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Abstract

For discrete-time scalar systems, we propose an ap-
proach for designing feedback controllers of fixed or-
der to minimize an upper bound on the peak magni-
tude of the tracking error to a given command input.
The work makes use of linear programming to design
over a class of closed-loop systems recently proposed for
the rejection of non-zero initial conditions and bounded
disturbances. Performance robustness in the form of a
guaranteed upper bound on the peak magnitude of the
tracking error under plant uncertainty is incorporated
into the formulation.

1 Introduction

The problem of minimizing the /o, norm of the track-
ing error to a given command input was posed and
given a solution by Dahleh and Pearson in [1]. While
the techniques used, namely minimum norm duality
theory and linear programming were those used in the
solution they proposed for l;-optimal control [2], the
resulting closed-loop maps are rather different, since
for the fixed input case [1] the optimal closed-loop re-
sponse is not, in general, in ;. Consequently, for the
fixed input problem, a suboptimal solution must be
used in order to obtain a response in [;. This will allow
zero steady state error and guarantee a stable system.
The approach proposed in [1] involved an FIR closed-
loop system whose order could be precomputed to give
a solution within a desired tolerance of the true opti-
mum. Alternative approaches which allow other than
deadbeat closed-loop maps are by Moore and Bhat-
tacharyya [3] and by Halpern et al [4]. In [3], the design
is in effect that of an overparametrized pole-placement
controller, with the poles selected by the designer, and
the overparametrization calculated to minimize the I,
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norm of the tracking error. In [4], a single closed-loop
pole is incorporated into the interpolation constrained
loo minimization. These papers, [3], [4], left open the
problem of how to select the closed-loop poles. Other
results on obtaining deadbeat closed-loop systems are
by Casavola and Mosca in [5]. The exact determination
of infimal performance is considered in [6]. It is clearly
highly desirable to maintain tracking performance in
the presence of plant uncertainty. Results on robust
performance when tracking fixed inputs are by Kham-
mash [7] and Elia et al [8].

Recently Blanchini and Sznaier [9] have introduced an
approach which they called design for equalized perfor-
mance for bounded disturbance rejection. The method
takes into account response to nonzero initial condi-
tions by enforcing an [y condition on the coefficients of
the denominator of the appropriate closed-loop trans-
fer function. The approach has the additional desirable
feature of allowing the design of fixed order controllers.
Extensions of the approach from [9] have been carried
out in [10], where the term super stable system was
introduced to describe the class of closed-loop systems
for which equalized performance is defined.

In the present paper we extend the design approach
to deal with the problem of tracking commands with
a view to bounding the o, norm of the tracking error.
Firstly, a new performance measure is proposed, which
is an upper bound on the [, norm of a signal and is
defined only for super stable systems. Like equalized
performance, the new measure can be minimized with
respect to controller coefficients and can be used to
design controllers of fixed order. The approach can also
be used to obtain designs giving guaranteed tracking
performance under plant uncertainty.

2 Preliminary Results

We begin by recalling some results from [9, 10] on a
class of systems originally proposed in [9] for the prob-



lem of rejecting bounded disturbances in a nonasymp-
totic setting and an appropriate performance measure

Y-

2.1 Super stable systems
Consider a LTI discrete-time closed-loop system de-
scribed by a scalar equation

(1 +a(2))z(k) = b(=)w(k) (1)

where w(k) are exogenous disturbances, x(k) are out-
puts, z is a delay operator: zz(k) = z(k— 1), a(z),b(z)
are given polynomials with no constant terms:

a(z) = a1z + azz® + -+ + a,2",
b(z) =b1z+ boz? + - 4 bypz™.

To calculate z(k) via (1) one must know the initial
states ©_n,T_pnt1,...,2—1 and the values of distur-
bances wg, k > —m. We denote ||a|l1 = Y7 |as|, [|bll: =
1" |bil. We denote ||al|~ = sup; |ail.

Definition 1. System (1) is super stable, if the poly-
nomial 1+ a(z) is super stable, i.e. |lall; < 1.

We use the same notion for a transfer function with a
super stable denominator.

2.2 Equalized Performance v

A useful performance criterion for super stable systems
was termed “equalized performance level” in [9]. For a
super stable system (1) with transfer function,

b(2)

P(z) = Ta(z)

equalized performance, -, is defined as

bl
79 =Tl

2.3 Properties of vy
The value of v partially determines the response of a
system to nonzero initial conditions.

Lemma 1. Consider (1) as a difference equation with
initial conditions |z_,| < a,|T_pt1] < @, ., |z_1] <
a and bounded disturbances: |wg| < 1 VEk. Suppose
that the system is super stable. Then for all £ > 0

k
|2kl <y +qnTHa =)+, (3)

here ¢ = ||al|1, ¢+ = max{0, c}.

Corollary 1. If a <« (i.e. if |z;] <7v,i=—n,...— 1)

then |zy| < for all k > 0.

This result provides motivation for the minimization of
Y-

If ¢(z) is a super stable transfer function, then

7(9) = I¢l]s- (4)

If both ¢(z) and ¢(z)/(1—az), where |a| < 1, are super
stable transfer functions, then in general

1—az

v(p) # (o )s (5)

1—az
thus caution is required for cancellation of terms in nu-
merator and denominator if one applies y-optimization.

3 Main Results

3.1 New Tracking Performance Criterion, 3
Firstly we introduce a quantity analogous to =y for the
minimum amplitude tracking of a given input. Let h(z)
be any causal super stable rational transfer function. It
can be factored as h(z) = b(z)c(z) where

and

c(z)

14 A aizt
is super stable, that is to say, Z?Zl la;| < 1.

Consider the impulse response h of the transfer func-
tion h(z). Now

[1]]o0 [1bllsollellx (

[1bllooy(c) (7)

1bllso
——— = (3(h).
T {la, -~ )

~N O
=

—
oo
=

Thus for superstable h(z), we see that S(h) is an easily
computed upper bound on the o, norm of h. We show
later that it can be minimized using linear programs.

3.2 Properties of g

It is of interest to examine the sharpness of the inequal-
ities (6, 7). Equality is obtained in (6) when ¢(z) =1,
that is when h(z) is a polynomial.

A condition for equality of (7) is obtained next. It is
noted in [10] that y(h) = |||y for polynomial h(z).
Here we show that such equality is also obtained for

certain all pole rational functions.

Lemma 2: Assume c¢(z) = 1/(14a(z)) is super stable.

(a) If all a; <0, then y(c) = ¢(1) = ||||1-
(b) If all —1%a; < 0, then y(c) = ¢(—1) = ||c[|s.



For example if ¢(z) = 1/(1 — .2z — .32% — .12% — .22%)
or ¢(z) = 1/(1+ .22 — .32% + .12% — .22%), then v(c) =
llelli = 5.0.

3.3 Application to Tracking Problem

Here, we are given a plant P(z) and a command w(z)
and our goal is to design a controller to force the output
of the plant to track the command. The plant P(z) has
input  and output y and is described by its transfer
function:

b(z)  biz+by2® + -+ bp2”

P(2) = =
() 1+ a(z) 1+aiz+-+asz?

9)

with ¥y = Pu, while the command is the impulse re-
sponse of w(z) = wy (z)/w2(2),w2(0) = 1. Here w(z) is
allowed to be unstable. Our treatment of the problem
will require the tracking error ¢(k), which is given by

¢:w_y)

to be super stable. Since ¢(z) = T'(z)w(z) where T'(2)
is a stable closed-loop transfer function, it is clear that
if w(z) is not super stable, then at least some of its
poles will need to be cancelled by zeros of T'(z) in or-
der to have ¢(z) super stable. In fact, even if w(z)
is super stable, one may choose to cancel all or part
of its denominator in order to allow more freedom in
the design of the denominator of the transfer function
of ¢(z). (Such cancellations are hidden; they do not
affect stability; they only affect the response to initial
conditions at the input and output of the command
generator w(z). We assume these initial conditions are
zero valued.)

To illustrate some of the ideas involved, we set w(z) =
1/(1 — z), which is not superstable. We consider both
one-degree-of-freedom (1-DOF) and 2-DOF configura-
tions.
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Fig. 1: 1-DOF Feedback Configuration for Tracking

3.3.1 1-DOF system: Initially we consider a
1-DOF system, which, for a step command gives a con-
troller with integral action. Our goal is to design a

controller of fixed structure:

Oy —93) Gtz +962°

(1=2)f(z) (A—-2)A+fiz+--+ fng%)
(with prescribed orders F,G and f(0) = 1) which en-
sures super stability of the closed-loop system and min-
imizes the performance index 8(¢) where ¢ is the track-
ing error, ¢ = w — y. For the system in Fig. 1, the
tracking error ¢(z) is given by

9(2) = 7 i 2 ((1Li(1z);;)fbg> '

As it stands, this transfer function cannot be made su-
per stable through selection of f, g since the denomina-
tor of w is not super stable. In order to obtain a super
stable transfer function, which is required for the de-
velopment in this paper, it is necessary to remove the
factor (1 —z) from the denominator, by cancelling with
the numerator as discussed earlier. After this cancella-
tion, the tracking error becomes

af

9(2) = (1—2)af +bg

for which

. llafl
B(¢) = 1—|(1=2)af +bg— 1|

provided (1 — z)af + bg is super stable.

(11)
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Fig. 2: 2-DOF Feedback Configuration for Tracking

3.3.2 2-DOF system: Now, it is well known
that a two degree-of-freedom (2-DOF) system offers at
least two advantages over a 1-DOF system when track-
ing given commands. Firstly, more independent design
of disturbance rejecting and tracking transfer functions
is possible. Secondly, for unstable plants, the restric-
tion on achievable tracking error imposed by the un-
stable plant poles is removed if a 2-DOF structure is
used. These issues are discussed in [11].



For our problem, it is clear only that we have a larger
number of parameters over which to optimize if we
use a 2-DOF structure. Consider the 2-DOF discrete-
time SISO system depicted in Fig. 2. The con-
troller now comprises a “setpoint prefilter” polynomial
5(z) = so+ 812+ --+552° as well as polynomials g, f.
Note our use of a polynomial (as opposed to a rational)
setpoint filter restricts the ability to design separately
the setpoint tracking transfer functions and any distur-
bance rejecting transfer functions. The control input «
for this configuration is given by

(1 =2)f(2)ulk) = s(z)w(k) — g(2)y(k). (12)
The tracking error ¢ = w — y is given by

(5255

¢(2) =

As for the 1-DOF case, it is necessary to remove the
factor (1 — z) from the denominator. For steady state
tracking of a step command, we need g(1) = s(1). We
then have

1 (1-2)r

T1-z (1—2)af +bg (13)

¢(2)

where r is a polynomial satisfying (1—z)r = (1—2)af+
bg — sb. It is then possible to cancel the (1 — z) giving

r
9(z) = (1—2)af +bg’
The performance index is
B(¢) = Irl (14)

~1-[l(1 = 2)af +bg — 1y

provided that the polynomial in the denominator is su-
per stable.

3.4 Minimization of

The minimization of 3 above can be carried out using
a one-parameter family of linear programs. Controller
orders F,G and, for the 2-DOF case, also S are fixed.

Theorem 1. Minimization of (11) is equivalent to a
parametric linear programming problem,

min min laflloe : (15)
0<p<t f,g 1—p
(1 = 2)af +bg — 1, = p. (16)

Minimization of (14) is equivalent to a parametric lin-
ear programming problem,

7]l

min min : (17)
0<u<1 f.g,s 1 —p
11— 2)af +bg— 1] = 4, (18)

(1 —=2)r=(1-2)af + bg — sb. (19)

For fixed u, the above problems can be cast, using stan-
dard techniques, as linear programs; we omit the de-
tails. Hence their solution over p € [0,1) involves a
one-parameter family of linear programs.

Theorem 2. If the admissible sets in (16), (18, 19)
are nonempty, and the optimal values of their objective
functions are denoted 8*, then the closed-loop systems
with the controllers, found as the solutions of these
optimization problems, are super stable with G(¢) =

B

4 Design for Robust Performance

4.1 Robust stabilization
Here we use the same problem setup as in [10] with
plant coprime factor uncertainty bounded in {; norm.

Consider the family of plants P with coprime factor
uncertainty:

_b2(2) +0b(2)

- a(z)  a®(z) +da(z)’
106l < s, [lall < ea.

(20)

Here b(z), b°(2), 0b(z) are polynomials of degree B, with
b°(0) = db(0) = 0; a(z),a’(z),da(z) are polynomials
of degree A with a®(0) = 1,8a(0) = 0. The problem
of robust stabilization with a fixed-order controller is
made tractable by dealing with super stability instead
of stability. Thus in a 1-DOF system we try to design
a controller C'(z) = ¢g(z)/((1 — 2)f(z)) (see (10)) with
fixed orders F,G which guarantees super stability of
the closed-loop systems for all plants P € P. This
means that the characteristic polynomial

k(z) = (1 = 2)a(z)f(2) + b(z)g(2), k(0) =1
should be super stable for all b(z),a(z) in (20).
We require part of a Lemma from [10].

Lemma 3. If p(z),q(z) are the polynomials of the
same order m, then

max =r .
max llpalh = rilpll

The condition for robust super stability presented next
is as in [10].

Theorem 3.The family P can be robustly super sta-
bilized by a fixed-order controller C'(z) = g(z)/((1 —
z)f(z)) if the linear inequality

(1= 2)a’f + %9 — 1y +esllglh +eall1—2)flls <1
(21)
has a solution.



4.2 Robust performance

We wish to minimize 3 over robustly super stabilizable
systems. Ideally, we would like to solve the following
problem:

+ _ .
57 = min max 5(9) (22)
where, for a 1-DOF system,

56 = - laf 1

— (1 = 2)af +bg —1[lx
which is a robust equivalent of (15). Unfortunately, it
is difficult to calculate maxp 3(¢), so instead we use an
upper bound 3* > 3. This is obtained by taking an
upper bound on the numerator of (23) together with a
lower bound on the denominator. The upper bound on
the numerator uses the following Lemmas.

(23)

Lemma 4. If p(z),q(z) are the polynomials of the
same order m, then

max =r .

max [palloe = rlplloe
Lemma 5. Given fixed polynomials f(z),a’(z) with
uncertain a(z) = a’(2) + da(z), then

max [laflleo < lla’flloo +eall flloo-
6l <

We then have the following robust performance result
for 1-DOF systems.

Theorem 4. Suppose the parametric linear program-
ming problem

*

8 = min min [18° flloo + eall flloo .
0<u<1 frg 1—p '

la®(L = 2)f +b°% — 1l +esllglh +eallX = 2)flh = p,

has a solution f*,¢g*. Then the controller C* =
g*/((1—=z) f*) makes all closed-loop systems with plants
P € P robustly super stable with robust tracking per-
formance less or equal g*.

The corresponding robust performance result for 2-
DOF systems is as follows.

Theorem 5. Suppose the parametric linear program-
ming problem

C0<u<l fig 1—p
v(l—2)=g-—s,
la®(1 = 2)f + g = 1ls + epllglh +eallX = 2) fll = g,
has a solution f*, g*, s*. Then the control
*w(k) — g*y(k
u(k):“"() g;u( )
(1-2)f
makes all closed-loop systems with plants P € P ro-

bustly super stable with robust tracking performance
less or equal 3*.

5 Examples

Consider the example from [5] of designing a 1-DOF
controller for plant,

—10z(z — 0.5)

PE) = =059

tracking a step.

Following the procedure in Theorem 4, we design 1-
DOF controllers to minimize 3(¢) for some controller
orders and plant uncertainty levels as shown below

F 2 3 4 5 6
G 2 3 4 5 6
g* 40.0 21.6 169 150 14.2
vp 40.0 21.6 169 15.0 14.2

egp=€a=0

ep=€4=0.01 p* 489 259 20.0 179 16.9
vp 40.0 21.6 169 15.0 14.2

ep=¢c4=005 p* 431 93.0 676 50.1 444
vp 40.0 26.1 246 16.8 15.8

The table shows the values of 3*, which is the min-
imized value of §, our upper bound on ||¢||~; and
Vo which we introduce here to be the value of ||@]|co
achieved with the nominal plant. The values of both of
these quantities can be compared with the lowest pos-
sible value of ||¢||s achievable with the nominal plant
and given command and 1-DOF controller structure,
namely 13.5 from [5].

We show the results for controller orders G = 3,F =3
in detail. The optimal controller minimizing 3 obtained
using Theorem 1 or Theorem 4 with eg =e4 =0 is

g 2,672 —1.448z — 2.89622 + 1.47223
(1-2)f (1—-2)(1 —1.86z —2.9422)

(notice f3 = 0) giving a tracking error,

$(z) = 1-12.36152421.601722+21.60172° - 14.71862*,
so that 8* = vy = 21.6.

We now incorporate plant uncertainty. We set e =
€4 = 0.01 and use Theorem 4 to compute 3*. This
time B* is achieved at p = 0.16376, but the controller
and nominal tracking error are the same as the previ-
ous result obtained with no uncertainty. Increasing the
uncertainty level to eg = €4 = 0.05 gives an optimum
at p = 0.718, and a different controller,

g 2744 —2276z — 1.7802% + 1.11223
(1-2)f  (1—-2)(1-2221z—22242%)

giving a nominal tracking error,

B(z) =1 —12.7212 + 26.1012% + 12.24323 — 11.1192*,



with 8* = 93.0, vy = 26.1.

In the above examples, the nominal tracking errors, ob-
tained by minimizing 3 or its upper bound, are FIR. It
is possible to find examples where 3 is minimized with
different closed-loop poles. For instance, with plant

—10.5z + 2622 — 1023

P =
1—10.75z + 7.62522 — 1.2523

which has zeros at z € {0,0.5,2.1} and poles at z €
{0.1,2,4}, using F' = G = 3, a feasible solution to the
problem in Theorem 1 can be found for p = 0, but 3 is
minimized at p ~ 0.05, giving a nominal tracking error

P(2) =
1—12.58z + 23.9522 + 21.252% — 23.952% + 4.512°
1 —0.00481147z + 0.045188527 '

In this example, the plant has a stable pole and stable
zero near each other. In such situations, controller de-
sign by closed-loop pole placement can be problematic
since the pole placement Diophantine equation can be
poorly conditioned, giving rise to large controller coef-
ficient magnitudes unless a closed-loop pole is chosen
carefully near the offending plant pole and zero [12].
The automatic closed-loop pole placement arising from
the minimization of 3, which to some extent penalizes
large controller coefficients, can alleviate this problem.

6 Conclusions

We have extended results on the design of super stable
systems to the problem of tracking a fixed command.
Our approach involves minimizing an upper bound on
the [ norm of the tracking error and readily allows
the incorporation of plant uncertainty to enable the
design of fixed order controllers for guaranteed tracking
performance under /; bounded plant uncertainty.

In this paper we have focussed on the case of a step
command (w(z) = 1/(1 — z)) but other commands can
be treated similarly. Although we have restricted our
analysis to SISO systems, MIMO systems can also be
considered in the same framework.
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