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Abstract

This paper is concerned with the optimal steady-state

estimation for singular stochastic discrete-time systems

using a polynomial equation approach. The key to the

optimal estimation is to calculate an optimal estimator

gain matrix. The main contribution of the paper is to

present a simple method for computing the gain ma-

trix. Our method involves solving one simple polyno-

mial equation which is derived based on the uniqueness

of the ARMA innovation model. The approach covers

the prediction, �ltering and smoothing problems. Fur-

ther, when the noise statistics of model are not avail-

able, self-tuning estimation is performed by identifying

one ARMA innovation model.

Keywords: Singular stochastic systems; optimal state

estimation; innovation analysis; polynomial equation

approach; self-tuning estimation.

1 Introduction

Singular systems can be used to describe non-causal

phenomena which arise naturally in robotics, economic,

electric and chemical systems [1-4]. The state estima-

tion for linear singular systems has received much at-

tention in the last few years ([4]). It is well known

that the classic recursive �ltering techniques such as the

Kalman �ltering and the Linear Least Squares method
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have been very useful for nonsingular systems. How-

ever, in singular systems the future dynamics can af-

fect the present one, thus the problem of prediction

and smoothing based on the classic �ltering techniques

is di�cult and the calculation involved is complex ([4]).

Recently, the �ltering, prediction and smoothing prob-

lems for linear singular systems have been addressed by

employing a time-domain innovation method in [5, 7].

By transforming the singular system into an equivalent

non-singular system with an output feedback, the main

idea in [5] is to calculate the gain matrix directly by

using projection formula. Note that the algorithm for

computing the estimator in [5] is complicated as the es-

timator gain matrix is given in a complex way. In [7],

the calculation for the gain matrix is simpli�ed. Un-

fortunately, two matrices have to be found prior to the

computation of an estimator, one is to �nd K1 such

that det[M � (� +K1H)q�1] = 
q�n for some scalar


 and the other is to select K2 such that M + K2H

is nonsingular and (M +K2H)�1� is stable. No gen-

eral method has been known to compute the required

K1 and K2, which may impose some di�culties when

applying the algorithm.

In this paper, a new method for obtaining the gain

matrix will be given which involves solving one sim-

ple polynomial equation. The polynomial equation is

derived based on an innovation analysis method and

the fact that a stable spectral factorization is unique.

As compared to [5, 7], the present result greatly sim-



pli�es the calculation of estimator (�lter, predictor or

smoother). Further, when applied to normal systems,

the result leads to a simple uni�ed solution to the op-

timal �ltering, smoothing and prediction.

It is also worth noting that the statistics of system and

observation noises are assumed to be known in the ex-

isting work [4, 5, 7]. However, in many practical situ-

ations, the statistics of the noises are often unknown.

In this paper we also consider a self-tuning (asymptot-

ically optimal) �ltering, smoothing and prediction for

the singular systems.

The rest of the paper is organized as follows. The prob-

lem statement can be found in Section 2. The optimal

and self-tuning estimators are derived in Section 3 and

Section 4, respectively. An example is given in Section

5. Concluding remarks are made in Section 6.

2 Problem Statement

Consider a stochastic linear time-invariant system de-

scribed by the following discrete-time model:

Mx(k + 1) = �x(k) + w(k) (1)

y(k) = Hx(k) + v(k) (2)

where x(k) 2 Rn; w(k) 2 Rn; y(k) 2 Rm; v(k) 2 Rm

represent the state, system stochastic noise, measure-

ment output, and measurement noise, respectively. It

is assumed that w(k); v(k) are zero mean mutually un-

correlated white noises with E
�
w(k)wT (j)

�
= Qw�kj

and E
�
v(k)vT (j)

�
= Qv�kj , where E denotes the math-

ematical expectation, Qw and Qv are constant symmet-

ric positive semi-de�nite matrices, �kj is the Kronecker

delta and superscript T stands for the transpose. In

this paper, the following assumptions will be made.

Assumption 2.1

The system (1) and (2) is observable, i.e.,

rank

�
zM ��

H

�
= n; 8z 2 C; rank

�
M

H

�
= n (3)

where C is the set of complex numbers.

Assumption 2.2

The system (2.1) is regular, det(zM ��) 6� 0.

In this paper, we shall deal with the following problems:

Problem 1: Optimal state estimation

Find a steady-state estimator x̂(k + l j k) for x(k + l)

based on the observations y(k); y(k � 1); � � � ; y(0). De-

pending on the sign of l, the estimator will be a pre-

dictor (l > 0), a �lter (l = 0), or a �xed lag smoother

(l < 0).

Problem 2: Self-tuning estimation

When the noise statistics are unknown, i.e., Qw and

Qv are unknown constant matrices, �nd an estimator

which asymptotically converges with probability one to

the optimal estimator. In this case, the estimator is

called a self-tuning estimator.

3 Optimal State Estimation

3.1 Preliminaries

According to the standard decomposition of singular

systems ([3]), under Assumption 2.1, there exist non-

singular matrices Q1 and Q2 such that

Q1MQ2 =

�
In1 0
0 M1

�
; Q1�Q2 =

�
�1 0
0 In2

�
(4)

where n1 + n2 = n, In is the n � n identity matrix,

M1 is a nilpotent matrix with index 
0, i.e., M

0
1 = 0,

M

0�1
1 6= 0. By taking into consideration (4), H(M �

�q�1)�1 can be expressed as

H(M ��q�1)�1 =
T (q�1)q�0

a(q�1)
(5)

where

a(q�1) = 1 + a1q
�1 + � � �+ anaq

�na (6)

T (q�1) = T0 + T1q
�1 + � � �+ Tntq

�nt ; T0 6= 0(7)

and q�1 is the backward shift operator, i.e., q�1x(k) =

x(k�1). Substituting (1) into (2) and noting (5) yields

a(q�1)y(k) = T (q�1)w(k + �0 � 1) + a(q�1)v(k) (8)

It is obvious that 
0 � �0.

Without loss of generality, T (q�1) and a(q�1) are as-

sumed to have no common factors. Then the ARMA



innovation model is obtained as

a(q�1)y(k) = D(q�1)"(k) (9)

and

D(q�1)"(k) = T (q�1)w(k + �0 � 1) + a(q�1)v(k) (10)

where the stable polynomial matrix

D(q�1) = Im +D1q
�1 + � � �+Dndq

�nd (11)

with

nd = maxfna; ntg

is a spectral factor and "(k) is a zero mean white noise

sequence with covariance matrix

E
�
"(k)"T (j)

�
= Q"�kj

satisfying

D(q�1)Q"D
T (q) = T (q�1)QwT

T (q) + a(q�1)Qva(q) (12)

By using the ARMA innovation model (9) and (10), the

linear minimum mean square error variance estimators

ŵ(k + l j k); v̂(k + l j k) and ŷ(k + l j k) of the white

noises w(k+l); v(k+l) and the output y(k+l) based on

the measurements fy(k); y(k�1); � � � ; y(0)g are given in

the following Lemmas.

Lemma 3.1 The white noise estimators ŵ(k + l j k)

and v̂(k + l j k) are given by

ŵ(k + l j k) = Fl(q
�1)"(k); v̂(k + l j k) = El(q

�1)"(k)

(13)

where

Fl(q
�1) = �F0 + �F1q

�1 + � � �+ �F�0�l�1q
��0+l+1;

�Fi = QwF
T
�0�i�l�1

Q�1" (14)

for l < �0 and Fl(q
�1) = 0 for l � �0, and

El(q
�1) = �E0 + �E1q

�1 + � � �+ �E
�lq

l;

�Ei = QvE
T
�i�lQ

�1
" (15)

while Fi and Ei are calculated recursively as

Fi = �
iX

j=1

DjFi�j + Ti; Ei = �
iX

j=1

DjEi�j + aiIm

(16)

with Fi = T0; E0 = Im and Ti = 0; ai = 0 and Di = 0

for i > nt; i > na and i > nd, respectively.

Proof It follows directly from [5].

Lemma 3.2

The optimal output predictor ŷ(k + l j k)(l > 0) is of

the form

ŷ(k + l j k) = a�1(q�1)Sl(q
�1)"(k) (17)

where

Sl(q
�1) = S0 + S1q

�1 + � � �+ Snsq
�ns (18)

with

ns = maxfnd � l; na � 1g

and the coe�cients Si; i = 0; � � � ; ns are calculated us-

ing

Si = �

l�1X
j=1

Gjal+i�j +Dl+i (19)

with

Gi = �

iX
j=1

Gjai�j +Di; G0 = Im; i = 0; 1; � � � ; l � 1

(20)

3.2 Main Result

In this subsection, we shall present our main result of

optimal estimation.

First, denote

Ke(l) =ME
�
x(k + l)"T (k)

�
Q�1" (21)

By applying (1)-(2) and the projection formula, we have

Mx̂(k + l j k) = �x̂(k + l � 1 j k � 1)

+ŵ(k + l � 1 j k � 1) +Ke(l)"(k)

(22)

ŷ(k + l j k) = Hx̂(k + l j k) + v̂(k + l j k) (23)



In order to obtain the estimator x̂(k + l j k) based

on the innovation "(k); "(k� 1); � � � ; "(0) from (22), the

key problem is to calculate the gain matrix Ke(l). This

problem has been considered in [5] but the computa-

tion is very involved. [7] has presented a simpli�ed so-

lution. However, the solution requires obtaining some

matrices for which there is no general solution method.

In the following we shall present a simple but e�cient

algorithm for computing the gain matrix which only

involves solving one simple polynomial equation.

Theorem 3.1 Consider the system (1) and (2) satis-

fying Assumptions 2.1 and 2.2. Then, the steady-state

gain matrix Ke(l) for �ltering, smoothing or prediction

is the unique solution to the following equation:

T (q�1)Ke(l) = R(q�1) (24)

where for the �ltering or smoothing,

R(q�1) = D(q�1)q��0+l � T (q�1)Fl(q
�1)q�1

�a(q�1)El(q
�1)q��0 (25)

and for the prediction,

R(q�1) = Sl(q
�1)q��0 � T (q�1)Fl(q

�1)q�1 (26)

As M is a singular matrix, the estimator x̂(k + l j k)

cannot be calculated directly from (22) given the ob-

servations y(k); y(k� 1); � � � ; y(0). In the following, a

simple method for computing x̂(k + l j k) is presented

with the aid of output predictor. By combining (22)

with (23) yields

�
M

H

�
x̂(k + l j k) =

�
�
0

�
x̂(k + l � 1 j k � 1

+

�
I

0

�
ŵ(k + l� 1 j k � 1) +

�
0

�Im

�
v̂(k + l j k)

+

�
0
Im

�
ŷ(k + l j k) +

�
Ke(l)
0

�
"(k)) (27)

Note that

�
M

H

�
is of full column rank, the steady state

estimator is easily obtained from (27) as given in the

theorem below.

Theorem 3.2 Consider the system (1) and (2) satisfy-

ing Assumptions 2.1 and 2.2. Then, the steady-state

optimal estimator x̂(k + l j k) (�lter, predictor and

smoother) can be given recursively by

x̂(k + l j k) = ~M�x̂(k + l � 1 j k � 1) +K(q�1)"(k) (28)

where

K(q�1) = ~MFl(q
�1)q�1 � ~HEl(q

�1) + ~MKe(l) +

~Ha�1(q�1)Sl(q
�1) (29)

with ~M = (MTM + HTH)�1MT and ~H = (MTM +

HTH)�1HT .

Proof The proof is straightforward from (27), Lemma

3.1 and Lemma 3.2.

Theorem 3.1 can be easily applied to normal systems,

i.e.,M = I . In this case, the nilpotent index 
0 = 0 and

the estimator for �ltering, prediction and smoothing is

readily obtained from (22) as stated in the following

corollary.

Corollary 3.1 Consider the system (1)-(2) withM = I

and the pair (�; H) being observable. Then, the opti-

mal estimator is given by

x̂(k + l j k) = �x̂(k + l � 1 j k � 1) +

[Fl(q
�1)q�1 +Ke(l)]"(k) (30)

where the gain matrix Ke(l) is the unique solution to

the following equation:

T (q�1)Ke(l) = R(q�1) (31)

while for the �ltering or smoothing

R(q�1) = D(q�1)ql � a(q�1)El(q
�1)

�T (q�1)Fl(q
�1)q�1 (32)

and for the prediction,

R(q�1) = Sl(q
�1)� T (q�1)Fl(q

�1)q�1 (33)

4 Self-Tuning Estimation

We have seen in Section 3 that when the system model

and the covariance matrices Qw and Qv are known, the

optimal estimators can be obtained by Theorem 3.1.



In this section, our aim is to derive self-tuning estima-

tors for the case when the covariance matrices Qw and

Qv are unknown, while the other system matrices are

known.

4.1 Self-Tuning Predictor

In this subsection we consider the self-tuning predictor

x̂(k+ l j k) with l > �0� 1. Note that when l > �0� 1,

Fl(q
�1) = 0 and El(q

�1) = 0. Then, it follows from

(26) that R(q�1) = Slq
��0 . The optimal predictor,

using (28), is given as

x̂(k + l j k) = ~M�x̂(k + l � 1 j k � 1) + ~MKe(l)"(k)

+a�1(q�1) ~HSl(q
�1)"(k) (34)

whereKe(l) is the unique solution to the following equa-

tion:

T (q�1)Ke(l) = Sl(q
�1)q��0 (35)

The self-tuning algorithm for predictor with l > �0 � 1

is follows:

Step 1: From (9), estimate the coe�cient matricesDi(i =

1; � � � ; nd) of the polynomial D(q�1) using the

RELS or EKF method ([6]).

Step 2: Obtain the estimate Ŝ(q�1) of Sl(q
�1) using (19)

and the estimate D̂(q�1).

Step 3: Solve Ke(l) from the polynomial equation (35).

Step 4: Compute x̂(k+l j k) by substituting the estimates

of Ke(l) and Sl(q
�1) into (34).

4.2 Self-Tuning Filtering, Smoothing and Pre-

diction

In this subsection, we consider a general case for

self-tuning estimation with an arbitrary l, including

smoothing, �ltering and prediction. The self-tuning al-

gorithm is based on the estimation of statistics of inno-

vation and noises.

Denote z(k) = a(q�1)y(k).

Step 1: Estimate the coe�cient matrices Di of the poly-

nomial D(q�1) using the RELS. The innovation

"(k) can be computed by

"̂(k) = z(k)� D̂1"̂(k � 1)� � � � � D̂nd "̂(k � nd) (36)

and the covariance matrix Q" can be computed

recursively as

Q̂"(k + 1) = Q̂"(k) +
1

k + 1
["(k)"T (k)� Q̂"(k)] (37)

Step 2: Computing the correlation function of the MA

processes of both sides of (10) yields the matrix

equations

ndX
j=i

DjQ"D
T
j�i =

ntX
j=i

TjQwT
T
j�i +

naX
j=i

ajQvaj�i (38)

where i = 0; 1; � � �nd. Substituting the estimates

D̂i(k) and Q̂"(k) into (38), we can obtain the esti-

mates Q̂w(k) and Q̂v(k) (see example for details).

Step 3: With the use of Q̂w(k) and Q̂v(k), the estimates

F̂l(q
�1) and Êl(q

�1) are easily obtained from

Lemma 3.1. The Ke(l) is calculated uniquely

from (24).

Step 4: Compute x̂(k + l j k) by substituting K̂e(l),

F̂l(q
�1), Êl(q

�1) into (28).

5 Example

Consider the singular discrete-time system described by

(1)-(2) with

M =

2
4 1 0 0
�1 0 1
0 0 0

3
5 ; � =

2
4 0:9 0 0
�0:4 0:8 0
�0:5 0 0:5

3
5

H = [ 0 1 0 ]

where w(k) = [ 1 �1 0 ]
T
w0(k), w0(k) and v(k) are

zero-mean white noises Qw0
= 1; Qv = 1, respectively.

The variances of Qw0
; Qv will be assumed unknown in

the simulation.

First, a(q�1); T (q�1) and �0 in (8) are calculated as

a(q�1) = 1� 0:9q�1; �0 = 2 and

T (q�1) =

[ 0:5q�1 �1:25q�1(1� 0:9q�1) 2:5(�1 + 0:9q�1) ] ;



By (12), the spectral factors D(q�1) and Q" are given

by

D(q�1) = 1 + dq�1 = 1� 0:6166q�1; Q" = 2:7264

The predictor and �lter are given by

x̂(k + l j k) = ~M�x̂(k j k � 1) +K(q�1)"(k) (39)

where

~M =

2
4 1 0 0
0 0 0
1 1 0

3
5

For the one-step ahead predictor, l = 1 and

K(q�1) = 2(0:9 + d) [ 1 0 1 ]
T
+

(0:9 + d) [ 0 1 0 ]
T
(1� 0:9q�1)�1

For the �lter, l = 0 and

K(q�1) = 1:25 [ 1 0 0 ]T Qw0
Q�1" q�1 �

[ 0 1 0 ]
T
QvQ

�1
" +

2 [ 1 0 1 ] (1� 1:5625Qw0
Q�1" �QvQ

�1
" )

+ [ 0 1 0 ]
T
(1� 0:9q�1)�1(1 + dq�1)

As for the self-tuning �lter, Qw0
Q�1" and QvQ

�1
" are

solved from the above equations:

Qw0
Q�1" = 2:6177+ 5:2644d+ 2:6177d2

QvQ
�1
" = �2:2721� 5:6806� 2:2721d2

Note that in the self-tuning scheme, we estimate the

parameter d rather than the variances Qw0
and Qv di-

rectly.

6 Conclusion

In this paper, we have presented a new and simple so-

lution to the optimal �ltering, prediction and smooth-

ing problems for singular systems. The gain matrices

for �lter, predictor and smoother, which is the key to

the optimal estimation, are computed directly from one

simple polynomial equitation. As compared with the

existing results, the calculation has been signi�cantly

simpli�ed. The result has also been applied to normal

systems, which gives a much simpler solution than the

Kalman �ltering formulation, especially for the case of

smoothing as it does not require augmenting the sys-

tem state. In the case when the statistics of white noises

are unknown, the self-tuning (asymptotically optimal)

state estimation has been performed by identifying one

ARMA innovation model.
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