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Abstract

This paper proposes a fast algorithm for nonlinear re-
ceding horizon control. The control input is updated by
a differential equation to trace the solution of an associ-
ated two-point boundary-value problem. A linear equa-
tion involved in the differential equation is solved by
the generalized minimum residual (GMRES) method,
one of the Krylov subspace methods, with Jacobians
approximated by forward differences. The error in the
entire algorithm is analyzed and is shown to be bounded
under mild conditions. The proposed algorithm is ap-
plied to a two-link arm whose dynamics is highly non-
linear.

1 Introduction

The main concern of this paper is numerical algorithms
for nonlinear receding horizon control (model predictive
control). As capability of digital computers grows, non-
linear receding horizon control is applied successfully
to chemical industry [1], where the sampling interval
is sufficiently large, e.g, several ten seconds or larger,
and a successive approximation algorithm can be exe-
cuted to solve the problem within the sampling interval.
However, successive approximation is computationally
expensive and is not suitable for mechanical systems
controlled with a sampling interval in the order of mil-
liseconds. Although an approximate algorithm of non-
linear receding horizon control can be obtained explic-
itly through use of the Taylor expansion [2], the length
of the horizon and the form of the performance index
are restricted in such an algorithm. Efficient numerical
algorithms should be explored to broaden applications
of receding horizon control.

This paper proposes a real-time algorithm of nonlinear
receding horizon control by combining the continuation
method with a fast algorithm for linear equations. The
problem is discretized over the horizon first, and then
a differential equation to update the sequence of con-
trol inputs is obtained through use of the continuation
method. Since that differential equation involves a large
linear equation, we need a fast algorithm to solve it. We

employ the GMRES (Generalized Minimum RESidual)
method [3] to solve the linear equation. The error in
the entire algorithm is analyzed and is shown to be
bounded under some conditions.

The proposed algorithm is applied to a two-link arm in
order to examine the computational time. Simulation
results show that nonlinear receding horizon control is
possible in real time for the highly nonlinear system
with the proposed algorithm.

Throughout the paper, the symbol || -|| denotes the Eu-
clidean norm for a vector and the induced norm (max-
imum singular value) for a matrix, respectively. For a
vector xo and a positive scalar ¢, let B(zg,¢) = {z :
llz — ol < €}

2 Nonlinear Receding Horizon Control
Problem

This section briefly summarizes the nonlinear receding
horizon control problem. We consider a general nonlin-
ear system governed by a state equation

&(t) = f(=(t),u(?), p(t)),

where z(t) € R™ denotes the state vector, u(t) € R™»
the control input vector, and p(¢f) € R™» the vector
of given time-dependent parameters, respectively. The
control input at each time t is determined so as to min-
imize a performance index with a receding horizon:

J = e((t+T),p(t+T))

t+T
n / L((t'), u(t"), p(t'))dt'.

Equality constraints are also imposed in general as:

where C is an m. dimensional vector-valued function.
An inequality constraint can be converted to an equality
constraint with a dummy input (slack variable). There-
fore, the present problem setup can deal with various
performance indexes and constraints.



At each time ¢, we have to find the optimal trajectory
starting from the present state x(¢). To this end, we di-
vide the horizon into NV steps and discretize the optimal
control problem with the forward difference as follows:

wipa () = 27 (8) + £ (27 (1), w3 (1), p; (1)) AT, (1)

o (t) = x(t), (2)

Clai (8), ui (1), pi (1) =0, (3)

J =y (1), pn (1)) (4)
N-1

+ ), L(ai(t),ui (t), pi (1)) AT, (5)

=0

where A7 := T/N, zf(t) corresponds to the state at
time ¢ + ¢A7 on the optimal trajectory starting from
x(t), and pi(t) is given by p(t+iAT). Since the horizon
T depends on time ¢ in general, so does A7. Any other
one-step schemes may also be employed to discretize
the problem. Note that although the optimal control
problem on the horizon is discretized, its dependence
on t remains continuous. Given the initial state of the
dlscretlzed problem, z$(t) = z(t), the control sequence
{ur(t)}N5! is optimized at each time ¢. The actual
control input to the system is given by u(t) = ug(t).

Let H denote the Hamiltonian defined by

H(z, A\, u, 1, p) := L(z,u,p) + AT f(z,u,p)
+ 4" C(z,u,p).

where A € R™ denotes the costate, and p € R™¢ de-
notes the Lagrange multiplier associated with the equal-
ity constraint. The first-order necessary condltlons for
the sequences of optimal control {u} () }25", multiplier
{p: (1)} and costate {\f (1)}, are obtained by the
calculus of variation as

Hy (7 (1), Aipq (), uf (8), 15 (1), 97 (1)) =0, (6)

Ai(t) = :+1(t) (7)
+H (a7 (1), N (1), uf (1), 17 (1), pF (D) AT, (8)

Xi (1) = ¢ (a5 (1), Py (1), 9)

The sequences of the optimal control {u}(t)}Y;' and
the multiplier {u?(t)}X," have to satisfy Egs. (1)
- (3), (6) - (9), which define a TPBVP (Two-Point
Boundary-Value Problem) for the discretized optimal
control problem. The solution of the discretized prob-

lem converges to the solution of the continuous problem
as N — oo under mild conditions [4].

We define a vector of the inputs and multipliers as

() 15" () wi" (&) i () -
uN_1 (8) pN_ ()] e R™Y,

where m := m, + m.. We also define a projection
Py :R™N 5 R™ ag

U(t) := [ug”

For a given U(t) and =z(t), {z}(t)}}Y, are calculated
recursively by Egs. (1) and (2), and then, {\:(t)}Y,
are also calculated recursively from ¢ = N to ¢ = 0 by
Egs. (8) and (9). Since zf(t) and A} (¢) are determined
by z(t) and U (t) through Egs. (1), (2), (8) and (9), Egs.
(3) and (6) can be regarded as an equation defined as

FU(t),=(t),1)
[ Hy (w5 ), 1 t),US(

Hg(x}kV—l(t)v /\}kV(t)a u}kV—l(t)v

N}kv—1(t)aPN—1(t))
Clay_1(t),uny_1(8), py_1 (1))

The equation also depends on time ¢ through p}(¢) and
Ar. If the equation is solved with respect to U(t) for
the measured x(t) at each time ¢, then the control input
u(t) = Py(U(t)) is determined.

3 Continuation/GMRES Method

Instead of solving F(U, z,t) = 0 itself at each time with
such an iterative method as the Newton method, we
find the derivative of U with respect to time such that
F(U,z,t) = 0 is stabilized. Namely, we determine U so
that

F(vavt) = —(F(U,Zﬂ,t), (10)

where ( is a positive real number. Then, if Fy; is non-
singular, we obtain a differential equation for U(t) as

U=F; (~CF - Foi — F), (11)

which is integrated in real time to determine the control
input. If U(0) is chosen so that F(U(0),z(0),0) = 0,
then the solution U (t) is traced by integrating Eq. (11),
which is a kind of the continuation method [5].

From the computational point of view, the differential
equation (11) involves expensive operations, i.e., Jaco-
bians Fy, F, and F; and a linear equation associated
with Fj;'. In order to reduce the computational cost in
the Jacobians and the linear equation, we employ two
devices, i.e., forward difference approximation for prod-
ucts of Jacobians and vectors, and the GMRES method
[3] for the linear equation. First, we approximate the
products of the Jacobians and some W € R™YN w € R®
and w € R with the forward difference as follows.

Fy(U,z,tyW + F, (U, z, t)w + F (U, z,t)w
~ Dy F(U,z,t: Ww,w)
F(U + MW,z + hw,t + hw) — F(U, z,1t)
= - ,
where h is a positive real number. Then Eq. (10) is
approximated by

DyF(U,z,t:U,i,1) =

_CF(Ua T, t)a



which is equivalent to

DyF(U,x + hi,t + h:U,0,0) = b(U,z, &,t), (12)
where
b(U,z,i,t) .= —CF(U,z,t) — Dy F(U,z,t:0,2,1).

It should be noted that the forward difference approxi-
mation is different from finite difference approximation
of the Jacobians themselves. The forward difference ap-
proximation of the products of the Jacobians and vec-
tors can be calculated with only one additional evalua-
tion of the function, which requires notably less compu-
tation than approximation of the Jacobians themselves.
Because of the forward difference approximation, even
a sparse Jacobian is not necessary.

Since Eq. (12) approximates a linear equation with

respect to U, we apply GMRES to Eq. (12) as follows.

Algorithm 1 (FDGMRES)
[U, p] := FDGMRES(F, U, z, &', t, h, kmaz)

1. ro :=b(U,z,&,t), vy :=1ro/l|roll, p:=|roll, 8:=
p, k:=0.

2. While k < kpae, do

(a) k:=k+1
(b) vit1 := DR F(U,z + hi,t+ h : vg,0,0)
forj=1,...,k

i hjk = UkT+1Uj
ii. Vg+4+1 = V41 — hjkl}j
() hit1,k = [[okal|

(d) vke1 = Vg1 /[[0r41 ]l

(e) For e, = [10...0/7 € R¥! and Hy, =
(hij) € RUFDXk(p,. = 0 for i > j+1), Min-
imize ||3e; — Hyy*|| to determine y* € R*.

() p:=llBer — Hyy"|.
3. U := V¥, where Vi, = [vy ... 0] € RMNXF,

GMRES is a kind of the Krylov subspace methods for
such a linear equation as Ax = b with a nonsymmet-
ric matrix A. GMRES at kth iteration minimizes the
residual p := ||b — Az|| with © € g + K, where zg
is the initial guess and K denotes the Krylov sub-
space defined by Ky, := span{rg, Arg, ..., A¥"1ry} with
ro := b — Azg. GMRES also generates an orthonor-
mal basis {v;}%_, for Kj successively. Minimization
in step 2e is executed efficiently through use of Givens
rotations. In principle, GMRES reduces the residual
monotonically and converges to the solution within the
same number of iterations as the dimension of the equa-
tion. However, an important advantage of GMRES for
alarge linear equation is that a specified error tolerance,

e.g., p < nl|b|| (n > 0), can be achieved with much less
iterations.

In FDGMRES, the product of a matrix and a vector,
Fy (U, z,t)v;, is replaced with its forward difference ap-
proximation, Dy, F(U,x + hz,t + h : v,0,0). It is clear
that the orthonormal basis {v;}%_,, k vectors in R™V,
must be stored during FDGMRES, which may require a
huge amount of data storage for a large problem. Fur-
thermore, many iterations may be impossible from the
viewpoint of execution time in real-time implementa-
tion. Therefore, k,,.. should be chosen as small as
possible. The state equation (1) and the costate equa-
tion (8) are evaluated over the horizon (3+ k4. ) times
in FDGMRES.

With U obtained approximately through use of
FDGMRES, U(t) is updated by integrating U in real time.
The continuation/GMRES method for real-time algo-
rithm of nonlinear receding horizon control is summa-
rized as follows.

Algorithm 2 (C/GMRES)
1. Let the horizon T'(t) a smooth function such that
T(0) = 0 and T(t) —» Ty (t = oo). Let t =
0, measure the initial state 2(0) and let 27 (0) =
z(0), A7(0) = pL(z(0)) (i =0,...,N). Find u(0)
and £(0) analytically or numerically such that

H[ Hy (x(o)bﬁgég)(,oi)(’?,(226%(0)’]’(0)) ]H . %ﬁ

for some positive 6. Let u}(0) = u(0) and pf(0) =
#(0) (¢ = 0,...,N — 1), which gives the initial
condition U(0) such that [|F(U(0),z(0),0)]| < 4.

2. For t' € [t,t+ At), let U(t') = U(t).

3. At time ¢ + At¢, measure the state
z(t + At) and let Az = z(t + At) -
x(t), compute U(t) by [U(t),p(t)] =
FDGMRES(F, U (), (1), Az /At t, By kmae). et
U(t + At) = U(t) + U(t)At. The control input
u(t + At) is given by u(t + At) = Py(U(t + At)).

4. Let t =t + At, and go back to Step 2.

In C/GMRES, explicit solution of [H, CT]T = 0 is not
necessary, since the control input itself is a quantity to
be determined numerically. Such higher order deriva-
tives as Hy, and H,, are also not necessary, because the
linear equation for control update is solved by GMRES
with the forward difference approximation. It should
be noted that the iterative method is used only to solve
the linear equation with respect to U, and, through use
of its solution, the solution of the nonlinear equation,
F(U,z,t) = 0, is traced without any other iterative
methods.



4 Error Analysis

Let X and Q be subsets of R” and R™", respectively.
We assume the following.

A1) [If (@, Po(U), p(O)Il, [1F " (U, )], [[Fa(U, 2, 1)
and ||Fy (U, z,t)|| are bounded by a positive con-
stant M for any (U,x,t) € Q x X x [0,00).

A2) Fy, F, and F; are Lipschitz continuous with re-
spect to (U, z,t) on 2 x X x[0, 00) with a Lipschitz
constant a.

We also assume X' := {z : B(z,hM) C X} and Q' :=
{U : B(U,h) C Q} are nonempty.

Since Al) implies Fy is nonsingular, K,y =
span{ro, Fyro, - - -, (Fy)™N~1ry} is spanned by mN or-
thonormal vectors. At kth iteration, FDGMRES tries to
generate an orthonormal basis {vj};?zl that approxi-
mates the orthonormal basis of K,,n, and its approx-
imation error is O(h) because |DpF (U, x + hi,t + h :
v;,0,0) — Fy (U, z,t)v;|| is O(h). Therefore, if h is cho-
sen sufficiently small, FDGMRES generates orthonormal
vectors {vj}?;”f"‘ for any kpmee < mN. We assume

{v; };?g;“” are orthonormal hereafter.

Let {7;}7"Y be an orthonormal basis for R™ such that
v; =wv; for i = 1,..., kmas, and define a matrix B €
RmNXmN by

Bu; = D F(U,x + hi,t + h : 7;,0,0)

(j=1,...,mN).
Then, FDGMRES is nothing but GMRES for a linear
equation BU = b with kmax iterations. Therefore,
the residual p = ||b — BUJ| reduces monotonically

with respect to k... and converges to zero for some
kmaz < mN. Particularly, for any n > 0, FDGMRES
guarantees p < n||b|| if kyae is sufficiently large. How-
ever, we need some analysis concerning the accuracy of
the resultant value of F', since B is not the exact Jaco-
bian of F. We analyze a residual r in Eq. (10) defined
by

r(U,z,U, i,t) = Fy(U,z,t)U + Fo (U, z,t)i
+F(U,z,t) + (F(U,z,t)
which indicates to what extent F' differs from the de-

sirable value given in Eq. (10). Only main results are
presented without proofs because of limitation of space.

Theorem 1 Letn € (0,1), (U,z,t) € Q' x X' x[0,00),
i = f(x,Py(U),p(t)), and U be obtained by FDGMRES,
then there exists h > 0 such that if h € (0,h] and
FDGMRES terminates with p < n||b|| then

|Ir[| < A¢IIF| + M,

where
i ==+ 2h(1 + 1),
Y (g +M> M,

M =31+ MM + (1 + 7 + 4h) 3,

B:= %h(M2 +2M +1).

Theorem 1 gives a bound for r when U is calcu-
lated by FDGMRES. Finally, an error bound is analyzed
for C/GMRES in which FDGMRES is used. We denote
F(U(IAt), z(IAt),IAt) by F; for short.

Lemma 1 Let the system be controlled by C/GMRES.
There exists h > 0 such that if h € (0,h], FDGMRES
always terminates with p < n||b|| for a some n € (0,1),
and (U(IAt),z(IAt)) € Q' x X' then

[Fall < Gull ] + 0| Bl + 6,

where

12

01 1= a1C2At2, ay = a727 s 77, = 2(1+77)M’

8y 1= |1 — CAt| + HCAL + as (A2,
!
a == %(1 +20' + 2aM),
B = M(2(1+n)M? + (6 + 2n) ),
(53 = MAt + agAtQ,

as = %(M+ﬂ’ +1)%

Theorem 2 Let the system be controlled by C/GMRES
with sufficiently small h and At such that Lemma 1
holds and

4 as At < 1 —2\/a1At(M+a3At) (13)

for a some n € (0,1). Furthermore, let ¢ and 6 in
C/GMRES be chosen so that

0 < (At < (AL, (14)
CAt := 2 - , (15)
L4+ )+ as At + 20/ ay AT + az At)
— _ _ 2 _
5. L=0— /(-0 — 6.0, (16

20,
If FDGMRES always terminates with p < n|bl|, and
(U(t),z(t) € O x X' for allt € [0,00), then
IEll <0,

for alll € Z. The minimum value of § is attained
when ¢ = 1/At.

Note that 1/At < { < 2/At and § > 0 hold from Egs.
(13) and (15). Therefore, it is always possible to choose
¢ = 1/At, and ¢ cannot exceed 2/At.



Figure 1: Two-link arm.

5 Numerical Example

In order to evaluate the computational time of the pro-
posed algorithm C/GMRES, we employ a two-link arm in
a vertical plane (Fig. 1).

The state equation of the two-link arm is given by

i) /

dt | ¢ | [ M~Hq)(u—V(g,9) - G(q))
where ¢ = [q1 ¢2]7 is a vector of joint angles, u =
[u1 us]” is a vector of joint torques, M(q) € R?*? is an
inertia matrix, V(q,¢) € R? is a vector of centrifugal
and Coriolis terms, and G(q) € R? is a vector of gravity
terms. The physical parameters are given as: [y = 0.3
m, s; = 0.15m, m; = 0.2kg, J; = 6.0x1073 kg-m?, I,
=0.3m, s =0.257m, mo = 0.7 kg, and Jo = 5.1x1072
kg-m?, respectively.

Although the present system is rather simple as a
robotic system, it is highly nonlinear and its real-time
optimal control is extremely difficult. We would like to
control this system with receding horizon control whose
performance index is given by

J = %(x(t+T)—:L'f)TSf(x(t+T)—:L'f)
1 T T TR d/
+§/t ((x —zp)" Q(z —xy) +u” Ru)dt'.

The state vector of the present system is 2 = [¢7 ¢7]7 €
R*, z; € R* denotes the objective state, and Sy, @ and

R are weighting matrices.

The simulation program is generated in C through use
of an automatic code generation system, AutoGenU [6].
Simulation is performed on a personal computer (CPU:
Pentium II, 300 MHz) with kp., = 2 and ¢ = 1/At.
The control input is updated by C/GMRES, and the state
equation is integrated with the Adams method on the
t axis for simulation. The objective state in this case
is 7y = [r 0 0 0]7. The length of the horizon is chosen
so that T'(0) = 0 and T'(t) — Ty as t — oo, namely,
T(t):=T¢(1—e ") with Ty = 0.2 s and o = 1.5.

Figure 2 compares the computational time required
by C/GMRES for simulation of control process of 1.5

At =0.001

=)
T

At =0.002

Computational Time [sec]

o
T

At= 0.01 Real Time

L L L L L L L L
[ 10 20 30 40 50 60 70 80 90 100
Number of Grids on the t Axis, N

Figure 2: Computational time for simulation of 1.5 s with
kmaw = 2.

s.  The weighting matrices are chosen as Sy =
diag[4,2,0.001,0.001], @ = diag[40,20,0.01,0.01] and
R = I, respectively. Those weights are chosen so that
the conventional algorithm can also generates an ac-
curate simulation result. It is apparent that a smaller
integration step, At, on the ¢ axis requires a larger com-
putational time, and, at the same time, the computa-
tional time is proportional to the number of grids on
the horizon. The computational time is less than 1.5 s
below the dashed line in the figure, and therefore, real-
time control is possible with the simulation conditions
in that region.

On the other hand, the conventional algorithm [7, 8]
which updates the costate based on the Euler-Lagrange
equations often fails and requires a large number of
grids on the horizon, e.g., N = 100. The conventional
algorithm takes 63 s for At = 0.001 s, 32 s for At =
0.002 s, 13 s for At = 0.005 s and 6.5 s for At = 0.01
s, which indicates that real-time control is not possible
for the present system with the conventional algorithm.
The proposed algorithm achieves a notable improve-
ment concerning the computational time.

Finally, as an example of problems which are difficult
for the conventional algorithms, we treat a swing-up
control of the two-link arm with only one input, uy,
with a magnitude constraint, |ui| < Uimaee. Since
the system is underactuated and constrained, it can-
not be controlled by standard control techniques for
robotic manipulators. The inequality constraint on wu
is converted into an equality constraint: C'(ui,usz) :=
(u? +u2 —ul,,..)/2 = 0, where uz denotes a dummy
input. The maximal input magnitude is chosen as
Uimaz = 4. The weighting matrices are chosen as Sy =
diag[6,2,0.001,0.001], @ = diag[6,2,0.004,0.004], re-
spectively.
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Figure 3: Time histories of swing-up control with only one
constrained actuator.
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Figure 4: Swing-up motion of the two-link arm with only
one constrained actuator.

The computational time by C/GMRES is less than 1.5 s
for simulation of 1.5 s with At = 0.002 s, N = 5 and
kmae = 4, which indicates that real-time control is pos-
sible with a sampling interval of 0.002 s. The simula-
tion result with C/GMRES is shown in Figs. 3 and 4. The
two-link arm is successfully swung up by only one con-
strained actuator. In contrast, the conventional algo-
rithm fails even if At = 0.001 s in the present problem.
The proposed algorithm is much faster and numerically
more robust than the conventional algorithm.

6 Conclusions

This paper has proposed a real-time algorithm for non-
linear receding horizon control by combining the con-
tinuation method with GMRES. The error analysis has

shown that with a sufficiently small step in the for-
ward difference approximation, GMRES with the for-
ward difference approximation, named FDGMRES, yields
an accurate solution. It has also been shown that the er-
ror in the optimality condition for the discretized prob-
lem is bounded with the control input updated by the
proposed algorithm named C/GMRES.

The proposed algorithm has been demonstrated in a
numerical example of a two-link arm whose dynamics
is highly nonlinear. Numerical study has shown that
C/GMRES is much faster and numerically more robust
than the conventional algorithm based on the differ-
ential equation of the unknown costate. The highly
nonlinear two-link arm can be controlled with the pro-
posed algorithm in real time under such conditions as
underactuation and magnitude constraint.
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