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Abstract

In this paper an adaptive output feedback nonlinear
control scheme is presented for a pH process, which is
diÆcult to control due to the nonlinearities and un-
certainties. A nonlinear controller is designed using a
backstepping technique to handle the pH process with
an input constraint. The backstepping-based controller
is combined with state and parameter estimators to deal
with unmeasurable state variables and unknown param-
eters, thereby resulting in an adaptive output feedback
nonlinear controller. The input constraint mentioned
above is considered in the controller and estimator de-
signs. The stability properties of the proposed scheme
are given, and simulation results show that uniform
closed-loop performance is obtained despite the non-
linearity, the uncertainties of the parameters, and the
unavailability of the state variables.

1 Introduction

The main objective of pH processes is to control the ef-

uent pH value by manipulating the 
ow rate of titrat-
ing stream. The control of pH is important in the chem-
ical industry, especially in wastewater treatment. How-
ever, such a pH process is diÆcult to control due to its
nonlinear dynamics with uncertainties. For this reason,
pH control by conventional PID controllers or advanced
control techniques based on linear system theory is inef-
fective [7]. In addition the control input under consider-
ation is physically constrained to remain non-negative.
Thus, there is an obvious motivation to apply a con-
strained adaptive nonlinear control scheme for the pH
process.

Among many nonlinear control techniques, especially

two nonlinear control schemes have recently attracted
researchers' attention: feedback linearization and back-
stepping design. Feedback linearization is for lineariz-
ing a nonlinear system by cancelling its nonlineari-
ties in order to apply abundant linear control theo-
ries to the linearized system [10]. On the other hand,
backstepping-based control can handle a wider class of
uncertain systems by o�ering a systematic stabilizing
process; in the backstepping design, unwanted cancella-
tions of favorable nonlinearities can be avoided. Adap-
tive nonlinear control schemes can be designed by com-
bining such nonlinear controllers mentioned above with
parameter estimation algorithms in a variety of ways.
For adaptive feedback linearization, see e.g. [1, 9, 11].
Adaptive backstepping design methods can be found in
[5, 6, 8].

Recently, adaptive feedback linearizing control schemes
have been applied to the pH process [2, 3]. In the stud-
ies, a nonlinear model of the pH process is obtained
using the reaction invariants [13], and then adaptive
input-output linearization is applied, where a bu�er

ow rate is considered an unknown parameter and thus
is estimated. However, in practice, 
ow rates can often
be measured but parameters such as the concentrations
of the reaction invariants of inlet wastewater streams
are hardly available on line. These concentrations are
the crucial parameters for the behavior of the process.
Hence, a backstepping-based adaptive nonlinear control
scheme has been applied to the pH process, which es-
timates the concentrations of the reaction invariants of
the inlet wastewater stream [14]. However, in [14], the
state variables, i.e., the concentrations of the reaction
invariants of the e�uent stream are assumed to be mea-
sured, which is demanding in practice. For this reason,
an adaptive output feedback nonlinear control scheme
has been proposed for the process [15]. It is noted, how-
ever, that the physical constraint on the control input



is not considered in [15].

In this paper, we extend the results of [15] to the case
where the control input is physically constrained to re-
main non-negative. State and parameter estimators
are proposed, which have better convergence proper-
ties than those of [15]. A nonlinear controller is de-
signed using a backstepping procedure such that the
input constraint is satis�ed, and is combined with the
state and parameter estimators. The stability prop-
erties of the overall adaptive scheme are given; simu-
lations show that uniform closed-loop performance is
obtained despite the nonlinearity, the uncertainties of
the parameters, and the unavailability of the state vari-
ables.

2 pH Process Model

Consider a pH neutralization process as given in [14].
The 
ow rates of acid, bu�er, titrating and e�uent
streams are denoted by q1, q2, q3, and q4, respectively.
The output of the process is the pH value of the ef-

uent stream (pH4), and the 
ow rate of the titrating
stream q3 is the control input. A dynamic model is de-
rived using the conservation equations of the reaction
invariants and equilibrium relations [2, 3].

The state space model of the process is written as fol-
lows:

_x = f(x) + g(x)u; (1)

where

x = [Wa4 Wb4 ]
T ; u = q3;

f(x) = [f1(x) f2(x)]
T

=

�� 1
V
(q1 + q2)x1 +

1
V
(q1Wa1 + q2Wa2)

� 1
V
(q1 + q2)x2 +

1
V
(q1Wb1 + q2Wb2)

�
;

g(x) =

�
g1(x)
g2(x)

�
=

�
1
V
(Wa3 � x1)

1
V
(Wb3 � x2)

�
;

Wai andWbi (i = 1; : : : ; 4) are the concentrations of the
two reaction invariants in each process stream, and V
is the constant volume of tank. The nonlinear relation
between the output y and the state variables x is given
by

h(x; y) = 0; (2)

where

h(x; y) = x1 + hx2x2 + 10y�14 � 10�y;

hx2 = 1+2�10y�pK2

1+10pK1�y+10y�pK2
;

pK1 = �log10Ka1 ; pK2 = �log10Ka2 :

The nominal values of the parameters are the same as in
[14]. Note that the control input should be nonnegative.
The model (1) can be rewritten as follows:

_x = �f + �g(x)v + F�; (3)

where

v = 1
V
[q1 + q2 + u];

�f =

�
�f1
�f2

�
=

"
1
V
f�q1Wa3 + q2(Wa2 �Wa3)g

1
V
f�q1Wb3 + q2(Wb2 �Wb3)g

#
;

�g(x) =

"
Wa3 � x1

Wb3 � x2

#
; F =

"
q1
V

0

0 q1
V

#
; � =

"
Wa1

Wb1

#
:

Note that the vector � contains the unknown param-
eters Wa1 , Wb1 to be estimated, and equation (3) is
linear in �.

3 Design of Adaptive Output Feedback Control

In this section, we design an adaptive output feedback
nonlinear controller for the pH process with the input
constraint on the basis of modular backstepping design.

3.1 Observability of the pH process

In this subsection, we show that it is possible to design
a closed-loop state estimator by checking the local ob-
servability of the nonlinear process. The explicit form
of the output equation (2) can be written as follows:

y = �h(x); (4)

where �h(x) is not known, however its di�erential can
be obtained as

d�h = �
�
@h
@y

��1 �
@h
@x1

�
dx1 �

�
@h
@y

��1 �
@h
@x2

�
dx2: (5)

Suppose a point x0 2 R2 is given. From [8, p. 209, 12,
p. 418], the pH process given in (1) and (4) is locally
observable in a neighborhood of x0 if

rankfd�h; dLf�h; dLg�hg = 2 at x0; (6)

where

Lf
�h := @�h

@x
f; Lg

�h := @�h
@x

g;

dLf
�h = (

@Lf
�h

@x1
+

@Lf
�h

@y
@�h
@x1

)dx1 + (
@Lf

�h

@x2
+

@Lf
�h

@y
@�h
@x2

)dx2;

dLg
�h = (

@Lg�h

@x1
+

@Lg�h

@y
@�h
@x1

)dx1 + (
@Lg�h

@x2
+

@Lg�h

@y
@�h
@x2

)dx2:

The set M satisfying the condition (6) is found as fol-
lows:

M = fx j hy2
(hy1+x2hy2 )

3 (f1(x) + hx2f2(x)) 6= 0

or
hy2

(hy1+x2hy2 )
3 (g1(x) + hx2g2(x)) 6= 0g;

where

hy1 = (ln 10)(10y�14 + 10�y);

hy2 = (ln 10) 10
pK1�y+10y�pK2+4�10pK1�pK2

(1+10pK1�y+10y�pK2 )2
:

This implies that there exists a closed-loop state esti-
mator for each point in the set M .



Remark 1 As shown in [2], the linearized model for
the pH process given in (1) and (2) is unobservable at
every operating point because the rank condition of the
observability matrix of the linearized model is not sat-
is�ed. That is, the pH process is locally observable at
most points, but its linearized model is unobservable at
all points.

3.2 Design of state and parameter estimators

From (2), the output equation is rewritten as

 1x1 +  2x2 +  3 = 0; (7)

where  1 = 1 + 10pK1�y + 10y�pK2 ;  2 = 1 + 2 �
10y�pK2 ;  3 = (10y�14�10�y)(1+10pK1�y+10y�pK2):
From (3) and (7), we can derive a state estimator as
follows:

_bx = �f + �g(bx)v + F b� + L( 1bx1 +  2bx2 +  3); (8)

where c(�) is the estimate of (�), L = [L1 L2]
T ,

L1 =

8<:�
(p1 2�2p2 1)(v��v)
2p2 21�2p1 1 2+2 2

2

; if bx2(t) > Wb3 ;

0 ; if bx2(t) =Wb3 ;

L2 =

8<:
(2 2�p1 1)(v��v)

2p2 21�2p1 1 2+2 2

2

; if bx2(t) > Wb3 ;

0 ; if bx2(t) =Wb3 ;

(9)
and p1, p2, and �v are such that

p2 � p2
1

4 > 0; �v > v: (10)

Note that �v in (10) can be determined such that L1 and
L2 are continuous, in which case the solution of (8) is
well de�ned.

Remark 2 Assuming that b� = �, the condition (10)
implies that the performance of the closed-loop state
estimator is better than that of the open-loop state
estimator, i.e., L1 = 0; L2 = 0. Note that, whenbx2(t) = Wb3 , L1 and L2 are both set to zero so as
to obtain the following inequality:

bx2(t) �Wb3 ; 8t; (11)

which is necessary for the feasibility of the parameter
estimator and nonlinear controller to be designed.

A parameter estimator is designed here to satisfy the
following requirement:e� := � � b� 2 L1: (12)

To �nd an estimator satisfying the condition (12), con-
sider the dynamic output equation:

_y = 1
hy
(l1u+ l2)� hxF�

hy
; (13)

and de�ne the following prediction equation:

_by = keey + 1
bhy
(l1u+ l2)� hxF b�

bhy
� �e; (ke > 0); (14)

where hx and hy denote the partial derivatives of h(x; y)
with respect to x and y obtained as

hx = [1 hx2 ] ; hy = hy1 + x2hy2 ;ey = y � by; bhy = hy1 + bx2hy2 :
Also �e is a nonlinear damping term to counteract the
e�ects of the state estimation errors, and is obtained as

�e = �k1eyl23 � k2eykl4k2; (15)

where li, (i = 1; : : : ; 4) are appropriate nonlinear func-
tions de�ned in the appendix and ki, (i = 1; 2) are
positive constants. Using (13)-(15) and the so-called �-
modi�cation method [4], we can derive the parameter
estimator:

_b�1 = �
1 q1ey
V bhy

� 
1�1b�1; (16)

_b�2 = Projf�
2 q1eyhx2
V bhy

� 
2
2q2

1
p1(p2+1)

d(q1+q2)�m(P )V
b�1

�
2�2b�2g (17)

where

P =

�
1 p1

2
p1
2 p2

�
;

�1 >
q2
1
(p2

1
+4)

2d(q1+q2)�m(P )V ; �2 >
q2
1
(p2

1
+4p2

2
)

2d(q1+q2)�m(P )V ;

�m(P ) is the minimum eigenvalue of P , 
1 and 
2 are
positive constants, and Projf�g is a projection operator
used to ensure b�2(t) � �2; 8t � 0; (18)

where �2 is de�ned as �2 := inffWb1 j q1(t)(Wb1 �
Wb3 )+q2(t)(Wb2�Wb3) � 0; 8tg: It is assumed that the
value of �2 is available. Note that the inequality (18) is
necessary for (11), and that this parameter estimator is
guaranteed to satisfy the condition (12) as is shown in
Lemma 4.2 of section 4.

3.3 Nonlinear controller design

The standard backstepping procedure is slightly modi-
�ed in this section so as to achieve a desired rise time.

Step 1: De�ne z1 as

z1 =

Z t

0

(y � yd)�1(�u)d�; (19)

i.e.
_z1 = (y � yd)�1(�u); (20)

where yd is the set-point for y, �u is a nonlinear function
to be designed by the backstepping procedure without
considering the physical constraint, and �1(�u) is de�ned
such that �1(�u) = 1 if �u > 0; and �1(�u) = 0 if �u � 0.
Considering y � yd as the so-called virtual control for
(20), de�ne z2 as follows:

z2 =
1
�
(y � yd � �1); (21)



where the stabilizing function �1 is given by �c1z1 and
c1 and � are positive constants. Note that � is intro-
duced as the standard backstepping design may fail to
satisfy desired closed-loop speci�cations. Using (21), _z1
is derived as

_z1 = (�c1z1 + �z2)�1(�u): (22)

Step 2: Di�erentiating z2 results in

_z2 = 1
�
f l1
hy
u+ l2

hy
� hxF�

hy
� _yd

+(�c21z1 + c1�z2)�1(�u)g:
(23)

Since the control input of the pH process is the 
ow rate
of the titrating stream, it cannot be negative. Therefore
we de�ne the following control law

u = maxf0; �ug; (24)

where

�u =
bhy
l1
f(c21 � �2)z1 � �(c1 + c2)z2 � l2

bhy

+hxF b�
bhy

+ _yd + �ug;

�u = �k3� l
2

5

bhy
z2 � k4�

k��1(hxF )
T k2

bhy
z2; (25)

c2 and ki, (i = 3; 4) are positive constants, and l5
is an appropriate nonlinear function de�ned in the ap-
pendix. Note that the presence of z1 in (25) implies
integral action in the controller and the term �u is a
nonlinear damping term to counteract the e�ects of the
estimation errors ex2 and e�, and also that �u is the uncon-
strained backstepping control input. This controller is
combined with the state and parameter estimators ob-
tained in the previous subsection, thereby leading to the
adaptive output feedback nonlinear controller. Stabil-
ity properties of the resulting controller are investigated
in the next section.

4 Stability Analysis

Consider the following assumptions which are needed
for the analysis of stability and feasibility.

(A1) q1(t)(Wa1 �Wa3) + q2(t)(Wa2 �Wa3) � 0; 8t
(A2) q1(t)(Wb1 �Wb3) + q2(t)(Wb2 �Wb3) � 0; 8t
(A3) x1(0) > Wa3

(A4) x2(0) �Wb3

(A5) Wb3 � 0
(A6) 0 < q1(t) <1; 0 < q2(t) <1; 8t

Assumptions (A1)-(A4) are the minimum requirements
for the operation of the given process [14, Remark 1].
Assumptions (A1)-(A5) are used to guarantee the fea-
sibility of the parameter estimator and nonlinear con-
troller, as is shown below. Assumption (A6) is used to
obtain the stability properties of the closed-loop sys-
tem, which is always satis�ed in practice.

Lemma 4.1 Suppose that Assumptions (A1)-(A5) and
the following conditions are satis�edbx2(0) �Wb3 ;

b�2(0) � �2: (26)

Then the parameter estimator given in (16) and (17)
and nonlinear controller (24) are feasible.

Proof. The proof of this lemma is similar to that of
Theorem 1 in [14], and therefore is omitted. �

The next lemma concerns the stability properties of the
estimation algorithms given in (8), (16), and (17).

Lemma 4.2 Suppose that the state and parameter es-
timators given in (8), (16), and (17) are employed to
estimate the concentrations of the reaction invariants of
the e�uent and acid 
ows of the pH process, and that
u � 0. If Assumptions (A5) and (A6) and the con-
ditions given in (26) are satis�ed, then the following
properties are guaranteed to hold:

kex(t)k <1; jey(t)j <1; ke�(t)k <1; 8t; (27)

where f(�) = (�)�c(�).
Proof. Assumption (A5) and the conditions given
in (26) imply that the parameter estimator is feasible
(from Lemma 4.1). Using (13)-(15), we have

_ey = �keey � 1
bhyhy

(l1u+ l2)hy2ex2
+ 1
bhyhy

hy2ex2hxF� � 1
bhy
hxF e� + �e

= �keey + �e � l3
ex2
hy

+ lT4
�ex2
hy

� 1
bhy
hxF e�:

It follows that

d
dt

�
1
2 ey2� � �keey2 + l6ex22 � ey 1

bhy
hxF e�:

where l6 is an appropriate nonlinear function de�ned in
the appendix. Consider the following function

Ve =
1
d
exTP ex+ 1

2 ey2 + 1
2
1

e�21 + 1
2
2

e�22 ;
where d is a positive constant such that d <
(q1+q2)�m(P )

2V l�16 : Since u � 0, di�erentiating this gives

_Ve = � 2v
d
exTP ex� 1

d

(�v�v)( 1ex1+ 2ex2)
2

(2p2 2

1
�2p1 1 2+2 2

2
)

+ 1
d

�
2 q1
V
e�1 + p1

q1
V
e�2� ex1 + 1

d

�
p1

q1
V
e�1 + 2p2

q1
V
e�2� ex2

+ d
dt

�
1
2ey2�+ 1


1
e�1(� _b�1) + 1


2
e�2(� _b�2)

� � (q1+q2)
2dV exTP ex� keey2 + e�1 �� q1ey

V bhy
� 1


1

_b�1�
+ e�2 �� q1eyhx2

V bhy
� 2q2

1
p1(p2+1)

d(q1+q2)�m(P )V
b�1 � 1


2

_b�2�
+

q2
1
(p2

1
+4)

2d(q1+q2)�m(P )V
e�21 + q2

1
(p2

1
+4p2

2
)

2d(q1+q2)�m(P )V
e�22 :

It then follows from (A6), (16), and (17) that

d
dt

p
Ve � ��1

p
Ve + �2;

where �1 and �2 are positive constants. Hence Ve(t) <
1; 8t; which guarantees the properties in (27). �



Having shown the stability properties of the state and
parameter estimators, we now prove the stability of the
overall adaptive output feedback nonlinear control sys-
tem.

Theorem 4.1 Suppose that the set-point is constant,
and that Assumptions (A1)-(A6) and the conditions
given in (26) are satis�ed. If the overall adaptive output
feedback nonlinear control scheme consisting of the es-
timators given in (8), (16), and (17) and the controller
(24) is employed to control the pH process, then all the
state variables of the closed-loop are bounded.

Proof. From Lemma 4.1, the parameter estimator and
nonlinear controller are feasible. Also from Assump-
tions (A2), (A4), and (A5), we have x2(t) � 0, which
implies that

hy(t) = hy1(t) + x2(t)hy2(t) > 0; 8t: (28)

Consider the following positive de�nite function Vc =
1
2 kzk2; where z = [z1 z2]

T .

(i) If �u � 0, then u = 0. The derivative of the function
is

_Vc =
1
�
( l2
hy
� hxF�

hy
) � �l7Vc + l2

8

2l7
+ l7

2 z1
2;

where z1 remains unchanged when u = 0 and l7, l8
are appropriate nonlinear functions de�ned in the ap-
pendix. From (28) and Assumption (A6), the functions
l7(> 0), l8 are bounded.

(ii) If �u > 0, then u = �u. The derivative of the function
along the solution with the control law (24) is

_Vc = �c1z21 � c2
bhy
hy
z22 +

1
�
z2

bhy
hy
�u + l5z2

ex2
hy
� 1

�
z2
hxF e�
hy

� �2c0Vc +
�

ex2
2

4k3hy
+ ke�k2

4k4hy

�
;

where c0 = minfc1; c2 inft�0fbhy(t)=hy(t)gg.
From (i) and (ii), _Vc � ��3Vc + �4, where �3 =

minfl7; 2c0g, �4 = maxf l282l7 + l7
2 z

2
1 ;

kex2
2
k1

4k3hy
+

ke�k2
1

4k4hy
g.

Then, from the property (27) given in Lemma 4.2 and
(28), we have kz(t)k <1:

Consider the following positive de�nite function Vx =
1
2 (x1 �Wa3)

2 + 1
2 (x2 �Wb3)

2: Since u � 0, di�erenti-
ating the function gives

_Vx � � 1
V
(q1 + q2 + u)Vx + �5 � � 1

V
(q1 + q2)Vx + �5;

where �5 is a constant. This leads to the boundedness
of x1 and x2, which in turn results in the boundedness
of the signals in the estimators (from Lemma 4.2). �

5 Simulation Results

All the parameters of the nonlinear controller and es-
timators are given in the appendix and �v is set to 7v.
The initial values of the state variables are assumed to
be x1(0) = �4:4997�10�4, x2(0) = 5:5025�10�4, and
their initial estimates are set to bx1(0) = �5:0 � 10�3,bx2(0) = 2:5 � 10�4. The proposed adaptive output
feedback nonlinear control scheme is simulated under
the assumption that the concentrations of the reaction
invariants in the acid stream are varying in range of �
30% as that of Figure 2 in [14]. Figure 1 gives simu-
lation results for the adaptive output feedback control
scheme. The dotted lines indicate the set-point for y
and the true parameter values Wa1 and Wb1 in Fig-
ure 1a, and the true values of x1 and x2 in Figure 1b.
As demonstrated in Figure 1a, the regulation perfor-
mance is as good as that in [14, Figure 5] where the
regulation performance in the case of using the state
measurements is presented. It is seen that the proposed
adaptive output feedback controller leads to uniform
closed-loop performance despite the nonlinearity, the
uncertainties of the parameters, and the unavailability
of the state variables.
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Figure 1a: The output, input, and parameter
estimates.
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Figure 1b: The state variables and the estimates



6 Conclusions

This paper has presented an adaptive output feedback
control scheme for a pH process with an input con-
straint on the basis of modular backstepping design.
State and parameter estimators are designed to guar-
antee the boundedness of the estimation errors, and
a nonlinear controller is obtained using a backstepping
technique considering the physical constraint. Then the
estimators and controller are combined with the non-
linear damping terms so that the all state variables of
the closed-loop are bounded. The stability properties of
the overall adaptive system are presented. Simulations
show that uniform closed-loop performance is obtained
despite the nonlinearity, the uncertainties of the param-
eters, and the unavailability of the state variables. More
research is needed in the future for the convergence of
the output tracking error.

Acknowledgements The authors are grateful to �-
nancial support by the Korea Science and Engineering
Foundation (KOSEF), Korea.

References

[1] Campion, G., and G., Bastin, \Indirect adaptive
state feedback control of linearly parametrized non-
linear systems," Int. J. Adaptive Contr. Signal Process.,
vol. 4, pp. 345-358, 1990.

[2] Henson, M. A., and D. E. Seborg, \Adaptive non-
linear control of a pH neutralization process," IEEE
Trans. Contr. Syst. Technol., vol. 2, no. 3, pp. 169-182,
1994.

[3] Henson, M. A., and D. E. Seborg, \Adaptive input-
output linearization of a pH neutralization process,"
Int. J. Adapt. Contr. Sign. Process., vol. 11, pp. 171-
200, 1997.

[4] Ioannou, P. A., and P. V. Kokotovi�c, Adaptive Sys-
tems with Reduced Models (Lecture Notes in Control
and Information Sciences), Springer-Verlag, 1983.

[5] Kanellakopoulos, I., P. V. Kokotovi�c, and A. S.
Morse, \Systematic design of adaptive controllers for
feedback linearizable systems," IEEE Trans. Automat.
Contr., vol. 36, no. 11, pp. 1241-1253, 1991.

[6] Krsti�c, M., I. Kanellakopoulos, and P. V. Kokotovi�c,
Nonlinear and Adaptive Control Design, John Wiley &
Sons Inc., 1995.

[7] Lee, S. D., J. Lee, and S. Park, \Nonlinear self-
tuning regulator for pH systems," Automatica, vol. 30,
no. 10, pp. 1579-1586, 1994.

[8] Marino, R., P. Tomei, Nonlinear Control Design,
Prentice-Hall, Inc., 1995.

[9] Sastry, S. S. and A. Isidori, \Adaptive control of
linearizable systems," IEEE Trans. Automat. Contr.,

vol. 34, no. 22, pp. 1123-1131, 1989.

[10] Slotine, J.-J. E., andW. Li, Applied Nonlinear Con-
trol, Prentice-Hall, Inc., 1991.

[11] Teel, A., R. Kadiyala, and P. V. Kokotovi�c and S. S.
Sastry, \Indirect techniques for adaptive input-output
linearization of non-linear systems," Int. J. Contr., vol.
52, no. 1, pp. 193-222, 1991.

[12] Vidyasagar, M., Nonlinear Systems Analysis,
Prentice-Hall, Inc., 1993.

[13] Waller, K. V., and P. M. M�akil�a, \Chemical re-
action invariants and variants and their use in reactor
modeling, simulation, and control," Ind. Eng. Chem.
Process Des. Dev., vol. 20, pp. 1-11, 1981.

[14] Yoon, S.-S., T.-W. Yoon, D. R. Yang, T.-S. Kang,
\Indirect adaptive nonlinear control of a pH process,"
Proc. of the 14th IFAC, vol. N, pp. 139-144, 1999., sub-
mitted to Computers & Chem. Eng., 2000.

[15] Yoon, S.-S., T.-W. Yoon, D. R. Yang, T.-S. Kang,
\Adaptive output feedback nonlinear control of a pH
process," to be submitted to Int. J. Contr., 2000.

Appendix

Table 1: Parameters of the controller and estimators

Parameters Values Parameters Values

c1 0:0255 d 1:0

c2 0:0255 p1 �1:5

� 0:0255 p2 25

ke 1:0 
1 4:0� 10�4

k1 1:0� 10�5 
2 4:0� 10�5

k2 1:0� 10�10 �1 0:1

k3 1:0� 10�5 �2 10:0

k4 1:0� 10�9

Table 2: Nonlinear functions used for the controller and

estimator designs

Nonlinear De�nitions

functions

l1 � 1
V
(10y�14 � 10�y +Wa3 + hx2Wb3 )

l2 � 1
V
(q1 + q2)(10y�14 � 10�y)

� 1
V
q2(Wa2 + hx2Wb2)

l3 �
hy2
bhy

(l1u+ l2)

l4 �
hy2
bhy

(hxF )T

l5 � 1
�
hy2(��

2z1 + c21z1 � c1�z2)

l6
1

4k1h2y
+ k�k2

4k2h2y

l7
(q1+q2)
�V hy

(10�y + 10y�14)

l8 � 1
�V hy

f 1
V
q2(Wa2 + hx2Wb2 ) +

1
V
q1�1

+ 1
V
q1hx2�2g


