exist any injective relationship between
y and £. Indeed the vector Q(§) is, in many realis-
tic cases, mainly composed of zeros, and the non-zero
terms can be complicated and non-injective expressions
of the whole state. We have therefore to estimate the

variables with an observer.

Example. Along the paper we will illustrate our
method with a very simple biotechnological example.
We assume that a biomass of bacteria (X) is grow-
ing in a CSTR. The micro-organisms consume the sub-
strate S and produce a product P. As most of the
time in biotechnology, the bacterial growth rate r(&)
is a complex function of the state which is generally
poorly known. In the sequel we assume that r(§) is

unknown.

The model associated with this example is thus the

following:

X =r(¢) - DX
S =—c17(€) + D(Sin — 5) (2)
P =cyr(€) — DP

where S;, is the influent substrate, and ¢; and ¢ are
yield coefficients. This model has the form presented
in (1) with:

K =(1,—c1,c2)", &in = (0,5,0)", Q(&) = (0,0,0)"

We assume that the bacterial biomass and the conduc-
timetry of the solution can be measured. The conduc-
timetry is related to a positive linear combination of the

ions in the solution i.e. S and P. We have therefore:

y1 =X, y2=1(0,0,0), y3=aS+ 6P

Our aim is to estimate S and P, without using the

unknown kinetics r(§).

Remark. In the sequel we will assume that £ remains
in a bounded domain Qg C €, as it is generally the case

for mass balance based systems [5].

2.1 Recall: the asymptotic observers
For details the reader may consult [1]. We separate the
measured state variables {; and the unmeasured state

variables . We rewrite system (1) as follows;
&1 = K1r(€) — D& + Déimy — Qu(€) (3)

€ = Kor(€) — D& + Déins — Qa(€) (4)

where (K1, K3),(§in1,&in2) and (Q1(£), Q2(§)) are the
induced partition of K, &;, and Q(&) respectively.

We state now an hypothesis on the rank of the matrix
Kll

Hypothesis 1 (H1) The (n —p) x k ((n —p) > k)

matriz K1 has full rank.

From (H1), since it has full rank, Ky admits a left in-
verse P, let us denote 4 % —K,P.
We consider then the following linear change of coordi-

nates:

G = & (5)
G2 A& + & (6)

this change of variables transforms (3) and (4) into:

G = Kyr(T¢) = DG + Déint — Qu(TC)  (7)
(o = —D(C— Cina) — My (8)
with
T déf ( ITL—P On—p,p ) ) (9)
A I,
]Wd:ef ( A I, ) and (ino = M&n

Hypothesis 2 (H2) The positive scalar input D is
persistently exciting i.e. there exists positive constants
a and € such that 0 < a < ftt+€ D(7)dr



Lemma 1 ( see [1]) Under hypothesis (H2), the solu-

tion ég of the following open-loop observer:

52 = —D(ls — Gina2) — Mys

R R 10
& =0—An (10)

converges asymptotically toward the solution & of the

reduced system (4).

Proof: It is easy to verify that the estimation error
ey X €y — & = (3 — (, satisfies é; = —Dey, and con-

verges asymptotically toward &-.

3 Closed loop mass balance observers

3.1 Principle
In this section we assume that y3 € R: the mapping h

is thus defined as follows:
h:(&,&) € (R P xRP) — yz3 = h(61,&) ER

We assume that h satisfies the following hypothesis:

Hypothesis 3 (H3) The mapping h is monotonous

with respect to &, i.e.g—éZ is of fized signs on (.

Example: in our example h(&, &) = aS + P, and
thus g—é = [a f], this is of fixed signs. Let us precise

that A may be nonlinear.

Remark. In fact, the mapping h must be saturated
outside the domain 2y so that the estimate é remains

bounded. This is not detailed here for sake of brevity.

Proposition 1 Let A\ € R? be a constant unit vector

(Ml = 1), whose signs are chosen such that g—g)\ >0,

0 is a (possibly time varying) positive scalar, and z;, =

ME;,,. The following system
2= —D(2—2in)— Mys— 0 h(y1, 2 — Ay1) —y3) (11)

is an asymptotic observer of the reduced system (8).

Proof: the equation error is (with e efs z):

¢ =—De— O\ h(y1,% — Ayr) — h(y1, 2 — Ayr)) (12)

We consider [y,...,l,—1 € R? an orthonormal basis

of the vectorial subspace orthogonal to A. If we denote
def

L=l ... 1,_1]" let us consider the following LaSalle
function )
Vi(e) & 5¢'L'Le (13)
then:
Vi = —De'L'Le = —DV; (14)

The function V; is nonnegative, it converges toward
zero thanks to Hypothesis (H2). Therefore e goes to-
wards the set {e, Vi(e) = 0} i.e. the kernel of L. This
is precisely the vectorial subspace generated by A. Note

that the convergence rate toward A is D.

Now, since e is bounded, we can study the system on
the limit set, i.e. for e(t) = a(t)\. Let us rewrite the

observer (12) on this limit set:

Ad = =DaX—0A(h(y1, 2 —Ay1) —h(y1, 2 — Ay1)) (15)
this is A times the same scalar expression:

&= —Da—0(h(y1,2 — Ay1) — h(y1,z — Ay1)) (16)

We rewrite the term h(yi,2 — Ay1) — h(y1,z — Ayr)

using a generalized Taylor formula:
h(y172 - Ayl) - h(ylvz - Ayl) = ¢(2727y1)6

with ¢(2,2,91) = [, By, 75 + (1 — 1)z — Ayy)dr
then (16) becomes:

a=—(D+06(2,z,y) N (17)

The choice of the signs of A guarantees ¢(Z, z,y1)A > 0.

Now let us consider:
Va(@) = a (18)
it verifies:
Vo = —2(D+06(2,2,y1)\)Va < =2DVy  (19)

The Lyapunov theorem for non autonomous systems
(see e.g. [6]) proves that V5 and therefore o goes toward

zero (we also need Hypothesis (H2)).

Proposition 2 Suppose moreover that ¢\ is lower

bounded by a positive real Nmin -

then the convergence rate of a is greater than (D +

ONmin)- It can be adjusted using 6.



3.2 Extension to larger dimensions

In the following paragraph we extend the results ob-
tained here in the case where we use m (m < p) on-line
measurements (b = (hy,...,hn)?) to set the observer
in closed loop. We assume nevertheless that the mea-
surement given by hj is a nonlinear function of the
state, and that for ¢ > 1 we have g? = ~(t)k; (with
7(t) € R} and k; € RP). We assume moreover that

the k; are independent (otherwise it corresponds to a

problem of m — 1 correcting terms). In other words,

Ko [k, ... k'] is of full rank.

Now we consider the following observer for the reduced

system (8):
2= —D(%—zin) — Mys —y()AKL (2 — 2)

=M (ha(y1, 2 — Ayr) — ha(y1, 2 — Ayr))  (21)

where A\; € RP, \; is orthogonal to the k;’s (i =
2,...,m)and A < Dy L Al

First we consider /1, ... ,{,_,, an orthonormal basis of

the vectorial subspace orthogonal to A = Ao A

We denote L = [l1,... ,lp—m].
The LaSalle function:
def 1 t t
satisfies
Vs = —De'LL'e = —DVj (23)

this shows that e goes toward the manifold generated
by )\17...7/\m:
e(t) = Ae(t)

where €(t) € R™. Then the problem is reduced to a m

dimensional problem.

We need the following technical assumption.

Hypothesis 4 (H/) There exists A1 in the kernel of

K} such that gg A1 > 0.

Proposition 3 Let us take A\ satifying hypothesis
(H}), the other X\;’s (i > 1) are chosen such that 3\
is a right inverse of K& (0 is a gain parameter). Then

(21) is an asymptotic observer of (8).

Proof: We define

Va(e) def e KoK} e (24)

It is easy to compute V:
Vi = —2DV, — 2y(t)e! Ko K5 AK e (25)

Since K} is of full rank, it admits a right inverse: we
can choose A such that K5 A = 6I,,. Then equation

(25) becomes:
Vi=—2(D + 64(t))Va (26)

This proves that asymptotically the error vector e be-
longs to the kernel of K. By the same argues than
that given in paragraph 3.1 the limit set is contained in

the vectorial subspace generated by A1: e(t) = A\ a(t).

It follows that the equation error asymptotically re-

duces to
a1 = —(DIp+Ai(h1(y1, 2—Ay1)—hi(y1, 2—Ay1)))al

and thus, as for equation (15) we can prove that « goes
toward zero. It is also possible to adjust the gain 6 to

increase the convergence rate of a.

4 TIllustration of the robustness properties on a

simple example

We design the closed loop mass balance observer for

the biotechnological process presented in (2):

20 = D(Sin — %1) — OXa(aS + BP — y3)
E

2y = —D32y — O\y(aS + BP —
2 ) p(aS + Y3) (27)

The convergence of this observer when S;, is known is
a consequence of Lemma 1 if we choose A, > 0 (same
sign as ) and A, > 0 (same sign as j3).

Actually, the influent substrate S;, is badly known, and
we must use an estimate S’m. We must replace the first
equation of (27) with:

2’1 = D(Sln — 21) —9(a5‘+ﬁ}5 _y3)

We choose here for sake of clarity A = (1 0)*.



Now let us show the robustness properties when the
estimate of S;, is wrong. If S* and P* denote the
value of S and P at equilibrium, we call S* and P* the
steady state value for the close loop observer. If the
observer is designed in open loop (# = 0) using Sin, &

straightforward calculation gives us:

g* =S*+ glin — Stin (28)
The prediction error is therefore the error on Si;,.
With the closed loop observer, the steady state is:

S* = 5% +

O + D (Slin - Slin) (29)

If the gain 6 is high, then it is easy to see that S* ~ §%:

the bias is reduced by the closed loop observer.

5 Application to an anaerobic wastewater

treatment process

We consider an anaerobic digestion process used to
treat wastewater. It consists mainly in two bacterial
populations in a fermenter: X; the acidogenic bacteria
and X, the methanogenic bacteria. These populations
intervene in the two following biological reactions:

Acidogenesis (with reaction rate r1):

k1S1 == X1 +k2S2 + kaCO (30)
Methanogenesis (with reaction rate 79):

k3Sy - Xy 4 ksCOy + keCHy (31)

Where 57 and S5 represent the organic substrate, and
the volatile fatty acids (VFA). If we take into account
some chemical equilibria, we must also include the total
alkalinity (Z) and the total inorganic carbon (C) in the

model. For more details on the model see [7].

The model of this process has the general form given
by eq. (1), with

gt = (X17X27Z7 5175270)7 T(g)t = (T1(€)7T2(€))

t
1 00 —ki ka k

K= 1 2 4
01 0 0 —ks ks

Ft = (0707Zin751in752in70in)7 Qt = (0707070707Q002)

The terms Z;,, S1in, S2in, Cin are the influent concen-
trations of Z, 51, Sa2, C, respectively. The term Q¢o, is
the molar flow rate of CO5 per volume of medium. In
this example we are interested by the estimation of S;

and Sy. The following outputs are available :
y1 =0, y2 = (Qco., Qom,)'s

Ys = (Qcozv QCH47 pHv Pc)t

where P, is the CO5 partial pressure. In a previous
paper [8] we have shown how to design a mass balance
based observer for this process: the equations are of

the general form (8), with:

t
0 0 0 -1
M =
Qo 0 —a1a3 Q203 + a4

Note that the transformation to obtain this form
slightly differs from this presented in equation (9).
The predictions of the observer are then given by the

following estimates:

5 4 & s 2 — f(pH)Z
Z = S| =23 —a————
22y, W1 =2%3 — a1 1+ asf(pH)
. — f(pH)Z - S0+ 24 -
52222 f(p )247 ¢ = 2%z + 2 Xy =2
1 +as f(pH) 1 +as f(pH)
with f(pH) = W Moreover, the relationships

between the state and the ouputs are (we consider a

region where Sy does not inhibit 79):

z1(22 — f(pH)24)
22 + ag + f(pH)(azas — 24)

1 — f(pH)
1+ as f(pH)

Now we will present the closed loop observer for this

Qcnr, =hi(2) = a7

Qco,(z) = ha(z) = as < (agze + z4) — aGPC>

system, and show how it improves the estimations of
the variables S; and Ss. With the notations of 3.2 we
have:

1 — f(pH)

0and Kp =k = (0 01)
51+a2f(pH)> and Ko 5 =(0ax01)

(1) =

Moreover sign(2%1) = (+ + 0 —). The vector

Dz
Ao = (* s * (0 — ass))’ satisfies KH\o = 6. We
take Ay = (01 * —a2)" which satisfies K5\, = 0 and
Lhi); > 0 ((HL) is verified). From Proposition 3, the

closed loop observer (21) converges.

The observer has been applied on a fermenter located



at the LBE (INRA Narbonne, France). The values of
the model parameters are indicated in [8]. For the
observer tuning we have chosen the following values:
A1 =(0 1.5 0 —0.65)", A\ = (0 0.1 —0.012 0.057)*
and 6 =0.1.

Globally, the performances of the closed loop observer
are better than the classical asymptotic observer (see
Figure 1). The estimation results for Sy show bad per-
formances for the open loop asymptotic observer (neg-
ative concentration). However, we notice that these es-
timations are considerably improved by the closed loop
asymptotic observer which is more robust to parameter
uncertainties. The estimation of the COD (the chemi-
cal oxygen demand resulting from S; and S) may be
affected by the high variability of the input Sy;, and
by the changes in the composition of S; along the ex-

periment.

Acknowledgments: We wish to thank the GDR “Au-
tomatique” of the CNRS for his support. We thank

Antoine Genovesi for providing his data.

References

[1] G. Bastin and D. Dochain, On-line estimation

and adaptive control of bioreactors. Elsevier, 1990.

[2] M. Hou and P. Miiller, “Design of observers for
linear systems with unknown inputs,” IEEE Trans. Au-
tom. Contr., vol. AC-37, no. 6, pp. 871-875, 1991.

[3] M. Darouach, M. Zasadzinski, and S.-J. Xu,
“Full-order observers for linear systems with unknown
inputs,” IEEE Trans. Autom. Cont., vol. 39, no. 3,
pp. 1068-1072, 1994.

[4] G. Bastin and J. VanImpe, “Nonlinear and adap-
tive control in biotechnology: a tutorial,” FEuropean
Journal of Control, vol. 1, no. 1, pp. 1-37, 1995.

[5] F.Jadot, Dynamics and robust nonlinear PI con-
trol of stirred tank reactors. PhD thesis, Université
Catholique de Louvain, 1996.

[6] H. Khalil, Nonlinear systems. Mcmillan, 1996.
[7] O. Bernard, Z. Hadj-Sadok, and D. Dochain,

“Advanced monitoring and control of anaerobic waste-

water treatment plants : II- dynamical model develop-

ment and identification,” in Proceedings of Watermatex
2000, vol. to appear, Gent, Belgium, 2000.

[8] O. Bernard, Z. Hadj-Sadok, and D. Dochain,
“Dynamical modelling and state estimation of anaer-
obic wastewater treatment plants,” in Proceedings of
ECC99 (CDROM), Karlsruhe, Germany, 1999.

50r

- - open loop
o data
40+ : — closed loop

w
?

VFA (mmol/l)
N
<

0 10 20 30 40 50 60 70 80
time (days)

- - openloop
or o data
— closed loop

COoD (g/l)
o

- - open loop
o data
— closed loop

C (mmol/l)
s

30

0 1 1 1 1 1 1 1 J
0 10 20 30 40 50 60 70 80
time (days)

Figure 1: Comparison between the open loop and

the closed loop observer ( experimental data)



