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Abstract

The reduced-order controllers for singular H., control
problems with infinite zeros are studied via ARE (Alge-
braic Riccati Equation) approach in this paper. First,
we analyze the relation between the eigenstructure cor-
responding to the infinite zeros and the parameteriza-
tion of Heo controllers given in the descriptor form.
Next, we propose a method to choose appropriately the
free parameter in the parameterization for constructing
the Hoo controllers whose orders equal to the size of a
reduced-order ARE involved in solvability conditions
of the singular H,, control problems. The parame-
terization of the reduced-order H., controllers is also
discussed.

1 Introduction

Consider a generalized plant G(s) with the following
stabilizable and detectable realization
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where z € R™, y € R4, w € R" and u € RP are the con-
trolled error, the observation output, the exogenous in-
put and the control input, respectively, and A € R™*".
The Hso control problem is to find a proper control law
u = K(s)y which internally stabilizes the closed-loop
system and satisfies ||®||oc < 1, where @ is the closed-
loop transfer function from w to z. If both G12(s) and
G21(s) have no zeros on the extended jw-axis including
the infinity, it is well known that the H,, control prob-
lem can be solved via the solutions of two AREs. If the
above assumption about the zeros does not hold, the
corresponding H,, control problem is usually termed
as singular one. The research on the singular H., con-
trol problem has attracted considerable interests [2], [7],
110], [9], [4], [6], [17].

For a general H, control problem, though it is difficult

to derive an explicit form of controllers with order less
than plant order n, it is possible for the singular case
when D15 or Doy is not full rank. In what follows, we
give a brief review of the existed results for designing
reduced-order controllers for singular H, control prob-
lems. The results can be divided into two categories:
ARE approach based one and LMI approach based one.
It is regarded that both ARE and LMI approaches have
their merit and each yields a different kind of insight
into the H,, control problems.

As to the ARE approach, it needs the assumption that
G12(s) and G2;(s) have no finite jw-axis zeros. If one
of G12(s) and Ga1(s) has only infinite zeros with or-
der not greater than one, [8] proposed a method to
construct reduced-order controllers based on a reduced-
order ARE. [2] obtained the same result for the above
problem based on generalized eigenvalue problem ap-
proach. Moreover, by using perturbation method, [2]
extended the above result to the case where the above
constraint on the order of infinite zeros was not satis-
fied. Based on QMI approach (where a QMI can be
solved via reduced-order an ARE), [11] constructed a
reduced-order controller using a lower-order observer
for the singular H., control problem in which both
G12(s) and Go1(s) can be allowed to have arbitrary in-
finite zeros. Under the assumption that Ds; is full col-
umn rank, a reduced-order controller was constructed
based on ARE approach in [12]. As to the LMI ap-
proach, [14] proposed a method of designing reduced-
order controllers for both continuous and discrete-time
singular H ., control problems without any assumptions
on infinite or finite zeros.

Through different approaches under different assump-
tions, the known result about the reduced-order con-
troller for singular H., control problems is: If the Hoo
control problem is solvable, then the controller order n.
satisfies n. < n*, where

n® = min(n — rank { 52 } + rank Do,
12
n—rank|[ Co Do | +rank Doy). (2)

As to the bound given by (2), it implies that the
reduced-order controller can be achieved by using the



state variables which can be directly measured (after
an appropriate state transformation). It is generally
difficult to derive a controller with order n. < n*.

From [17], for singular H., control problems, we know
that solvability conditions can be expressed in terms
of the stabilizing solutions of two reduced-order AREs
with the same forms as those in [3]. Also, the param-
eterization of all suitable controllers is given in terms
of a linear fractional transformation involving a certain
fixed transfer function matrix and together with a sta-
ble transfer function matrix with gain less than 1 which
is free apart from satisfying certain interpolation con-
ditions. Since the H,, controllers are not unique, it
is possible to obtain a reduced-order controller by ap-
propriately choosing the free parameter in the param-
eterization of H, controllers. However, it is still not
clear how to choose such free parameter analytically for
general cases.

Note that the dimensions of the reduced-order AREs in
[17] are usually smaller than n*. We will study how to
design reduced-order controllers with order less than n*
based on ARE approach under the following assump-
tions which have been adopted in [2] and [8].

Al (A, By, (y) is stabilizable and detectable.
A2 rankDis; <p, rankDs; =q.
A3 Piso(s) and Py (s) have no jw-axis invariant zeros.

First, we analyze the relation between the eigenstruc-
ture corresponding to the infinite zeros and the parame-
terization of Ho, controllers given in the descriptor form
in [17]. Next, we propose a method to choose appro-
priately the free parameter in the parameterization of
controllers for constructing the controllers whose orders
equal to the size of the reduced-order ARE involved in
solvability conditions of H, control problems.

Notations: The open left complex plane and open
complex plane are denoted by C_ and C, respectively.
The set of all p X g constant real matrices is denoted
by RP*4. I, denotes the identity matrix of size r x r.
RHEX denotes the set of all px ¢ rational stable proper
matrices, and BHE Y denotes the subset of RHE? with
Hoo-norm less than 1. p(X) is the maximum eigenvalue
of X. Im A and Ker A denote the image space and null
space of a matrix A, respectively.

-sE+A| B
- D], E+1

If E =1, the term —sFE + A in the above notation is
replaced by A. For invertible matrices M and N, the
identity

C(sE—-A)'B+D:= {

—-sE+A|B| | —sMEN+ MAN | MB
c |D|~ CN D
3)

is termed as restricted equivalent transformation un-
der (M,N). If N = M~!, the corresponding equiva-
lent transformation is called as similarity transforma-
tion under M.

2 Preliminaries

2.1 Infinite eigenstructure
Denote the system matrix pencil of Gia2(s) with its re-
alization induced from (1) as —sPg + P4, where

| In O A B
PE—|:O O:|; PA-_|:Cl D12:|' (4)

According to assumption A3, the above pencil has full
normal column rank.

Based on Kronecker theory [5], since dim(Ker Pg) = p,
there exist linear independent infinite eigenvectors and
extended infinite eigenvectors such that

PE’U]l‘:Ov jzla"'7p7 (5)

PEU;?H — PAv;-“, k=1, k —1, (6)

respectively, where vf" is the last (highest) one of each
infinite eigenvector chain, satisfying PAU? ¢ Im Pg.
Now construct

Vo :i= [ Ve Vi ], (7)

where Vj, € R("P)*P contains all the last (highest) in-
finite eigenvectors and V. € R("+P)X" contains all the
remaining eigenvectors (in any order), where

Ny i=Noo — Py Moo = ij. (8)

Owing to (5) and (6), k; > 1 (j = 1,---,p). Also, if
rank D1g = p, then k; =1 (j =1,---,p) and n, = 0.
Furthermore, it is easy to see that

n, > p — rank Dy, 9)

where the equality holds if and only if k; < 2 (j =
1,---,p), i.e., the highest order of the infinite zero of
Gh2(s) is one owing to [1].

From (7), the complete infinite eigenstructure of
—8Pg + Py is defined by

(—SPE + PA)VOO = PAVoo(_SN + Inoo)v (10)

where N € R™>*"> is a nilpotent matrix. From (6),
P4V, € Im Py holds which leads to [ C; Di2 |V, =
0; hence we can decompose P4V, as

A B iy oy [T B
PAV|:Cl D12:|[‘/7’,Vh]|:0 b12:|’
(11)
which yields
T:=[A By|V,, By:=[A By |V, (12)
Diy:=[ C1 D |V (13)

It follows from Lemma C.2 in [1] that D15 has full col-
umn rank.



2.2 Stable eigenstructures

From the realization of Gi2(s) induced from (1), a re-
alization of GT,(—s)G12(s) is readily found, with its
system matrix

—sI + A 0 B2
ng(s) = —(;1Tcl —s —TAT _CZ’JTDH
Di,Cy B, Di5D12

(14)
Let real matrices | U U{ U ]T span the stable
eigenspaces of Wia(s), respectively (corresponding to
eigenvalues in C_). There exists stable A1 such that

Uy Uy
ng(s) Us | = | Us (—SI+A12). (15)
Us 0

Under assumption A3, from [15],
S=[U1 T] (16)

is square and nonsingular.

2.3 Solution to H., control problems
From [17], we recall the following result.

LEMMA 1 Under assumptions A1l — A3, the Hoo
control problem for the plant G(s) in (1) is solvable if
and only if the following statements hold.

(i) The following ARE has a stabilizing solution X, >
0

)

(Ar _BTQEl_legcrl)TXr +XT(AT _BTQEl_legcrl)‘f'

X, (BBl =B ER' BL) X, +CL (I-Dy12 By DE)Cy = 0,

(17)
where E1y = D1T2D12, and
A?" = LlAUl, Brl = LlBl, (18)
By := L1 By, Cyy:=C1Uy, (19)
(2] LF )" =st=[00 T, (20

where T, By are defined in (12), D1o and Uy are defined
in (18) and (15), respectively.

(i4) The following ARE has a stabilizing solutionY” > 0,
Y (A - BiDL E;*Co)" 4+ (A — B DL E; ' Cy)Y
+Y(CTC,—CYE; ' Cy)Y+B,(I-D1 E;' Do) BY =0,
where Eo1 := Doy DY, (#1)

(791) p(XY) < 1, where
X = S T diag{X,,0}S" ' = LT X, L. (22)
Then all Heo controllers are given by

K(s) = HM(II(s),Q(s))

(23)
where
Hll(s) le(S)
H =
(8) |: Hgl(s) HQQ(S)
—sI+ A4, Bn,| 0 B
Cn1 N12 —Ip 0
= 0 I, o o | (24
Cha 0| o0 EY
where
A, =A+BB{ X +ZYFLF,, (25)
Bpii= —ZLeo, Bpo:=Bs— ZYFLNy,  (26)
Cp1 = _Foo; Cro i =Cy + D21.B?AX7 (27)
Fo = —E, *(BY X + DL,O), (28)
Lo = —(YCT + B, DL ER'?, (29)
Z=(I-YX)!, (30)
Niz = By 2 DT, Do, (31)

and Q(s) € BHEX? such that K(s) in (23) is proper.

3 Reduced-order H., Controllers

If Dis is singular, so is Ny2 in (31). Then according
to Lemma 1, K (s) is non-proper for general Q(s). [17]
gives explicit interpolation conditions with respect to
infinite zeros to construct proper controllers; however,
how to find a reduced-order controller is not discussed
there.

Note that ARE (17) is of size n—n, where n, is defined
in (8). Under assumptions A2 and A3,

n—n, <n-—p+rank Dy =n* (32)

holds owing to (9). The strict inequality in (32) holds if
k; > 2 holds for at least one j € {1,---,p}. For the non-
singular H., control problem, the orders of both “the
central Hoo controller” and the ARE is n [3]. Therefore,
is there a reduced-order H,, controller with order n—n,.
for arbitrary infinite zeros? We will attempt to answer
this question in what follows.

To this end, with quantities as defined in Section 2, we
first need the following result of the infinite eigenstruc-
ture of G12(s) from Lemma 3 in [15]: There exists a ma-

x| 442 | with Ay € R and dgy € B
such that

—sI+A B T 0
Ch D1o 0 I,

o —sI + A11 A12
B [ 0 Dis } { Aoy Ao ]’ (33)



—sl + A1 Az
A Az 70,

Next, for analyzing (24), we give other expressions of
X in (22) and Fi in (28) in terms of the generalized
eigenvalue problems. To begin with, we define

Vs e C. (34)

—sI+A B BT By
ngb(s) = —C1TC1 —sl — AT —ClTDlg s
D{QCl Bg DEDlg

(35)
which is the Hamiltonian matrices associated with a
Riccati equation for the standard H°° control problem.
Let real matrices [ P, @1, U, ]T span the stable
eigenspaces of Wigp(s) (corresponding to eigenvalues in
C_). Then there exists real stable A such that

Pyy Py
Wiap(s) | P12 | = | P12 | (—sI+A). (36)
Uio 0

Now we are ready to give the following result which can
be proved by using [13] and [16].

LEMMA 2 Suppose that the Ho control problem for
plant G(s) with assumption A1 — A3 is solvable. Then

P:=[ P2 T] (37)
is nonsingular, and X in (22) and Fs in (28) can be
expressed as

X=[®2 0][ P2 T] ", (38)

Foo = B2 AUy —An ][ P2 T 171, (39)
respectively, where P and ®12 are defined in (36), and
T is given in (12), A1z and Aag are given in (33).

We will analyze (24) for constructing reduced-order
controllers in what follows. Firstly, by performing the
following equivalent transformation on (24)

Row 1 = Row 1 + ZY FL x Row 2,

we obtain
—sI+A+BBTX By | -ZYFy Bm
—Fie N | -1, 0
I(s) = 0 1, 0 0
Cha 0 0 B
(40
Under the similar transformation under [ 0 IO ] on
p
(40), we have
—sI +A —V1ByUqs VIAT V1B
—VaBaUio —sl + Vo AT VoBs
(s) = —EY? Ay E}*45  Np
Uiz 0 I,
CoPis + Doy BT @4 T 0
~ViZYFL ViBn
~VoZYFL VaBp,
-1, 0 ) (41)
0 0
0 E)[?

where

v
W (12)
Since V1T = 0 and VoT = I, then from (33), we obtain

VAT = ViBy Az, ViBy = ViByAgy,

VoAT = VoBoAgy + Ar1,  VaBay = VaBaAgs + Apa.
It follows from (33) and (31) that Do = Di2Ass and
N1y = E}}* Ags hold.

Secondly, based on the above relations and by perform-
ing the restricted equivalent transformation in (3) un-

der
I 0 ~ViBE," I 00
0 I —WB,ER* |, 0 I 0]
0 0 E;21/2 U 0 I
on (41), we obtain
—sI+ A 0 0
0 —sl+ A1 A
I(s) = 0 Az Aso
Uiz 0 Im
CoPia + D21 BT @45 T 0
ViZRER* ViBn
VaZRE;,? VaBu
—E;/? ' (43)
0 0
0 B2
where . .
R:= By +YCT Dys. (44)
Denote
Ni N3 | _ | A Ap - (45)
Ny Ny |- Aoy Ago ’
My1 Mo
M1 Mao
[ An A T VBZREL VB |
' Ay Agp _EI;/Q 0
~1
_ | A A I,, 0
NOO[Am Azz} [ 0 0]' (47)
Calculating (43) yields
Du(s) Dlg(s)
II(s) =11 4
@=m+ | pue) P e
where
_ Hrll(s) HrlQ(s)
M(s) = [Hrm(s) II,22(s)
A | ViZRER"? ViBum
Utz — My —Mao |, (49)

CoPia + D1 BT @15



|:D11(S) Dlg(s)
Dgl(s) DQQ(S)

_ [ oy ] (sNi—I)" [ My Mis ], (50)

Thirdly, we analyze (50). To this end, we need the
following result.

LEMMA 3 Let
k* =maxk;, j=1,---,p, (51)
with k; being defined in (6). Then
(@) N =0, NNT'=0,
(i) TN ~'=0, BNoNf 2 =TNF72

Proof
know

From the definition of k*, for N in (47), we

N&:([%; 8Dk*=0. (52)

Therefore, (i) holds. From (33), we obtain ATN; +
BsNy = T, together with (i), we know that (i¢) holds.
O

Remark  From [1], the highest order of the infinite
zero of Gia(s) is k* — 1.

From (46) and (29),
My = ~-NVeZ(YCT + BiDL)E,? (53)

holds which contains the factor N;. Using Lemma 3,
we obtain the four elements of II(s) in (48) as

11 (s) = 11 (s)

— (sNy + s2NoNy + - -+ s TINoNF =2\ My, (54)
Iia2(s) = 12(s)

— (sNy + s2NoNy + - -+ s “2NoNF =3\ My, (55)
M1 (s) = Tra1(s)

— (CoT + sCoTNy + -+ s* 2CoTNF %)My, (56)
M2 (s) = Tra2(s)

— (CoT + sCoTNy +- -+ s 3CoTNF =) My, (57)

where II,.;; (4,7 = 1,2) are defined as in (49).

We are ready to give the following result.

THEOREM 1 Suppose that the Hoo control problem
for (1) is solvable under assumptions A1—A3. If there
exists Q(s) € BHEX? and a proper U(s) of size n, X q
such that

MQ(s) + My = NF U (s) (58)
holds, then
K(s) = HM(II(s); Q(s)) (59)
are proper, where I1,.(s) is defined as in (49).

Proof From Lemma 3 and (58), we obtain

{ gj% ] (sN1 = 1)1 (M11Q(s) + Mi2)

This completes the proof of Theorem 1. ]

We will discuss the condition on @Q(s) in (58) further
in what follows. We assume Q(s) = N12Q1(s). In this
case, using the facts ZT =T, Vo©T = I and N1A12 +
N3Ass =0, and from (44), we have

My = NiVaZ(By + YCT Dyo). (60)
Then (58) is reduced to
N1 VoZ[(By +YCT D12)Q1 ()

— (YCF + BiD})E,?) = NF ~'U(s).  (61)

Therefore, we have

THEOREM 2 Suppose that the Ho, control problem
for (1) is solvable under assumptions A1—A3. If there
exist Q1(s) and U(s) satisfying (61) and N12Q1(s) €
BHEX1, then reduced-order Hoo controllers are

K(s) = HM(I1,(s); N12Q1(8)). (62)

As an example, we will use Theorems 1 and 2 to analyze
a class of singular Ho, control problems when Gia(s)
has only the infinite zeros with order not greater than
one.

THEOREM 3 Suppose that the Ho, control problem
for (1) is solvable under assumptions A1 — A3. Also
suppose G12(s) has only the infinite zeros with order not
greater than one, or equivalently, k* in (51) satisfies
k* = 2. Then take Q(s) = N12Q1(s) € BHE Y, the Hoo
control problem has the reduced-order controllers in the

form of (62).

Proof
BHEX? and

Since k* = 2, take Q1(s) = N12Q1(s) €

U(s) = VaZ[(B2 + Y CT D12)Q1(s)

—(vCf + B.DI) By,

then (61) holds. This completes the proof of Theorem
3. O

Theorem 3 gives a family of reduced-order Ho, con-
trollers based on (61). We will construct another fam-
ily of reduced-order H, controllers by exploiting (54)—
(57).



THEOREM 4 Suppose that the Hoo control problem
for (1) is solvable under assumptions A1—A3. Suppose
G12(8) has only the infinite zeros with order not greater
than one, or equivalently, k* in (51) satisfies k* = 2.
Then take Q(s) = Q1(s)/(s + a), where a > 0 and
Q1(s) is stable such that Q(s) € BHY'Y, the reduced-
order Hso controllers are

K(s) = HM(IL, (5); Q(s)). (63)

Proof  Since k* = 2, from Lemma 3, N? = 0 and
NyN; = 0. Thus, from (53), Ny My = 0. Therefore,
from (54)—(57), we obtain

Hll(s) = Ulg(SI — A)_l‘/lZRE;;/2 — SN2M11 — Mgl,

IT12(00) = — Mo,
IT51 (00) = —CoT My,

HQQ(OO) = E211/2
Thus, Theorem 4 holds. O

As to k* > 2, we have to find Q(s) € BHo and U(s)
such that (58) or (61) holds. In comparison with the
results of [2] and [8], the above results have illustrated
further the structure of singular H., control systems.

4 Conclusions

The parameterization of reduced-order controllers for
singular Hoo control problems with infinite zeros has
been studied by the ARE approach in this paper. By
analyzing the H,, controllers in the descriptor from,
we have shown the effect of the eigenstructure corre-
sponding to the infinite zeros on all admissible H
controllers. When the generalized plant satisfies cer-
tain assumptions, several results have been provided
to choose the free parameter in the parametrization of
controllers appropriately for constructing reduced-order
the controllers.
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