Quantum Control Techniques for Switched Electrical
Networks

Kathryn L.Flores, Viswanath Ramakrishna*
Department of Mathematical Sciences and Center for Signals,
Systems and Communications
The University of Texas at Dallas,

P.O. Box 830688
Richardson, TX 75083
e-mail: kflores@utdallas.edu and vish@utdallas.edu

Abstract

We illustrate two techniques for specifying piece-
wise constant controls for a switched electrical net-
work used in converting power in a dc-dc converter.
Both procedures make use of decompositions of SU(2)
to obtain controls that satisfy pulse area constraints.
One of the methods depends intrinsically on the net-
work and we show that ideal controls can be obtained
with this technique. The other approach is general,
but requires more computational effort. The systems
being studied are single input systems with drift. In
this paper no approximations or other artifices are
used to remove the drift. Instead, the drift is impor-
tant in the determination of the controls. Piecewise
contant controls, such as the ones obtained in this
work, are closer to physical reality than other types
of controls. We also show how to obtain controls with
values of either O or 1 which represent the position of
the switch.

1. Introduction

Decompositions of an element of SU(2), the set
of 2 x 2 unitary matrices with determinant equal to
one, can be used to control various systems|[1], [2].
Examples of such systems include two-level systems
controlled by piecewise constant controls, two-level
and N-level systems controlled using sinusoidal con-
trols combined with approximations, and mechanical
systems such as satellites, underwater vehicles, and
switched electrical networks. This paper focuses on
switched electrical networks having state spaces on
SO(3), the set of 3 x 3 orthogonal matrices with de-
terminant one[3], [4], [5]. The Lie groups SO(3) and
SU(2) are closely related and we use this fact to con-
vert a system on SO(3) to a system on SU(2), and this
explains the title of this paper [1]. By using methods
adapted for quantum control, we manipulate a classi-
cal system.

The switched electrical network example dis-
cussed in this paper is the one studied by Leonard
and Krishnaprasad[3]. This switched electrical net-
work has its state transition matrix in SO(3). Given a
target G € SO(3),we translate G to a target S for the
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associated system on SU(2), and illustrate two tech-
niques that determine decompositions of S for obtain-
ing controls for the switched electrical network. Both
methods represent S as a product of factors. Each fac-
tor is the exponential of a linear combination of A and
B, two linearly independent elements of su(2), the set
of 2 x 2 anti-Hermitian matrices with zero trace. The
coeflicients of A and B, which describe the time and
control inputs of the system, have constraints placed
on them. With the use of decompositions of S, piece-
wise constant controls for the system are obtained.

The first method depends intrinsically on the
structure of the matrices A and B. It turns out that
the associated system in SU(2) has its drift matrix of
the form A = aio, + bio, and its control vector field
B = cio; + dioy, where a,b,c,d € R and 0,,0, are
the Pauli matrices given by

(01 Qo (0 =i
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In the second method, a further translation is carried
out from S to a target for a new system in SU(2) that
has drift A = §0,, where

(1 0
UZ_ 0 _1 ?

and control vector field B = %Uy. Although the second
method involves more arduous calculations than the
first method, it applies to any A, B € su(2).

Systems such as dc-de switchmode power convert-
ers, in which switched electrical networks have a sig-
nificant part, can be implemented in communication
and data handling sytems, portable battery-operated
equipment and other applications. Thus, the results
of this paper have useful consequences for these appli-
cations.

The methods for finding controls for switched
electrical networks described in this paper provide
piecewise constant controls without using approxima-
tions or optimization calculations. Piecewise constant
controls are closer to actual physical reality than other
types of controls. Other strategies for controlling
switched electrical networks use state-space averaging,
for example, Leonard and Krishnaprasad[3] transform
these systems into ‘drift free’ systems and then apply



averaging theory on Lie groups to specify small ampli-
tude, periodic, open-loop controls. The approach of
Sira-Ramirez[6], based on variable structure systems
theory and sliding regimes, provides feedback controls
for switched electrical networks. In contrast, we obtain
piecewise constant controls by construction that can
be taken to be the ideal controls of O and 1 which rep-
resent the position of the switch. From the results of
Jurdjevic and Sussmann[7] we know that the controls
can be exactly 0 and 1 to prepare (G. Furthermore,
we do not resort to techniques for driftless systems
by either, one, removing the drift via approximations
or other methods which work only in fortuitous situa-
tions or, two, by making use of periodicity. Arguments
relying on periodicity are invalid in general[1] and can
lead to expensive controls even when valid. In this pa-
per the only time periodicity is used is to rewrite free
evolution terms with negative drift coeflicients as free
evolution terms with positive drift coefficients.

In section 2 we describe the model for switched
electrical networks evolving on SO(3), give the details
about the network example, and explain the trans-
lation of a system on SO(3) to a system on SU(2).
We obtain controls for our example in section 3 us-
ing method 1(section 3.1) with which general piece-
wise constant controls are provided(section 3.2) as well
as ideal controls, i.e., controls with values of 0 and
1,(section 3.3) and also method 2 is discussed(section
3.4). Conclusions are given in section 4.

2. Switched Electrical Networks

In this paper we consider a switched electrical net-
work with three circuit elements and no external con-
stant power sources. Such systems can be modeled by
the following|3]:

d .

X" (A—l—Bu) X, (1)
where x € R? is the state vector of the system and
the control input, u, is a scalar signal that takes the
values of 0 or 1. Matrices A and B describe the drift
and control coupling parts of the system respectively

and are elements of the Lie algebra so(3) which is
defined by

so3)={VeR VI =-V}. (2)

As long as u remains constant, at a time ¢, the state
of the system can be written as

x (t) = A 5v)tx (0). (3)

We assume that fl, B and the Lie bracket {fl, B} form

a basis of 50 (3) , where [, -] is the matrix commutator.
Thus, the Lie algebra generated by A and B is so (3) .
Hence, this system’s state transition matrix e(A+B“)t
is an element of the Lie group SO (3). The orthogo-

nal state transition matrix acting on the initial state

vector of the system x(0) € R® maintains the vector’s
length so that the evolution of x lies on a sphere in
R3. For our circuit this corresponds to energy conser-
vation.

The switched electrical network that we examine
is identical to the one used by Leonard, Krishnaprasad
and Wood|[3], [4]. This network consists of two capac-
itors 7 and Cs with corresponding voltages V7 and
V5. These capacitors are connected by a switch © and
an inductor Lz with current /3. The control objective
is to transfer energy from C; to Co by means of the
inductor while satisfying performance specifications.

The following are the equations for the network:

d

Cl%‘/l = (1—U)13
d

02%‘/2 = ulg (4)
d

LS%IS = —(1—U)V1—UVQ.

Define the network state vector x = (xl,xg,xg)T

by x = VO Vi, x2 = /3, and o3 = \/L313.

Then the above equations become

4o = L9,

dt VCilLs

d U
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Let W1 = 1/\/01[/3 and Wy = 1/\/02L3.

Thus in matrix form the system can be written as

d 0 0 wi(l—w
ZX= 0 0 wall x. (6)
t —wi (I1—u) —wau 0

Now we consider two elements of the standard
basis of so (3) given by

00 0 0 0 1
A= 00 -1 ], 4= 0 0 0
01 0 -1 00

Thus equation (6) can be written as

d
Z%X = [widg + (—w1dg —wady) u]x
= ([l + éu) X, (7)

where A = w; As and B = — (w1 Ag +wady).
To use SU (2) control techniques for this network
system, the following facts are used:

e Since an element of su(2) is a linear combina-
tion of the Pauli matrices 0,,0,, and o, the



transformation Ry : su(2) — su (2) defined by
Ry (A) =UAU™!, where U € SU (2), can be re-
garded as a transformation from R?® — R3. Un-
der this consideration, Ry is an element of SO (3)
which brings about a Lie group homomorphism

é: SU(2) — SO (3).
e The map ¢ : su(2) — so(3) defined by

0O —c b
Y(L) = ¢c 0 —a |, (8)
-b a 0
for L = —%(aam—l—bay—l—caz)7 a,b,c € R, is a

Lie algebra isomorphism.

e It can be shown[l] that ¢ (eX) = e? ) where
K € su(2) is given by K =i (a0, +boy, +co.).

We associate a system (1) with a given objective
final state matrix GG to a system evolving on SU (2)

%x = (A+ Bu)x, )

where A, B € su(2), with a final state matrix S €
SU (2). The matrices A and A are related by A =
Pt ([l) . Because A and B are linearly independent,

A and B are linearly independent as well.

Factoring S into a product H§=1 etk AtbiB eads
to an analogous factorization of GG as shown by the
following relations:

Q
¢ = o=o(lle) o

& (e@kA+ka> (11)
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Hence the controls that achieve S do likewise for G.

The Lie algebra isomorphism % of equation (8)
maps —%az — Ay and —%ay — Ag. So the objec-
tive is to express the state transition matrix in SO(3)
of the switched electrical network example as equation
(12) which is associated to S € SU(2) given by

Q
S =JJex"", (13)
k=1

where a; > 0 is the time that the kth control pulse
is applied and b, = 0 or by, = aj. Here we have A =
—iwlay and B = %(wlay + wg0,) . The number of
factors () depends on the technique used to arrive at
equation (13).

3. Obtaining Controls

In finding controls for our switched electrical net-
work to prepare S as in equation (13), we are mainly
concerned with satisfying ay > 0,k =1,...,Q. This is
because aj represents the application time of the kth
control pulse u;. For bang-bang controls the control
pulse vy, is either 0 or 1 so that by = 0 or by, = ay.

Suppose that the state vector x lies on the unit
sphere. Then the initial state vector x(0) = (1,0,0)7
and x(t) = (0,—1,0). For instance if C; = 0.1,
Cy = 0.2 and L3 = 0.5, then A = —i\/50, and
B = % (2\/50y + \/Eaz) . The problem that Leonard
and Krishnaprasad [3] describe in designing controls
for the system with constant current I3 such that
x3 = —1/4/2 is, for our techniques, the equivalent of
specifying controls for the three problems 1.) x(0) =
(1,0,0)" and x(¢1) = (1/v/2,0,-1//2)7, 2.) x(t1) =
(1//2,0,—-1/v/2)T and x(t2) = (0,-1/v/2,-1/v/2)"
and 3.) x(2) = (0,—-1/v2,-1/v/2)T and x(t) =
(0,—1,0)T. In this paper we provide controls for the
problem of taking the state from x(0) to x(f) with-
out specifying any intermediate points. However, if
desired, our methods can be easily adapted to make
the state sojourn through the points x(¢1) and x(¢2)
before reaching x(¢). See [8].

The state transition matrix S € SU(2) in equa-
tion (9) can be written as

S =expilao, + bo, + co,], (14)

where a,b,¢ € R. Let A = /a2 + b2 + ¢2. An expres-
sion for the Lie group homomorphism ¢, described
above, acting on S is obtained from equation (8)
and Rodrigues’ formula[9]. The numbers a,b, and
¢ are determined by the relation x (£) = ¢ (S)x (0)
and the fact that ¢(S) € SO(3). These are satisfied
by letting a = & = 0 and ¢ = Z. The target G
is not unique and there is an infinite family of vec-
tors (a,b,c) in R? for which x (t) = ¢(S)x(0) and
#(S) € SO(3). Now finding controls for the network
has been converted into obtaining controls that pre-
pare S = exp (ico,) . Therefore, we concentrate only
on preparing S = exp (i%az) . For the general problem
see [1], [8].

3.1 Method 1

This method depends on the fact that A and B
are linear combinations of 7o, and ¢0,. As has been
proven in[2], the exponential of the third Pauli matrix
can be expressed as a product of two factors

et =V (1) V() (15)

where L € R and
0 2y
eXp( v 0 )

= exp[(—Im~y)io, + (Rey)io,] (16)

V(v)



for v € C.

Let v, = Ze', k = 1,2, then L = 6; — 0, + 7.
Since L can be taken as an element of [0, 27), we have
that |L —@| < @, L # 0. Thus for L # 0, 7, and 7,
can be chosen so that |91 — 92| < 7. In other words,
we may choose v, and vy, to lie any open half plane.
For our network example,

Wy . w1 .
V () = exp kaQZUz + (by — ar) 7120?, . (17)

so that the open half plane that is of interest to us is
Im -y, —i—; Rey;,, since this precisely ensures that
ar > 0.

3.2 Example Calculations for Method 1

By equations (16) and (17), the real and imagi-
nary parts of v, k= 1,...,Q are linear combinations
of ap and bg. For the network example, each of the
factors of S in equation (13) can be represented by

5
exp lbk \/;iaz + (bx — ax) V5io, (18)

for Kk = 1,...,Q. From this relation and ag > 0, we
find that for each &, Imy;, > —+/2 Re ;. So our choice
of v, must be above the line Imv,, = —v/2Re,. This
means that 0 € (—0.30417,0.69597) . This is in keep-
ing with the fact that §; = % corresponds to free evo-
lution and 85, = 0 when uj; = 1.

Let ¢ = Z.. Since we are preparing S = exp (ico ),
it follows from equation(15) that we can write S as

S=V)V(v2), (19)
where v, = %ew’c, k = 1,2, and the phases of v; and
v, must satisfy 09 — 0, = %T”, Choose #; = —% and

02 = 3X. Using equation (18), we get the following
coefficients:

k | ar | bk
1]0649 | 0917 . (20)
21 0.269 [ —0.380

These coeflicients, when placed in equation (12), in-
deed drive the system in SO(3) from x (0) to x (¢)
as shown in Figure 1. In Figure 1 the lines indicate
that the network system is taken from a point in R?
to another along some undetermined path on the unit
sphere. Because by is a negative number, ug is nega-
tive and thus is not ideal. This may be remedied by
an appropriate choice of 9, see [8]. However, in the
next section we show that even for this S controls of
0 and 1 can be obtained.

3.3 Bang-Bang Controls via Method 1
The position of the switch is either 0 or 1 and

we desire up to represent the switch position. From
Jurdjevic and Sussmann[7] we know that this can be

x3
o

-0.5

0.5

x1

Figure 1: States Obtained by Method 1

done. Below we explain how to do this constructively
for our network.

To get bang-bang controls with values of 0 and 1
for S = exp (i%az) , use the fact that

T

T iy iy
el10s — ¢ VT 0yl g 0a g

40'

v, (21)
The first and third factors of the above equation are
free evolution and the second factor is obtained with a
control pulse of 1. Each of the three factors are of the
form of (18), so that we have the following coefficients:

k | ar | bk
1| =5 | o
20 . (22)
2 w10 m/10
3 o 0

These coeflicients represent bang-bang controls that
drive the system as shown in Figure 2. As in Figure
1, each line in Figure 2 represents the system being
taken from one point in R3 to another along an unde-
termined path on the unit sphere. It turns out that
the second and third factors in equation (21), i.e.,
%9 translate to elements of SO(3) whose
product forms another element of SO(3) that takes
x (0) to x (). Thus, we have “discovered” another el-
ement of SO(3) which achieves the desired transfer!
The first factor when multiplied with the product of
the other two, yields the SO(3) element that is asso-
ciated to S. See [8] for how bang-bang controls(with
values of 0 and 1) can be obtained for any target S in
SU(2).

3.4 Method 2

i

This approach can be used for any A and
B in su(2) that are orthonormal. Let A =
3 (a0, +boy+co,) and B = 5 (a0, + Boy, +70.).



Figure 2: States Obtained with Bang-Bang Controls

Here orthonormality of A and B means that the vec-
tors (a,b,¢) and (a, 3,7) in R? are orthonormal. Or-
thonormalization of A and B can be achieved by in-
troducing preliminary controls and scaling if neces-
sary. Application of preliminary controls causes this
method to be unfavorable. The idea is to map A, B,
and [A, B] via a Lie algebra isomorphism %' to A, B,
and [A, B] for a pair A, B for which suitable controls
have been obtained. To ensure that 1 is a Lie algebra
isomorphism, orthonormality is required for A and B
and for A and B. Choose the latter pair to be A = gaz

and B = 50. Correspondingly translate the problem
of preparing S to that of preparing a related matrix 7'
for a system with drift A and control B.

To determine 7', find the logarithm of the target
S e SU(2) by

log § = P* ( Zg O.V ) P, (23)

—1

where v € [0,27) and P is a unitary matrix such that

PSP = ( o 0o, ) (24)

€

The matrices A and B are linearly independent and
so {4, B,[A, B]} forms a basis of su(2). As log S is an

element of su(2), we can express this logarithm as
logS = c1A+cB+c3]A, B, (25)
for some ¢1, c2,c3 € R.

The Lie algebra isomorphism ¥ : su(2) — su(2)
is defined by

P (rlfl +roB 41 [A,BD =rA+reB+r3[A, B],

(26)
for any ry,79,73 € R. This isomorphism is associated
with the Lie group homomorphism ¢ : SU(2) —

SU(2) that satisfies the relation gb( K) = V&),
Hence the associated target T for the fl B system is

T =exp (clfl + 2B +c3 {A }) (27)

In otherwords, ¢ (7)) = S.
Now the target S is converted to the target 7.
And the objective is to express T as the product

4 S
T =[]em"5, (28)
k=1

for aj, > 0 and by, = 0 or by, = a;, as in equation (13).
The controls that prepare 1" also prepare S and hence
G. See [1] for the details of preparing T for the A, B
system.

Although this method can be used for any A, B
system, it does not perform as well as method 1 be-
cause linear algebraic calculations are involved in its
execution, it reflects the structure of the matrices A
and B more than that of A and B and also, the use
of preliminary controls, to achieve orthonormalization,
makes placing bounds on bj, difficult via this method.
Therefore we do not discuss this method further.

4, Conclusions

The control of switched electrical networks has
useful applications in areas such as power conversion.
Switched networks are modeled as bilinear systems
having drift and control vector fields. We have used an
example of a switched electrical network evolving on
SO(3) to illustrate the implementation of two quan-
tum control techniques which provide piecewise con-
stant controls. Both approaches use a translation of
the system on SO(3) to a related system on SU(2).
The target of the system on SU(2) is decomposed into
a product of factors. These SU(2) methods also ex-
tend to the case of four circuit elements. For such
circuits the associated system evolves on SO(4) which
is related to SU(2) x SU(2). Preliminary calculations
indicate that it is possible to obtain piecewise constant
controls for these sytems. For details see [10].

The first method we described is intrinsic to the
structure of the drift and control vector fields of the
network. We have shown that this first technique can
provide bang-bang controls with values of 0 and 1. The
second approach is independent of the structure of the
drift and control of the network and uses a further
translation of the system on SU(2) to another system
on SU(2). Nevertheless, this second method requires
linear algebraic computations, reflects the structure of
the second system on SU(2) more than the first and
uses preliminary controls. Thus the first method is
more practical than the second.
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