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Abstract

A second-order dynamics, Tracking-Differentiator, is
given to generate smooth approximation of the incom-
ing measurement and its derivertive, which can be used
as the desired trajectory for the control system.

1 Introduction

In tracking control problems, the smooth assumption
is often made for the desired trajectory of the con-
trol system[2]. However, in many tracking problems,
the smooth assumption is not satisfied. Generally, a
second-order linear system like

B + k19a + k2ya = koya(t) (1)

will be used to generate desired position and velocity
for the tracking system. kq, ko needs to be chosen such
that y4(t) is fast enough to closely approximate y,(t).
A famous conclusion about this second-order linear sys-
tem is the contradiction between fast response and over
shot. That is, a fast response always results in an over
shot. In practical problem , a compromise must be
made. This will dramatically affect the efficiency of
tracking system. We have the fast response and over
shot dilemma for this reference model.

Han proposed a parameterized second-order nonlinear
dynamics, called Tracking-Differentiator(TD) in [3] to
solve the above dilemmas. Han uses the following crite-
ria to describe the accuracy of smooth approximation:

lim ya(t) — ya(t)|dt =0 (2)

R—>OO' 0
where T > 0 is a finite number, R > 0 is a parameter.

In [3], a sufficient condition is given for a second-order
system to be a TD. In this paper, we will examine some
properties of TD. Finally, a simulation result will show
the advantage of nonlinear TD over linear TD.

2 Main theorem and other results

The following theorem is presented by Han in [3].

Theorem 1 (The Basic Convergence Theorem of
Tracking Differentiator) If the
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2y = f(21, 22)

is globally asymptotically stable at origin, then for any
bounded integrable function v(t) and T > 0, the solution
of the following system.:

jj’l = X9
{ iy = R*f(x1 — (1), 22) )
satisfies
T
lim |z1(t) — v(t)|dt =0 (5)
R—oo [

This theorem provides a way to construct a TD from
any globally asymptotically stable system. R can be
used to control the accuracy of the tracking signal. If
f(z1,22) is linear, we have much stronger result:

Theorem 2 (Linear Tracking Differentiator) If the

{2z (©)

%9 = axy + bxo

is asymptotically stable at origin, then for any bounded
integrable function v(t) and T > 0, the solution of the
following system.:

jl'l = T
{ 9 = R*[a(z1 — (1)) + b%2] (7)
satisfies
J%i_{l;o z1(t) = v(t),Vt € [0,T] (8)

The proof of this theorem is relatively long, and will ap-
pear elsewhere. Notice there is a big difference between



x1(t) and v(t). 21 (t) is smooth and has derivertive while
»(t) may even not continuous. In the following, we will
study how parameter R affects the response time of the
TD. First we need to introduce two definitions about
convergence speed of stable systems.

We will use the definition of Globly Finite Time Stable
given in [1]. If the system is asymptotically stable, we
give the following definition of e-setting time:

Definition 1 (e-setting time) Consider the system

&= f(z), f(0)=0,2 € R",z(0) = x0

which is globally asymptotically stable at the origin. For
any given € > 0, Let

T(xo,€) = min{T : ||z(t)|| < e,¥t > T}

then T(xg,¢€) is the e-setting time of the system.

The following two theorems show the two most impor-
tant properties of e-setting time.

Theorem 3 Let
,Z"l = Z9
. 9
{ 2o = f(21,22) 9)

be globally asymptotically stable at origin with e-setting
time T(zo,€). Let ¢ be any constant. The system

i‘l = T2
{ o= B2l — o, ) (10

is globally asymptotically stable at (e, 0) with setting
time less than %, where xo = (21(0), 22(0)).

This theorem is also true for setting time of globally
finite time stable systems. It is stated as following:

Theorem 4 Let

{ a1 =22 (11)

Z = f(21,22)

be globally finite time stable at origin with setting time
T(z0). Let ¢ be any constant. The system

1 = 2o
{ i = R2f (w1 — ¢, 22) (12)
is globally finite time stable at (c, 0) with setting time
equal to %, where xo = (x1(0), x2(0)).

These two theorems show that the parameter R > 1 in
system (12) will reduce the e-setting time. A big R will
decrease the system response time.

For the linear system, we have more specific result.

Theorem 5 If the following linear system

{ 1= (13)

C.EQ = ar] + bl’g

is stable with two eigenvalues A1, Aa. Then the following
system

j:’l = X9
is also stable, and has eigenvalues as RAi, R\o
This can be easily shown by noticing that eigenvalues
of (14) are given by
- bR + Vb?R? + 4aR?

Ao = 5
bR £ RVb? + 4a
2

R

Since the real part of A1, As must be negative, this re-
sult shows that a bigger R will make the real part of
the eigenvalue more smaller (tends to negative). This
will definitely increase the system speed. While in the
case that the eigenvalues have imaginary part, the ab-
solute value of imaginary part will also increase as R
increases. This big absolute value of imaginary part
causes the overshoot in the system response. So for lin-
ear system, one has to balance the speed and overshoot.
That is why we need to look for nonlinear system for
quick response and small overshoot.

3 Conclusion

This paper shows the nature of parameter R in
Tracking-Differentiator. TD provides an easy method
to smooth the noised signal.
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