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Abstract

In this paper a methodology that addresses the problem of
choosing optimal resistive elements for multiple mode shunt
damping of a piezoelectric laminate is presented. The pro-
posed method is based on th norm optimization for

the composite system, and is validated through experimental
work on a piezoelectric laminated simply-supported beam.

1 Introduction

Today'’s increasingly high speed and light weight structures
are subject to extensive vibrations that diminish their struc-
tural life, or in the worst case, lead to a catastrophic fail-
ure. In order to prevent these effects, one solution is pas-
sive shunt damping. This technique has been widely applied
[3, 4,5, 6, 10, 11], and is regarded as a simple, low-cost,
light-weight, easy-to-implement, and guaranteed tsthe
ble ! method for controlling structural vibration.

A current area of research is dealing with the implemen-
tation of a single piezoelectric sensing element capable of
multiple mode shunt damping. This method, presented in
references [6, 11, 12, 13, 14], uses a fixed impedance struc-
ture for the shunt circuits. In reference [12] the author re-
ports a method for piezoelectric shunt damping of multi-
ple vibration modes using a single piezoelectric transducer
(PZT). The method differs from other multiple mode shunt-
ing schemes, see for example [3, 6], in that a “blocking”
circuit is used. Even though this technique is reliable and
the complete circuit can be fine-tuned by trial and error
[3, 4, 6, 11, 12, 13, 14], there are two important questions
that need to be addressed when applying multiple mode
shunt damping. The first question is how the shunt resis-
tive values required for optimal multi-mode shunting should
be calculated. The second question, is why the parallel shunt
damping case presented in [11, 12, 13, 14], is easier to im-
plement practically than the series shunting circuit [3, 4, 6].
It is, therefore, the aim of this paper to present answers to
these two questions.

Current techniques for determining the resistive elements for

LIn contrast with active control which may present some stability prob-
lems.

shunt damping are based on rather ad-hoc methodologies. It
is hoped that this work will develop a more systematic way
of calculating these resistive elements in an optimal way.
Furthermore, the method of this paper can be extended to
allow for shunt damping of a structure using several piezo-
electric devices.

The theoretical ideas presented are justified by experimental
verification performed on a piezoelectric laminated simply-
supported beam for two structural modes.

The paper is organized as follows. In Section 2, the dynam-
ics of a piezoelectric laminated beam system is modeled. In
Section 3, the composite model of the shunt circuit and the
piezoelectric laminated beam is developed. An optimization
procedure is presented in Section 4 for obtaining the optimal
resistive elements for a multi-mode shunt circuit. In Section
5, some experimental results on a piezoelectric laminated
beam are proposed using optimal resistive values by the di-
rect application of the theory introduced in the Section 4.
And finally in Section 6, the paper is concluded.

2 Dynamical Modéd of the Composite System

Consider the simply-supported piezoelectric laminate beam
in Figure 1. A pair of piezoelectric patches are bonded to

the host structure. One piezoelectric layer will be used as an
actuator and the other for passive shunting.

The differential equation describing the elastic deflection
of the composite beam is the modified one dimensional
Bernoulli-Euler beam equation [1]. By using tmeodal
analysis technique [7] the position functiony(x,s), can be
expanded as an infinite series. Using the appropriate bound-
ary conditions for a simply-supported beam, we can deter-
mine the resonant frequencies and mode shapeg ac-
cording to the specified orthogonality conditions [7].

When modeling the dynamics of the composite system, il-
lustrated in Figure 1, it is necessary to derive the transfer
function between the displacement at any point along the
beam and the actuator voltage, i.¥(x,s)/Va(s) [8], and
between the shunting piezoelectric voltage and the actuator
voltageVs(s)/Va(s) [8]. Both transfer functions are stated
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Ca, Cs are the piezoelectric constants associated with the ac-
tuator and shunting layer [1]. Note that the additional term
2Ciwys, is added to compensate for structural damping and
is usually determined experimentally.

Then state-space model f¥(x,s)/Va(s) and Vs(s)/Va(s)
can be represented as

Xp = AXp+BVa 3)
Y = Cyxp 4)
Vs = CyXp (5)

wherexy, is the beam
Y (x,5) andVs(s).

stateCy and Cy, depend on the
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Figure 1: (a) Cross-section of the beam with piezoelectric lam-
inate present; and (b) The piezoelectric laminated
simply-supported beam.

3 Modeling the Passive System

Shunting Layer

Figure2: Paralel shunt circuit case for shunt damping two modes
at wy and wy.
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Figure 3: Series shunt circuit case for shunt damping two modes
at oy and wy.

shunt circuit; and (2) series shunt circuit. Examples of these
two cases are shown in Figures 2 and 3.

For the simple cases depicted in Figures 2 and 3 where two
modes are to be shunt-damped, the “blocking” circuit [12]
is connected in series with the shunting branch Rx-Ly in
each case. The “blocking” circuit is the parallel capacitor-
inductor, Co-L,. The number of antiresonant circuitsin each
R-L shunting branch depends on the number of structural
modes to be shunt damped simultaneously. Each R-L shunt-
ing branch is designed to dampen only one structural mode.
For example, the R;-L1 branches, in both figures are tuned at
the wq structural mode, while the branches R,-L» are tuned
at the wy structural mode.

In order to model the presence of the shunt dampener on
the resonant structure, the composite system dynamics need
to be considered. Piezoelectric transducers behave electri-
cally like acapacitor Cp and mechanically like a stiff spring.
It is common to model the piezoelectric element as a ca
pacitor Cp in series with a voltage source which is depen-
dent on the dynamics of the resonant structure [5]. Consider
Figures 1 and 4, where a piezoelectric patch is shunted by
an impedance Z. Hence, the current-voltage relation of the
impedance can be represented in state-space form as

(6)
(7)

Xz AzXz + Bsz

CzXz + Dsz

iz

From previous reports [11, 12, 13, 14], the authors assume a where V; is the voltage across the impedance and i, is the
fixed circuit structure for multi-mode shunt damping. There current flowing through the circuit with the obvious defini-
are two different multi-mode shunt structures: (1) parallel tionfor Az B;, C; and D,. The relationship between the V,
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Figure 4: Schematic of piezoelectric shunting layer with a shunt-
ing impedance Z present.

and Vp, shownin Figures1and 4, is

Xo = AXp+BVY; (8)
Vo = —CuXp ©

where V,, is the voltage induced from the electromechan-
ical coupling effect, due to the dynamics of the resonant
structure. By shunting the piezoelectric patch, the voltage
V;, across the shunting layer or impedance, shown in Figure
4, isrelated to the other magnitude as,

Vy=Vp— = / it (10)
Cp
where C,, represents capacitance of the shunting layer. The
variable iz, in turn, can be replaced by the ¢, which is the
charge across the shunting piezoelement. Consequently, re-
placing V; and using Vp = —Cy,Xp then (6), (7) and (8) be-
Comes,

%o A-BC, 0 -£B Xp
X, | =| -BLw Az Bz Xz | . (12)
0z -DLCv, Cz —¢D: dz

If avoltage is applied to the actuator piezoelement patch Vy
i.e. the compound system, then (11) becomes,

X = AX+BV, (12)
V, = CuX (13)
Y = CyX. (14)

where X=[ Xp X, qZ]T, B=[B 0 O]T,
¢w.=[Cw 0 0],&=[Cy 0 0] and

A-BCy 0 -¢£B

A = _BZCVS Az —C—lsz
_DZCVS CZ _C_lpDZ

4 Optimization

In order to find the appropriate values for resistors R;, an
optimization approach is proposed. A set of resistors can

be found such that the Hy norm of the combined system
is minimized. Since flexible structures are highly resonant
systems, their frequency response consist of very sharp res-
onant peaks. By minimizing the H, norm of the combined
system, these peaks can be pushed down. Thisis dueto the
fact that the H, norm of the system is related to the area
under its magnitude response.

Consider a transfer function matrix G(s) for the com-
pounded system, i.e. include the passive controller. Then
the Hz norm of G(s), denoted ||G(s) |, is defined as:

= 2 1 ~ L
||G(s)||2:%[Wtr{GT(—Jw)G(Jw)}dw. (15)
Let also G(s) have the redlization G(s) = C(sl — A)~!B.
Then if the matrix A is stable, the following equality holds

J=|G(s)|3 =tr(EPCT) (16)

where P satisfiesthe Lyapunov equation ATP+ PA + BB =
0. Since A isafunction of R;, the following unconstrained
optimization problem needsto be solved:

R’ =arg min J. a7)

We could use adirect search method optimization algorithm
(Nelder-Mead Simplex) but a more elegant method of ob-
taining the optimal resistance R;, isto set up gradient search
algorithm. The optimization problem (17) can then be writ-
ten as a constrained optimization problem, as

= [ J 18
R' args.t. QTAPR@ >0 ( )

whereg=ATP+PA +BB'. To solve this constrained opti-
mization problem, we need to introduce Lagrange multipli-
ers S and form the Lagrangian L as follows

L=tr(EPC") +tr(g9). (19)

It is necessary to determine the conditions for optimality by
taking the derivatives of L, with respect to parameters P, S
and R, and setting the derivativesto zero,

0L _ Ap+PA +BB =0 20)
35

L . e

Z—P = ATS+SA+C'C=0 (21)
aL i -

g tr(ElPS+PE1$)—O 22)
oL . ~ ~T

RS tr(EkPS+PEkS)_O. (23)

Assuming k resistors, we can represent A as A + Zik:l RE;
where matrix A is not a function of R;. By factoring out R;
from matrix E; this allows us to perform differentiation, as
in (22) and (23).



To find the minimum Hy norm of the system, the aboverela-
tionships have to be solved simultaneously. It isnot possible
to obtain a closed form solution, so a numerical approachis
required.

The optimization procedure starts with an initial guess for
each resistor R;, such that R > 0. Matrices B and C only
need to be calculated once, because they are independent of
Ri. Matrix A is afunction of R which needs to be updated
for eachiteration (j). While matricesP and S, are cal culated
by solving the Lyapunov equations in (20) and (21). The
gradient for each value of RiJ is calculated from (22) and
(23) and is used to find the steepest descent. The processis
iterated by updating R; until an optimal solution is obtained
(i.e. until sufficient exiting conditions are obtained g—';{: ~0
and Lit1 ~ L. Sincethe problemisnot convex, an iterative
optimization procedure can be carried out for a number of
initial guesses to obtain the best solution.

5 Experimental Verification

To validate the concepts presented, experiments were car-
ried out on a simply-supported piezoelectric laminated
beam. The experimental setup isdisplayed in Figure 1. The
beam structure consists of a uniform aluminum beam of a
rectangular cross section. Refer to Table 1 for beam pa-
rameters. The beam is experimentally pinned at both ends
and ideal boundary conditionsare assumed. A pair of piezo-
€l ectric ceramic patches are attached symmetrically to either
side of the beam, at 0.05m from one of the pinned ends, i.e.
X1 = X3 = 0.05m. The piezoceramic elements used on the
experimental composite structure are PIC151 patches. The
physical parameters for the piezoelectric patch PIC151 are
givenin Table 2.

Length, L 0.6m
Width, w, 0.05m
Thickness, hy 0.003m
YoungsModulus, Ep | 65 x 10°N/n¥
Density, p 2650kg/m?

Table 1: Parameters of the simply-supported beam.

Charge Constant, ds;
Voltage Constant, gs1

—210 x 10~ 2Zm/V
—115x 100%m/N

Coupling Coefficient, kay 0.340
Capacitance, Cp 0.105uF
Width, ws Wy 0.025m
Thickness, hs h, 0.25 x 10—°3m
Youngs Modulus, Es Ea 63 x 10°N/n?

Table 2: Parameters of the PIC151 piezoel ectric patches.

During the experiment, the simply-supported beam was ex-
cited using the piezoel ectric actuator layer with a swept sine
source from a Hewlett Packard 35670A signal analyzer. The

Magnitude (dB)

10 10° 10
Frequency (Hz)

Il Il Il Il
0 50 100 150 200 250 300 350 400 450 500
Frequency (Hz)

-200 L L L I I

Figure 5: Frequency response: (a) Vs(s)/Va(s) , (b) Y(x,s)/Va(s)
where Xgc = 0.170m from the pinned boundary of the
composite beam. Simulated (—) and experimental re-
sults (- - ).

swept sine signal was then amplified using a high voltage
power amplifier. To find the transfer function Vs(s) /Va(s),
the input channel of the signal analyzer was used to mea-
sure the voltage across the sensing piezoel ectric layer. Using
a Brua & Kjaer accelerometer and Nexus conditional am-
plifier theY(x,s)/Va(s) transfer function was determined for
a point on the composite structure located at X5 = 0.170m.
Theresponsefor Vs(s) /Va(s) and Y (X, S) /Va(s) was captured
by the signal analyzer. Theresults are displayedin Figure5,
for the first five modes.

The piezoelectric composite system was modeled using a
model order of 5, with the appropriate feedthrough term
[8, 2]. From Figure 5, it can be observed that the theo-
retical model describes very well the behaviour of the sys-
tem. From the measured response, several structural vibra-
tion modes can be observed. The first five resonant modes
for the simply-supported beam were at 19.7, 74.8, 169.4,
300, and 468Hz.

Two different shunt circuits were examined, they are: (1)
parallel shunt circuit; and (2) series shunt circuit. Also,
for simplicity only the 2nd (w; = 74.8H2) and 3rd (o, =
169.4H2) structural modes of the piezoelectric composite
beam were considered for shunting. The 2nd and 3rd struc-
tural modes were chosen due to their high resonant ampli-
tudes, as shown in Figure 5. The reason for only consider-
ing the 2nd and 3rd modeis because these modes have more
authority in comparison to other structural modes due to the
chosen location of the piezoelectric patch.

According to [12], the two mode shunting circuits can be
simplified using classical circuit theory to the forms shown
in Figure2 and 3, and theinductance (L1, L and L) of these



two circuits are defined as follows,

1 ~ 1 ~ 1
—— ly=—— Ly= ——
WCp © Cp WECo
Lo (Lilo + Dolp — Lilo — 0BLaLoloCy) (25)

2 (L1—L2) (1- a2i2Cy) '

Both parallel and series circuit cases were designed under
the assumption that w; < .

Ly =

The capacitance parameter Gy, for the“ blocki ng” circuit was
chosen to be 100nF because of commercia availability of
these capacitors. From (25) the inductor parameters were
foundto belL; = 43H, L, = 20.9H, and L, = 45.2H. Using
the already mentioned circuit parameters for the shunt and
dynamic composite modeling method, the Hy norm of the
composite system was minimized. The optimal resistance
valuesfor Ry and Ry, for both parallel and series shunt cases
are obtained. Figure 6 and 7 show the H, norm cost surface
as afunction of R; and Ry.
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Figure 6: Paralel shunt circuit case, H, norm cost surface as a
function of Ry and Ry.
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Figure 7: Series shunt circuit case, H, norm cost surface as a
function of Ry and Ry.

From Figures 6 and 7, it can be seen that both cost surfaces
have a minimum. For the parallel shunt case, the optimal
region is larger than the one for the series shunt case. This
justifies the work presented in [11], which states that “ the
parallel shunt circuit istherefore easier and more practical”

i.e. the parallel shunt case is less sensitive to circuit tuning
compared with the series case.

The optimization algorithm found a minimum at Ry =
262.75kQ and Ry, = 550.73kQ for the paralel shunt case,
while the minimum for the series shunt case was found to
beat Ry = 1543.4Q and R, = 1145.2Q).

Parameters Ry, Ry, L1, Ly, Lo and C, were then employed
in the design of the two shunt circuits, parallel and series
shunt case, and then tested across the piezoelectric patch.
Construction of the shunt circuits requires Riodan high Q
factor simulated floating/grounded inductors [9], for L, L2
and Lo.

To justify the Hy norm optimization technique, the magni-
tude frequency response were taken for the Y (x,s) /Va(s) be-
fore and after shunt damping at xac = 0.170m. Figures 8 and
9 show theresultsfor parallel and seriescircuit cases respec-
tively.
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Figure 8: Parale shunt circuit case, magnitude frequency re-
sponse for Y(X,s) /Va(s) where Xac = 0.170m from one
pinned end. (a) Undamped and (b) damped where (—)
and (---) represent simulated and experimental results
respectively.
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Figure9: Seriesshunt circuit case, magnitude frequency response
for Y(x,s)/Va(s) where xac = 0.170m from one pinned
end. (d) Undamped and (b) damped where (—) and
(---) represent simulated and experimental results re-
spectively.



After tuning the shunt resistances the following experimen-
tal values were found; parallel multi-mode shunt case Ry =
273.8kQ and Ry = 543.1kQ; and series multi-mode shunt
case Ry = 1533.2Q and Ry = 1132.4Q. Comparing resis-
tors experimental results with the theoretical results, it can
be seen that the experimental tuned values are close to the
predicated theoretical optimal values.

The experimental resonant amplitudes for the 2nd and 3rd
modes were successfully reduced for both paralel and se-
ries case. The parallel resonant amplitudes were reduced
by 14.4dB and 19.4dB. For the series case a reduction of
14.8dB and 19.5dB was obtained. From theoretical simula-
tions the resonant amplitudes at 2nd and 3rd modesfor both
parallel and series circuit case were, 16.1dB and 21.4dB;
and 16.4dB and 21.9dB respectively.

6 Conclusions

An optimization based method for obtaining the optimal re-
sistances for multi-mode shunt damping was presented. The
method is intended to solve the difficulties encountered in
previous multi-mode damping [12, 13]. By using this tech-
nique, it is possible to determine the required resistances
and/or astarting point for fine-tuning of the shunt circuitsin
a systematic manner. The optimization technique provides
an easy and reliable way of obtaining the optimal resistance
for multi-mode damping. It also eliminates the tedioustrial
and error method of obtaining the optimal shunt resistance
[4,3,6,11, 14, 12, 13].

From the cost surfaces, it is clear that the parallel shunt cir-
Cuit case is less sensitive to resistance tuning than the se-
ries circuit case, this is due to relative flathess of the cost
function close to a minimum. This justifies the experimen-
tal work presented in [11], that the “ parallel case is more
practical for circuit tuning” .

In the experiments, two multi-mode shunt circuits, namely
the parallel and series shunt, of a piezoelectric laminated
simply-supported beam were implemented. The experimen-
tal results were very successful. Even though only two
multi-mode shunting were incorporated, the optimization
technique can be forwardly extended to more modes.

A distinct characteristic of this technique is that it can
be easily extended to the case when several piezoelectric
patches are to be shunt damped on the same resonant struc-
ture.
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