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Abstract

This paper has two main goals. One is to point out the
gap existing between the classical job shop problem, for
which many procedures have been developed, and a real
manufacturing problem that generalizes the job shop,
highlighting the points needed to be strengthened in or-
der to get more pragmatic results. The second goal is
to design an e�cient (acceptable solution quality and
fast) method to solve a real problem coming from a
manufacturing process. The �rst goal is achieved by
a rigorous de�nition of both problems emphasizing the
di�erences. The second goal is achieved by applying
problem-speci�c knowledge to the schedule construc-
tion method. Numerical experiments are presented as
a justi�cation of our second achievement.

1 Introduction

Requirements of small lots of a great variety of products
make the planning of a good schedule one of the most
important and di�cult task in a production process.

The Job Shop Scheduling Problem (JSSP) has been one
of the most studied scheduling problem. The Opera-
tions Research community has devoted decades of ef-
fort trying to �nd e�cient methods for this problem.
Recently, many meta-heuristic methods like Simulated
Annealing (SA) [13], Tabu Search (TS) [8], Genetic Al-
gorithms (GA) [3], and Neural Networks (NN) [9] have
been tested against this complex combinatorial opti-
mization problem. Even though there are some meth-
ods to e�ciently tackle instances of moderate size, large
size instances seem to be very di�cult to deal with. Fur-
thermore, this problem is a far-reduced approximation
to real manufacturing problems where more complex
constraints should be taken into account.

Consider a production system where di�erent types of
products should be manufactured. Each product has
a certain number of parts that must be processed in a
prede�ned sequence through a set of given machines.

This brief consideration of a production system has al-
ready, in an informal way, described a problem which
includes the classical job shop [13].

Most of the real manufacturing problems are not only
complex but also large scale. Due to the complexity of
real large-scale scheduling problems it is necessary to
have e�cient methods for generating, at least, approx-
imated solutions.

In order to have e�cient procedures, it is important
to have a methodology that takes into account the
structure of the problem. The most successful method
among the meta-heuristic above mentioned seems to
be the TS [8]. The key to its success is the use of a
neighborhood construction method which exploits the
structure of the problem. For the classical JSSP this
is perhaps the right thing to do. However, adding a
single constraint to the problem changes things drasti-
cally, and then the neighborhood method is no longer
of much help. For more constrained cases new methods
need to be developed.

We deal with a real manufacturing scheduling problem
of which a basic component is the classical job shop
problem. A decoding procedure for a GA (in which
knowledge of the problem is used) is proposed as a fast
solution generation method for the problem. The e�ec-
tiveness of the proposed algorithms is veri�ed through
computer experiments on a real problem data.

The remainder of the paper is organized as follows. Sec-
tion 2 introduces the problems we are dealing with. Sec-
tion 3 highlights the GA's literature for these problems.
Section 4 presents the method we propose to tackle the
problem. Section 5 shows some experimental results,
and section 6 states the conclusions of the work.

2 Statement of the problem

We consider a real problem operating in the job shop
mode. For describing the problem we start with the



classical job shop and extend it to the problem we are
trying to solve.

In the classical JSSP we are given a set of jobs J and a
set of machines M . Each job j 2 J consists of a set of
operations Oj�jk with j 2 J; k 2 Knj := f1; 2; � � � ; njg
where nj is the total number of operations for job j , and
�jk is the machine number to process the k-th operation
of job j, i.e. �jk 2 fm1;m2; � � � ;mjM jg. All machines
are di�erent and their processing speeds are constant.
The following requirements must also hold:

i. Each job is scheduled on each machine only once.

ii. Each job visits every machine in M .

iii. Each machine can process only one operation at
a time.

iv. No machine can free an operation until it is �n-
ished (no preemption allowed).

v. The total number of machines of each type is �xed
and equals to one.

From the above requirements, we have nj = jM j for all
j in the classical JSSP.

Let us denote the starting time of operation Oj�jk as
sj�jk , its processing time as tj�jk . With this notation
the problem can be stated as

min
�2�

max
j2J

fsj�jnj + tj�jnj g (1)

s.t.

sj�jk > 0 8k 2 Knj ; j 2 J (2)

sj�jk + tj�jk � sj�jk+18k 2 Knj�1; j 2 J (3)

sja+tja � sia or sia+tia � sja8i; j 2 J ; a 2 M (4)

Here, � is a schedule in the set of all feasible schedules
�. This problem belongs to the NP-hard class of prob-
lems [4]. Even more, the existence of an approximation
algorithm with worst case performance guarantee of 5/4
of the optimum implies P=NP [14]. It is worth to men-
tion that (1) is not the only optimality criterion used
(see [2]).

To state the real problem we want to dealt with, we
need to add some constraints to the above representa-
tion and modify others in the following way:

i. Each job may be scheduled on each machine more
than once.

ii. The jobs do not have to visit every machine inM .

iii. Each machine can process only one operation at
a time.

iv. No machine can free an operation until it is �n-
ished (no preemption allowed).

v. The number of machines of each type (mi) is �xed
and equals to nmi (identical parallel machines).

vi. There are special machines (multi-function ma-
chines) that can perform activities of a subset of
parallel machines. There are nsi machines of each
type smi. The di�erent types may have di�erent
processing speeds.

vii. The jobs are divided into groups belonging to the
same item called the product. There are n dif-
ferent types of products and qpi products in each
type i.

viii. Each product is composed of two kinds of jobs: qi
part-processing jobs, and one assembly job. Ev-
ery job of any kind has a speci�ed number of op-
erations. There are nij operations for processing
part j (job j) of product i, and ni0 operations for
the assembly job of product i (see �gure 1). No
assembly job can start before the processing of
all its parts are �nished (precedence constraints
among jobs).

ix. Each product has a readiness time ri (the time
at which its parts become available), and a due
date di (the time by which the product should be
completed).

x. There is a time window (tw) for processing of
jobs (factory working hours). Some machines may
have properties such that once it starts inside
this time window it can continue until the opera-
tion is completed (even though it is �nished out-
side the time window). The other machines must
stop processing (when the time window ends) and
must resume when the next time window starts.

We consider a case where the number of products of
each type is one (qpi = 1 8i 2 f1; :::; ng), and the time
window is set to 24 hours.

I is the set of types of products with jIj = n. The set
of all jobs corresponding to all products is J = J1 [
J2 [ � � � [ Jn where Ji is the set of jobs of product i.
Their sizes are given by jJij = qi + 1. We associate
the assembly job of each product with the number zero
(j = 0) in f0; 1; � � � ; qig 2 Ji. The set of machines M is
composed of two subsets, the set of parallel machines
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Figure 1: Processing sequence for product i.

PM, and the set of multi-function machines MM with
M = PM [MM .

Now, let us de�ne the starting time of the k-th opera-
tion of job j (product i) in machine �ijk as sij�ijk , the
corresponding processing time as tij�ijk , and the com-
pletion time of product i as ci. Then the problem can
be described as

min
�2�

nX
i=1

maxf0; ci � dig (5)

s.t.

sij�ijk > 0 8k 2 Knij ; j 2 Ji; i 2 I (6)

sij�ij1 > ri 8j 2 Ji; i 2 I (7)

sij�ijk + tij�ijk � sij�ijk+18k 2 Knij�1; j 2 Ji; i 2 I
(8)

max
j2Ji�f0g

fsij�ijnij + tij�ijnij g � si0�i018i 2 I (9)

sija + tija � shka or

shka + thka � sija8j; k 2 J ; i; h 2 I; a 2 M (10)

If di is su�ciently large then (5) loses its meaning and
the objective to consider becomes similar to (1). Under
this assumption and if there are neither assembly jobs
nor multi-function machines and there is only one paral-
lel machine of each type, then the problem becomes the
classical JSSP. On the other hand, regardless of what

happens in (5) and keeping the assumptions just men-
tioned, the problem is reduced to a JSSP with due dates
(JSSPD). This problem has recently been addressed in
a rigorous manner in [1].

If only one product is considered and with no assem-
bly jobs, under the same availability of resources (ma-
chines) the problem is called the Flexible Job Shop
(FJS). Recently, a few interesting neighborhood con-
struction methods to face this problem appeared in [6].

Since the classical JSSP is NP-hard and it is a special
case of the problem de�ned in (5) - (10), then the latter
is also NP-hard. We need to emphasize that besides the
classical job shop being a rough approximation to our
real problem it does not contribute much in solving the
latter. This is because the neighborhood construction
method for solving the classical JSSP loses its meaning
when the optimality criterion is not the makespan (1),
and when the availability of resources is di�erent.

3 GA Approach

Many types of GA's have been proposed for the classical
JSSP (see [3], [5], [12], [15], [16]). Their methodologies
di�er mainly in the problem representation approach or
in the way they perform the genetic operations. Among
the most successful ones (regarding accuracy) we can
cite [15] and [7]. In the �rst case, the encoding uses
knowledge of the problem in order to build neighbor-
hoods to be used in the genetic operations. In the sec-
ond case dispatching rules and local search are used.
Few attempts have been made in trying to solve the
generalization given by (5) to (10). Some recent results
for the latter problem have been presented in [10] and
[11].

The idea presented in these works is basically an ex-
tension of previous GA's results for the classical JSSP.
The extension is in the proposed individual representa-
tion [11] and in a time decomposition of the problem
[10]. They obtain good accuracy results after a heavy
computational task.

4 The proposed Method

It is well known that most of the computational load
in GA's is expended on evaluating the objective func-
tion for each individual (solution) of a population. Also
when the problem has many constraints the computa-
tional e�ort for performing genetic operations is bigger
than in standard situations (because feasibility of solu-
tion must be preserved). Therefore, modifying any of
these points may help to shorten the computing time.



Our approach to reduce the computational task is based
on a very simple representation that requires only sim-
ple movements for the genetic operations, and on a de-
coding procedure that helps to accelerate the conver-
gence of the algorithm. The price we paid is in solu-
tion quality when comparing with more time consuming
methods.

4.1 Individual Representation

The idea we propose consists of considering the indi-
vidual to be the ordering of part-processing operations
for each product, i. e. a product based representation.
Thus, an individual is described as n sequences for the
respective products. This consideration is done in order
to de�ne simple genetic operations (for faster compu-
tation) and to give the decoding part a heavy weight in
the schedule construction. Each product is expressed
by integers' permutation with repetition representing
all operations that have to be performed in order to
obtain the product. The job numbers permutation rep-
resenting product i looks like:

Prod(i) = si1si2 � � � sipia
1
i0 � � � a

ni0
i0 for each i 2 I

(11)

Each gene sit represents the job number (the allele) of
product i, i.e. sit 2 f1; 2; � � � ; qig. The order of its
operation is given by the number of times the allele is
repeated in the sequence (e.g. if gene sik equals j and
it is the h-th time it appears in the sequence, then the
gene represents the h-th operation of job j in product
i). The ai0 represents the assembly job of product i
which is repeated ni0 times. The total number of part-
processing operations pi is given by

pi =
Pqi

j=1 nij .

The total number of genes in the array equals to the
total number of operations, i.e.

q =
Pn

i=1

Pqi
j=0 nij .

We left open the possibility of using a permutation
of product numbers (i1; i2; � � � ; in 8ii 2 f1; 2; � � � ; ng)
and use the decoding technique for selecting the prod-
uct's operation to be scheduled.

4.2 Decoding

The decoding procedure we propose here plays a pri-
mary role in the e�ciency of the algorithm. In order
to explain the procedure we need �rst to state some
de�nitions.

We de�ne in the following description that the indices
k and kij are not time counters but event counters, i.e.
k and one kij are updated every time an operation is
scheduled. The time counter is de�ned as the variable
indexed by k and kij .

Head of a product. The head is de�ned in the fol-
lowing way. Let cij(kij) be the completion time of job
j (product i) in its kij-th operation. Then,

headi(k) = max
j2Ji

fcij(kij)g (12)

where

cij(0) = 0

cij(kij + 1) = cij(kij) + tijkij8i 2 I; j 2 Ji:

Every time an operation is scheduled its corresponding
index (kij) is updated. When this happens the index
k is also updated. The value in (12) is computed at
each iteration of the objective function computation.
Thus, we get it for free (i.e. no extra computing time
is necessary).

Tail of a product. The tail for a product i is given as
follows

taili(k) = max
j2Ji�f0g

f�ij(kij)g (13)

where

�ij(0) =

nijX
k=1

tij�ijk +

ni0X
k=1

ti0�i0k8j 2 Ji � f0g; i 2 I;

�ij(kij + 1) =

8>><
>>:

�ij(kij)� tij�ij(kij+1)
for 0 � kij < nij

�ij(kij)� ti0�i0(kij�nij+1)
for nij � kij � nij + ni0 � 2

For computing the tail, we consider only parallel ma-
chines. This is because consideration of multi-function
machines will make computation di�cult due to the
di�erent processing speeds of multi-function machines.
In this way at each step k we just need to do a simple
arithmetic operation for each job, which is not a time
consuming calculation.

The following function gives an idea of the time avail-
ability each product has before its tardiness becomes
greater than zero.



tallowi(k) = di � (headi(k) + taili(k)) (14)

The strategy for choosing a product is based on assign-
ing a probability inversely proportional to the product's
time availability. If the product i has already been com-
pleted then the assigned probability is zero. On the
contrary, if the product is not yet completed we con-
tinue as follows. Let m0 be a positive constant used for
scaling and de�ne ai as:

ai(k) =

�
m0

jtallowi(k)j
for tallowi(k) 6= 0

m0=100 for tallowi(k) = 0

then the assigned probability for choosing product i at
step k is given by

pri(k) =
ai(k)Pn

i=1 ai(k)
(15)

This is done in order to generate schedules that tend to
minimize the tardiness of each product, and at the same
time to avoid repeating the product selection sequence
for di�erent individuals. This procedure has some sim-
ilarity with the Earliest Due Date heuristic (EDD) and
can be considered as its stochastic version. Because,
instead of deterministically choosing the latest job we
choose it probabilistically. In this way we may denote
our product selection method (in the decoding proce-
dure) as SEDD (S for Stochastic).

Once a product is chosen the operation to be scheduled
is given by the �rst element in the string sequence not
yet scheduled. The way to choose a machine from M
is to determine which machine will make the operation
start as soon as possible (earliest start time). If, in
more than one machine the operation can start at the
earliest possible time then the machine with the smaller
index is chosen.

Since the individuals are generated through a similar
stochastic procedure, di�erentiating only in the jobs
scheduling sequence, the expected diversity should be
low, forcing to a fast convergence of the algorithm to
suboptimal solutions.

4.3 Reproduction Scheme

The 2/4 selection strategy is used, i.e. two individuals
are randomly selected for mating and from the four
individuals (two parents and two children) the best two
are selected to form a part of the next generation.

For the crossover operator, simple interchange of the
two selected individuals' genes, corresponding to the
same products, is used (one point crossover). This is

Parent 1 Parent 2

s11 12 1p
1

s as 10a10
... ...

s21 22 2p
2

s as 20a20
... ...

...
...

sk1 k2 kp
k

s as k0ak0
... ...

sn1 n2 np
n

s as n0an0
... ...

Child 1 Child 2

s(k+1)1 (k+1)2 (k+1)p
k+1

s as (k+1)0a... ...
(k+1)0

r11 12 1p
1

r ar 10a10
... ...

r21 22 2p
2

r ar 20a20
... ...

...
...

rk1 k2 kp
k

r ar k0ak0
... ...

rn1 n2 np
n

r ar n0an0
... ...

r(k+1)1 (k+1)2 (k+1)p
k+1

r ar (k+1)0a... ...
(k+1)0

r11 12 1p
1

r ar 10a10
... ...

r21 22 2p
2

r ar 20a20
... ...

...

rk1 k2 kp
k

r ar k0ak0
... ...

s11 12 1p
1

s as 10a10
... ...

s21 22 2p
2

s as 20a20
... ...

...

sk1 k2 kp
k

s as k0ak0
... ...

...

sn1 n2 np
n

s as n0an0
... ...

s(k+1)1 (k+1)2 (k+1)p
k+1

s as (k+1)0a (k+1)0 ...

rn1 n2 np
n

r ar n0an0
... ...

r(k+1)1 (k+1)2 (k+1)p
k+1

r ar (k+1)0a (k+1)0
... ... ... ...

Figure 2: Crossover for the Product based Representation.

better illustrated in �gure 2. Here, the genes corre-
sponding to products 1 to k of both individuals are ex-
changed. Genes corresponding to products k + 1 to n
remain unchanged.

The mutation operator is based on a simple swap, and
on a segment swap which are explained as follows.

First a product i, Prod(i) = si1si2 � � � sipia
1
i0 � � � a

ni0
i0 is

selected randomly. For the simple swap mutation two
numbers between 1 and pi are randomly chosen. These
are indices (loci) of genes to be interchanged. For the
segment swap mutation, two segments of genes are ran-
domly chosen and their positions are interchanged.

The crossover rate is given by pc and the mutation rate
by pm = 1� pc.

4.4 The proposed Algorithm

The population size is set to be g as a constant value.
The overall algorithm can be brie
y described as fol-
lows.

Algorithm 1. Overall Procedure.

Step 1. Set r = 0. Generate an initial
population POP [r] of g individuals.

Step 2. Using Random Selection choose
two individuals from POP [r] for genetic op-
erations.

Step 3. Perform crossover with probability
pc and mutation with probability 1� pc.

Step 4. Compute the total tardiness for the
parents and the children using the decoding
procedure explained in section 4.2.

Step 5. Select the best two individuals
(minimum tardiness individuals) from the
parents-children set.



Step 6. If the total number of selected in-
dividuals is smaller than g, then go to Step
2; otherwise go to Step 7.

Step 7. Set r = r + 1. Construct the new
generation POP [r] of g individuals.

Step 8. If the stop criterion expires then
stop, otherwise go to Step 2.

The results of applying this algorithm to a real problem
data are discussed in the next section.

5 Experimental Setup and Results

To analyze the performance of our proposed method
we apply it to a real problem data which is an instance
of the problem described in section 2. The time win-
dow is assumed to be 24 hours, there is one product of
each type, there are �ve multi-function machines such
as two of type A and three of type B. Type A ma-
chines are 1.2 times faster than type B machines (type
B machines and the parallel machines have the same
processing speed). The list below gives the details of
the problem [11].

Di�erent types of Products (jI j = n) 14
Total number of jobs (jJ j) 134
Total number of Operations (q) 702
Di�erent types of Parallel Machines 17
Total number of Parallel Machines (jPM j) 50
Di�erent types of Multi-function Machines 2
Tot. number of Multi-function Mach. (jMM j) 5
Max. number of operations of a single product 265

The experiment consists of the generation of sets of 100
initial solutions (initial population), i.e. g=100. This
value of g is used as a good compromise between com-
puting time and accuracy results. The solutions (indi-
viduals) are generated randomly, i.e. the genes given
by (11) are random integers uniformly distributed in
the closed interval [1,n]. The algorithm described in
section 4.4 is applied to the set of initial solutions. The
crossover and the mutation rate is given as pc=0.9 and
pm=0.1, respectively. The stop criterion used (Step
8, Algorithm 1) is given by a maximum number of it-
erations (generations) rmax=1000. Ten di�erent runs
are performed for the experiment. The average over 10
runs, and the best and worst values are obtained along
with the average computing time.

The earliest due date heuristic result (for the total tar-
diness (5)) taken from [10] is 14654 units of time. The
average, best, and worst values obtained by our SEDD
in POP [0] (randomly generated initial population) are,

respectively, 11378.35, 10088 and 14851, over 100 gen-
erated solutions. This means that our population of ini-
tial solutions alone outperforms the result of the EDD
heuristic and the initial populations generated in [10]
and [11], which are in the order of 35000 units of time.

The best result reported in [11] is 9045 (unfortunately
the mean is not reported). The computation time for
this case was 1599 seconds (without taking into account
the tuning process).

Table 1 shows our results for two di�erent algorithms.
The only di�erence between them is the decoding proce-
dure. ALGO1 chooses product i with probability given
by (15) while in ALGO2 product i is chosen randomly.
Notice that no exhaustive tuning is performed and the
genetic operations are kept as simple as possible. The
computation is performed in a Sun Ultra 60 (2360) ma-
chine.

Figure 3 shows the total tardiness convergence curves
for the best individual of each algorithm. We can see a
better accuracy performance of ALGO1 over ALGO2.
This allows us to claim that the stochastic selection of
the latest operation at each step in the schedule con-
struction is better than a random selection.

From the experimental results we can say that the merit
of the decoding technique we propose here is the capa-
bility of generating good solutions when compared to a
traditional heuristic procedure and to previous results
reported for this problem.

6 Conclusions and Future Research

An e�cient decoding strategy that uses knowledge of
the problem for a GA based method applied to a
tough combinatorial optimization problem has been
presented. This procedure generates high quality so-
lutions. In fact, the best random initial solutions on
the literature available for this problem are obtained
here.

Numerical results show that the decoding method helps
to generate good solutions in short computing time.

The di�erences between the classical JSSP and a natu-
ral generalization have been highlighted through a de-
tailed description of the restrictions involved in a real
problem. This shows that the classical model is still far
away from real world models.

Further experiments need to be carried out, especially
to compare how di�erent product-selection methods in-

uence the accuracy results and computing time. Also
the use of the proposed decoding technique only for the
generation of the initial population will be considered.



Algorithms
Total Tardiness

Mean Best Worst
Computation Time

ALGO1 9801.1 9675 9883 632.73 seconds
ALGO2 9861.8 9775 9931 238.04 seconds

Table 1: Total Tardiness. g=100. pc=0.9. pm=0.1. Maximum Generations (rmax)=200.
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Figure 3: Total Tardiness convergence curves for the best
individuals of ALGO1 and ALGO2.
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