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Abstract. This paper introduces a new robust stabil-
ity and performance characterization for parameter de-
pendent systems. The main idea is to jointly use param-
eter dependent Lyapunov functions and parameter de-
pendent multipliers. It is shown that the novel tests can
be easily specialized to results that have been recently
proposed in the literature and that have been derived
in an independent fashion for discrete- and continuous-
time systems. It is revealed that these characterization
apply to system descriptions with rational parameter
dependence, and we discuss in how far they extend to
robust state-feedback controller synthesis. Various ex-
amples demonstrate the bene�t of the proposed algo-
rithms over previous approaches.

Keywords. Robust stability, uncertain systems, pa-
rameter dependent Lyapunov functions, linear matrix
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1 Introduction

Robust analysis and synthesis problems for systems de-
pending on uncertain parameters are among the most
classical problems in control theory and they have at-
tracted an intensive research e�ort. The proposed tech-
niques to tackle such problems can be divided in three
groups. The frequency domain-based methods, like �
analysis [12], are quite general and allow to treat both
dynamic and parametric uncertainty. They are, how-
ever, computationally quite costly since they require a
gridding over frequencies. Moreover, they can su�er
from considerable inaccuracies, especially in the case of
real parametric uncertainty. The second group of meth-
ods are algebraic in nature and have been speci�cally
developed to deal with parametric uncertainty. They
have their origin in the work of Kharitonov on interval
polynomials [10]. As a main drawback, they give rise to
quite complex stability conditions that are rarely use-
ful for synthesis. The last group is based on Lyapunov
methods and has witnessed considerable progress in re-
cent years, in correspondence to the development of
Linear Matrix Inequality computational techniques.

One of the �rst important contributions in this group

of methods has been the introduction of the concept
of quadratic stability [3] where stability of a convex
polytope of matrices is assessed through the use of
a parameter-independent Lyapunov function. Subse-
quently it has been tried to reduce the conservatism of
the quadratic stability approach by allowing for Lya-
punov functions that depend on the uncertain parame-
ters. As an alternative, it has been proposed to reduce
the conservatism through extra variables that introduce
more degrees of freedom in the analysis tests. These
extra variables, called multipliers or scalings, describe
the nature of the uncertainty and how it a�ects the
behavior of the system. The more precise this descrip-
tion, the sharper is the corresponding stability char-
acterization. In [7] we proposed robust analysis tests
based on a Lyapunov function that depends rationally
on the uncertain parameters and on a class of general
constant full block multipliers. As a main weakness,
these Lyapunov-based methods do not lead to convex
optimization problems for controller synthesis, due to
the interaction of all the variables (Lyapunov matrices,
multipliers and controller parameters) that are involved
in the corresponding inequalities.

A �rst important contribution to resolve this problem
is given in [6]. In this work, using some structural char-
acteristics of the discrete-time Lyapunov inequality, the
Lyapunov matrix and the plant parameters are decou-
pled through the introduction of a particular multiplier.
Among other advantages, this allows the translation
of controller synthesis to convex optimization. An at-
tempt to derive equivalent results for the continuous-
time case has been undertaken in [1], although the au-
thors could not overcome some diÆculties, such as only
obtaining a suÆcient characterization for nominal H1
performance which is not necessary.

In this paper we introduce a general framework based
on parameter dependent Lyapunov functions and a
family of parameter dependent multipliers that lead,
as shown by examples, to less conservative results both
for analysis and synthesis if compared to [6, 5, 1]. As
the main advantage, the procedure applies to both
discrete- and continuous-time systems, the results are



easily specialized to those in [6, 5], and they allow to
recover an exact test for nominal continuous-time H1-
performance. As a side-aspect, we point out how dif-
ferent but equivalent LFT representations of uncertain
systems lead to di�erent non-equivalent versions of ro-
bustness tests. The relation among these tests, and
in particular the question of which involves the least
degree of conservatism, appears to be an interesting
subject for further research.

2 Robust stability tests with parameter

dependent multipliers

Consider the uncertain system _x = A(Æ)x where A(Æ)
is a continuous function of the parameter Æ which be-
longs to the set Æ = fÆ = (Æ1; :::; Æk) : Æj 2 [Æj ;

�Æj ], j =
1; :::; kg. Notice that Æ is the convex hull of the �nite set
Æ0 = fÆ = (Æ1; :::; Æk) : Æj 2 fÆj ;

�Æjg, j = 1; :::; kg. We
assume that 0 2 Æ (w.l.o.g.) and that A(0) is Hurwitz.
In this paper we focus on parameter-dependence that
allows to represent A(Æ) as a linear fractional transfor-
mation (LFT)

A(Æ) = Fa + Fb�(Æ)(I � Fd�(Æ))�1Fc (1)

with a continuous �(Æ). It is well-known that such a
representation is not unique, and we will brie
y address
the e�ect of using di�erent LFT descriptions.

It is easy to see that A(Æ) is Hurwitz i� there exists
a continuous symmetric-vlaued matrix function X(Æ)
such that

A(Æ)0X(Æ) +X(Æ)A(Æ) < 0 (2)

holds for all Æ 2 Æ. Note that, since A(0) is Hurwitz and
Æ is path-connected, X(Æ) is positive de�nite such that
it is not required to explicitly include this constraint.
As the main trouble in directly verifying this condition,
(2) is in general not convex in Æ and it has to be valid
in an in�nite number of points. The key point of this
paper is a suÆcient condition to guarantee the global
validity of the Lyapunov inequality (2) on Æ in terms of
a family of parameter dependent multipliers.

Theorem 1 Suppose there exist symmetric-valued
continuous X(Æ) and P (Æ) with�

�(Æ)
I

�
0

P (Æ)

�
�(Æ)
I

�
� 0; (3)2664

�
�
�
�

3775
0 24 0 X(Æ)

X(Æ) 0
P (Æ)

35
2664
I 0
Fa Fb
0 I

Fc Fd

3775 < 0 (4)

for all Æ 2 Æ. Then I � Fd�(Æ) is invertible and (2)
holds for all Æ 2 Æ.

The proof is a matter of direct veri�cation.

The search for solutions of the functional inequalities
(3) and (4) is, in general, an in�nite dimensional semi-
in�nite feasibility problem. In order to transform it
into a standard LMI problem, we should specify a class
of multipliers and a structure for the function X(Æ).
Several choices are possible for the class of multipliers.
The use of constant block-diagonal multipliers for ro-
bust stability problems has been exploited in [8]. In [7]
we chose a more general class of full-block multipliers.
As a novel ingredient of the present work, we propose
a family of multipliers that depends on the uncertain
parameters as

P (Æ) =

�
S1 + S01 �S0 � S1�(Æ)

�S00 ��(Æ)0S01 S
0

0�(Æ) + �(Æ)0S0

�
(5)

with arbitrary S0 and S1. This class of multipliers ren-
ders the left-hand side of (3) identically zero, so that
only (4) remains to be guaranteed. If the left-hand side
of (4) is a partially convex function on Æ, the inequality
holds throughout Æ i� it is satis�ed in the �nitely many
generators Æ0.

In order to enforce partial convexity, let us assume that
�(Æ) is multi-aÆne in Æ, and let us search for Lya-
punov functions X(Æ) that are multi-aÆne functions of
Æ as well. Let us �nally recall that any X(:) de�ned
on the �nite set Æ0 admits a multi-aÆne extension to
the whole set Æ [9]. We conclude that the stability test
based on (4) then amounts to solving 2k LMIs (one for
each element in Æ0) in the 2k + 2 unknown matrices
S0, S1, X(Æ), Æ 2 Æ0. At the expense of conservatism,
it would of course be possible to con�ne the search to
aÆne Lyapunov functions.

Let us now distinguish two speci�c LFT representations
of the uncertain system. As we will see, they lead to
two di�erent robustness test, each with its own bene�t.
As a �rst choice we take

A(Æ) = A+B�d(Æ)(I �D�d(Æ))
�1C (6)

in which �d(Æ) is of the form diag(Æ1I; :::; ÆkI). It is
well known that this representation is always possible
if A(Æ) is a rational function of Æ without pole in 0. To
guarantee stability of A(Æ), one has to satisfy (4) where
Fa = A, Fb = B, Fc = C, Fd = D and with suitable
X(Æ), and S0, S1 de�ning (5). This leads to a �nite
LMI condition to test robust stability for rational A(Æ)
in terms of a multi-aÆne X(Æ) and, as such, it consti-
tutes an extension of the test presented in [7]. As the
main di�erence, we use parameter dependent multipli-
ers whereas the results in [7] were based on parameter-
independent multipliers. Unfortunately, the underlying
structures are not easily comparable such that it is a
priori unclear which of the two tests is preferable. The
fundamental issue of qualifying the particular bene�t
of each of these structures remains to be a challenging
but important subject of future research.



The other LFT representation of interest can be ob-
tained by \pulling out" the whole matrix A(Æ) as an
uncertainty, through writing the system _x = A(Æ)x as

_x = 0x+ Iw; z = Ix+ 0w; w = A(Æ)z (7)

and thus identifying Fa = 0, Fb = I , Fc = I , Fd = 0,
�(Æ) = A(Æ). In this case the stability test of Theorem
1, using the class of multipliers (5), amounts to �nding
X(Æ), S0, S1 such that�

S00A(Æ) +A(Æ)0S0 X(Æ)� S00 �A(Æ)0S01
X(Æ)� S0 � S1A(Æ) S1 + S01

�
< 0 (8)

for all Æ 2 Æ. Note that this family of inequalities re-
duces to a system of �nitely many LMIs at the extreme
points Æ0 if A(Æ) is a multi-aÆne function of Æ. In the
case of rational parameter dependence, (8) is in gen-
eral not easily veri�able such that one has to resort to
the previous test. Note that (8) resembles the robust
stability conditions presented in [1] which have been
derived using variants of the Projection Lemma. In-
stead, the test (8) results in a straightforward fashion
from the more general Theorem 1 and has the further
advantage of leading to exact nominal H1 performance
characterizations, as we will see in the next section.

To conclude, we stress again that the above two tests
are obtained from Theorem 1 on the basis of two dif-
ferent LFT representations of the system _x = A(Æ)x.
Unfortunately, it cannot be a priori decided whether
the two conditions are equivalent and, if not, which is
the least conservative. It is, however, clear that the �rst
one leads to a convex stability test even if A(Æ) depends
rationally on Æ whereas the second requires multi-aÆne
parameter dependence. Moreover, the latter will turn
out to have an advantageous structure that can be ex-
ploited to arrive at convex optimization based robust
controller synthesis algorithms.

3 Robust performance analysis

The robust stability tests of the previous section admit
a straightforward extension to robust performance. Let
us consider the uncertain input-output system

_x = A(Æ)x +B(Æ)w, x(0) = 0

z = C(Æ)x +D(Æ)w (9)

with continuous functions A(Æ), B(Æ), C(Æ), D(Æ) in
Æ 2 Æ = co(Æ0) and with A(0) being Hurwitz. For
�xed Qp, Sp, Rp � 0, this system is said to be robustly
performing if it is robustly stable and if there exists an
� > 0 such thatZ

1

0

�
w(t)
z(t)

�
0
�
Qp Sp
S0p Rp

��
w(t)
z(t)

�
dt � ��kwk22

for every w 2 L2: As special cases we obtain the stan-
dard L2-gain speci�cation for Qp = �
2I , Sp = 0,

Rp = I and the `strict positive real' speci�cation for
Qp = 0, Sp = �I , Rp = 0.

Again it is not diÆcult to prove that robust perfor-
mance is equivalent to the existence of a continuous
X(Æ) that satis�es2664

�
�
�
�

3775
0
2664

0 X(Æ)
X(Æ) 0

Qp Sp
S0p Rp

3775
2664

I 0
A(Æ) B(Æ)
0 I

C(Æ) D(Æ)

3775 < 0: (10)

For an LFT description�
A(Æ) B(Æ)
C(Æ) D(Æ)

�
=

=

�
A B1

C1 D1

�
+

�
B2

D12

�
�(Æ)(I�D2�(Æ))�1

�
C2 D21

�
with continuous �(Æ) one can assure well-posedness and
(10) if there exist continuous X(Æ), P (Æ) with (3) and

2
666664

�

�

�

�

�

�

3
777775

0 2
66664

0 X(Æ)
X(Æ) 0

Qp Sp
S0

p Rp

P (Æ)

3
77775

2
666664

I 0 0
A B1 B2
0 I 0
C1 D1 D12

0 0 I

C2 D21 D2

3
777775
< 0 (11)

identically in Æ 2 Æ.

If A(Æ), B(Æ), C(Æ), D(Æ) are rational functions with-
out pole in 0, one can determine an LFT representation
with diagonal aÆne �d(Æ) = diag(Æ1I; :::; ÆkI). For the
speci�c class of parameter dependent multipliers (5)
this leads to a novel LMI algorithm for the search of
a multi-aÆne Lyapunov matrix X(Æ) that guarantees
robust performance.

If the system's parameter dependence is multi-aÆne,
one can work instead with the LFT representation24 _x

z1
z2

35 =

2664
0 0 I 0
0 0 0 I
I 0 0 0
0 I 0 0

3775
24 x

w1

w2

35 ; w2 =

�
A(Æ) B(Æ)
C(Æ) D(Æ)

�
| {z }

M(Æ)

z2:

With the particular family (5), inequality (11) leads
after simple rearrangements to

2
664

�
0 0
0 Qp

�
+ S0

0M(Æ) +M(Æ)0S0 ��
X(Æ) 0
0 S0

p

�
� S0 � S1M(Æ)

�
0 0
0 Rp

�
+ S1 + S0

1

3
775 < 0:

(12)

We stress that both the derivations and the whole dis-
cussion in the previous section for robust stability ex-
tend to these robust performance tests. Let us now
prove that the test based on (12) comprises any alterna-
tive that guarantees (10) with a parameter-independent
Lyapunov matrix.

Lemma 2 If the constant Lyapunov matrix X(Æ) = X

satis�es (10), there exist S0, S1 such that (12) is satis-
�ed with the same X(Æ) = X.



Proof. Let us choose

S0 =

�
X 0
0 S0p

�
; S1 =

�
��X 0
0 �Rp � �I

�
with some scalar parameter � > 0. It then suÆces
to show that (12) holds with Rp replaced by Rp + �I .
Since X > 0 and Rp + �I > 0, this inequality reads
(after taking Schur complement) as�

0 0
0 Qp

�
+

�
X 0
0 Sp

�
M(Æ) +M(Æ)0

�
X 0
0 S0p

�
+

+M(Æ)0
�

1
2�X 0
0 Rp + �I

�
M(Æ) < 0:

Clearly, this latter inequality is implied by (10) (with
X replacing X(Æ)) for � = 0. Hence, by continuity, the
inequality persists to hold for all small � > 0.

Remarks.

� Lemma 2 reveals that the robust performance test
based on (12) is certainly not more conservative (and
actually less conservative as con�rmed by examples)
than any alternative test that guarantees (10) with a
parameter independent Lyapunov matrix. As the proof
shows, this is even true if we restrict the scalings to

S0 =

�
S 0
S01 S02

�
; S1 =

�
��S0 S11

0 S12

�
with � > 0

(13)
whose speci�c structure will allow the extension to ro-
bust state-feedback synthesis as seen below. Conse-
quently, these synthesis conditions are also guaranteed
to be not more conservative than those in [3] based on
a parameter independent Lyapunov function.

� If considering nominal performance Æ = f0g, Lemma
2 implies that the solvability of (10) and (12) are equiv-
alent, even if restricting the scalings as in (13). This is
in stark contrast to the conditions suggested in [1] that
are only suÆcient for H1 nominal performance.

4 Robust state-feedback synthesis

We have seen that the use of di�erent LFT represen-
tations of the uncertain system lead to structurally
di�erent robustness tests. Unfortunately, the analysis
tests based on (4),(5) or on (11),(5) cannot be applied
to arrive at convex synthesis conditions since the con-
troller parameters typically multiply the Lyapunov ma-
trix X(Æ).

As the main bene�t of (8) and (12), the Lyapunov ma-
trix X(Æ) does not multiply the parameters of the sys-
tem description what renders the corresponding analy-
sis tests amenable to synthesis. This structural phe-
nomenon has been observed for the �rst time in [6]
for discrete-time systems and it has been partially ex-
tended to continuous-time systems in [1].

The robust performance design problem by static state-
feedback amounts to �nding a gain F such that

_x = [A(Æ) + bB(Æ)F ]x+B(Æ)w

z = [C(Æ) + bD(Æ)F ]x +D(Æ)w

is robustly performing. This is guaranteed by (12) with

M(Æ)0 =

"
A(Æ) + bB(Æ)F B(Æ)

C(Æ) + bD(Æ)F D(Æ)

#
for some X(Æ) and for multipliers S0, S1 which admit
the structure (13). If we perform the substitution K :=
FS, we infer

M(Æ)0
�
S0 S

0

1

�
="

A(Æ)S + bB(Æ)K B(Æ)

C(Æ)S + bD(Æ)K D(Æ)

#��
I 0
S01 S02

� �
�I 0
S011 S

0

12

��
:

For a �xed � > 0, it turns out that the resulting in-
equality is aÆne in all the variables K, S, S01, S02,
S11, S12. In the same fashion as for analysis, we can
hence test the existence of K, S, S01, S02, S11, S12 and
of a multi-aÆne Lyapunov matrix X(Æ) that render the
synthesis inequalities satis�ed. If having found a solu-
tion, S can be assumed nonsingular (after perturbation,
if necessary) and then F = KS�1 is a controller that
guarantees robust performance. With a line-search pro-
cedure, we can exploit the extra degree of freedom in
the parameter � > 0 to render the synthesis inequalities
satis�ed.

Remarks.

� Recall that the analysis test could be performed for
general S0, S1. To render the synthesis inequalities
convex, we need to impose the extra structure (13).
Nevertheless, due to Lemma 2, the resulting synthesis
algorithm is not more conservative than those based on
the search for a parameter-independent Lyapunov func-
tion. This is considered to be the remedy to the main
drawback of the performances inequalities suggested in
[1], and a numerical example will as well con�rm this
bene�t.

� If the parameter is varying with time, we can resort
to the framework developed in [7] and conclude that all
our results do admit immediate extensions to this type
of uncertainties.

� It is straightforward to extend our results to multi-
objective output feedback synthesis along the lines of
[13, 11, 5, 1]. As for state-feedback synthesis, the pres-
ence of extra multipliers and the line-search parameter
� provides extra freedom to arrive at less conservative
results.

5 Discrete-time systems

The discrete time versions of the suggested robust anal-
ysis and synthesis tests are obtained in a straightfor-



ward way, by just performing the substitution�
0 X(Æ)

X(Æ) 0

�
!

�
�X(Æ) 0

0 X(Æ)

�
(14)

in (4) and (11) and the corresponding adjustments in
all test derived from these inequalities.

After this substitution, (8) reads as�
�X(Æ) + S00A(Æ) +A(Æ)0S0 �S00 �A(Æ)0S01

�S0 � S1A(Æ) X(Æ) + S1 + S01

�
< 0

(15)
and the performance inequality (12) is given by
2
664

�
�X(Æ) 0

0 Qp

�
+S0

0
M(Æ)+M(Æ)0S0 ��

0 0
0 S0

p

�
� S0 � S1M(Æ)

�
X(Æ) 0
0 Rp

�
+ S1 + S0

1

3
775 < 0:

(16)

One can directly verify that the tests in [6, 5] corre-
spond to the specializations

S0 = 0; S1 = �G or S0 =

�
0 0
0 S0

p

�
; S1 =

�
�G 0
0 �Rp

�
(17)

respectively. With the choice

S0 =

�
�X 0
0 S0p

�
and S1 =

�
�X 0
0 �Rp � �I

�
we recover the nominal performance inequalities for
� ! 0, similarly as in the proof of Lemma 2. Fi-
nally, the state-feedback synthesis inequalities can be
rendered convex by a controller parameter transforma-
tion for the multiplier family

S0 =

�
�S 0
S01 S02

�
and S1 =

�
�S0 S11

0 S12

�
with � > 0:

Since this latter choice of multipliers involves more de-
grees of freedom, the resulting synthesis procedure leads
to results that are less conservative than those in [6, 5]
as seen by simple examples.

6 Numerical examples

Example 1. Consider the uncertain system

_x =

2
664

�1 Æ1 0 Æ2
0:5Æ1 �2 0:5Æ2 0
4Æ1 0 �3 + 2Æ2 0
0 �4Æ1 0 �4� 2Æ2

3
775x+

2
664

Æ1 + Æ2
0:5Æ1 + 0:5Æ2
4Æ1 + 2Æ2
�4Æ1 � 2Æ2

3
775w

z =
�
Æ1 Æ1 Æ2 Æ2

�
x+

�
2Æ1 + 2Æ2

�
w

with (Æ1; Æ2) 2 f(Æ1; Æ2) : Æ1; Æ2 2 [�r; r]g. For various
values r of the diameter of the parameter box, we com-
pute the minimal value of the worst L2-gain of w ! z

that can be guaranteed with di�erent tests. For rea-
sons of comparison we plot in Figure 1 the percentage
loss of the various test in comparison to that based
on (12). Curve C shows the smallest loss and results
from constraining the multipliers as in (13) (including
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Figure 1: Percentage losses of guaranteed L2-gain levels

in Example 1.

a line search over � > 0). Curve B results from us-
ing a parameter-independent Lyapunov matrix in (12),
whereas Curve A results from applying the test in [1].
The �gure shows an increase in conservatism for in-
creasing diameters of the parameter box, reaching lev-
els of about 8%, 20% and more than 100% for the tests
C, B and A respectively.

Example 2. Consider the discrete-time uncertain sys-
tem

xk+1=

2
664
�0:1 Æ1 0 Æ2
0:5Æ1 �0:2 0:5Æ2 0
4Æ1 0 �0:3 + 2Æ2 0
0 �4Æ1 0 �0:4�2Æ2

3
775xk+

2
664

Æ1 + Æ2
0:5Æ1 + 0:5Æ2
4Æ1 + 2Æ2
�4Æ1 � 2Æ2

3
775wk

z(k) =
�
Æ1 Æ1 Æ2 Æ2

�
xk +

�
2Æ1 + 2Æ2

�
wk

with the same parameter range as in Example 1. As
before let us compare the l2-gain levels of w ! z that
can be guaranteed with (16) for free S0, S1 with the test
obtained after the specialization (17) what corresponds
to the characterization suggested in [5]. In Figure 2 we
observe again an increase in conservatism for increasing
r, reaching a level of more than 30% for r = 0:6.

Example 3. In this example we want to design a state-
feedback controller u = Fx that minimizes the worst L2

gain of w ! z for

_x=

2
664

�1 Æ1 0 Æ2
0:5Æ1 �2 0:5Æ2 0
4Æ1 0 �3 + 2Æ2 0
0 �4Æ1 0 �4�2Æ2

3
775x+

2
664

Æ1 + Æ2
0:5Æ1 + 0:5Æ2
4Æ1 + 2Æ2
�4Æ1 � 2Æ2

3
775w+

2
664
1
1
1
1

3
775u

z =
�
Æ1 Æ1 Æ2 Æ2

�
x+

�
2Æ1 + 2Æ2

�
w

and for di�erent values r of the radius of the parameter
box f(Æ1; Æ2) : Æ1; Æ2 2 [�r; r]g: Figure 3 displays the
percentage losses in the guaranteed L2-gain synthesis
levels for the algorithm from [1] (Curve A), for synthesis
with a parameter-independent Lyapunov matrix (Curve
B) if compared to our synthesis algorithm based on (12)
with the triangular multipliers (13) and including a line-
search over � > 0.
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Figure 2: Percentage losses of guaranteed l2-gain levels in

Example 2.
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determination of the synthesis L2 gain in Ex-

ample 3.

7 Conclusions

In this paper we have introduced a novel characteri-
zation for robust stability and performance of param-
eter dependent systems. As the main feature we have
shown how to derive in a straightforward fashion both
for continuous- and discrete-time systems tests that are
less conservative if compared to results recently pro-
posed in the literature. Moreover, we have brie
y dis-
cussed that di�erent LFT representations of the param-
eter dependent systems lead to di�erent versions of the
robustness tests, one allowing for rational parameter
dependence and the other being more suitable for con-
troller synthesis. The bene�t of the new tests has been
illustrated by means of various examples.
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