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Abstract

In this paper an adaptive output feedback nonlinear
control scheme is presented for a pH process, which is
difficult to control due to the nonlinearities and un-
certainties. A nonlinear controller is designed using a
backstepping technique to handle the pH process with
an input constraint. The backstepping-based controller
is combined with state and parameter estimators to deal
with unmeasurable state variables and unknown param-
eters, thereby resulting in an adaptive output feedback
nonlinear controller. The input constraint mentioned
above is considered in the controller and estimator de-
signs. The stability properties of the proposed scheme
are given, and simulation results show that uniform
closed-loop performance is obtained despite the non-
linearity, the uncertainties of the parameters, and the
unavailability of the state variables.

1 Introduction

The main objective of pH processes is to control the ef-
fluent pH value by manipulating the flow rate of titrat-
ing stream. The control of pH is important in the chem-
ical industry, especially in wastewater treatment. How-
ever, such a pH process is difficult to control due to its
nonlinear dynamics with uncertainties. For this reason,
pH control by conventional PID controllers or advanced
control techniques based on linear system theory is inef-
fective [7]. In addition the control input under consider-
ation is physically constrained to remain non-negative.
Thus, there is an obvious motivation to apply a con-
strained adaptive nonlinear control scheme for the pH
process.

Among many nonlinear control techniques, especially

two nonlinear control schemes have recently attracted
researchers’ attention: feedback linearization and back-
stepping design. Feedback linearization is for lineariz-
ing a nonlinear system by cancelling its nonlineari-
ties in order to apply abundant linear control theo-
ries to the linearized system [10]. On the other hand,
backstepping-based control can handle a wider class of
uncertain systems by offering a systematic stabilizing
process; in the backstepping design, unwanted cancella-
tions of favorable nonlinearities can be avoided. Adap-
tive nonlinear control schemes can be designed by com-
bining such nonlinear controllers mentioned above with
parameter estimation algorithms in a variety of ways.
For adaptive feedback linearization, see e.g. [1, 9, 11].
Adaptive backstepping design methods can be found in
[5, 6, 8].

Recently, adaptive feedback linearizing control schemes
have been applied to the pH process [2, 3]. In the stud-
ies, a nonlinear model of the pH process is obtained
using the reaction invariants [13], and then adaptive
input-output linearization is applied, where a buffer
flow rate is considered an unknown parameter and thus
is estimated. However, in practice, flow rates can often
be measured but parameters such as the concentrations
of the reaction invariants of inlet wastewater streams
are hardly available on line. These concentrations are
the crucial parameters for the behavior of the process.
Hence, a backstepping-based adaptive nonlinear control
scheme has been applied to the pH process, which es-
timates the concentrations of the reaction invariants of
the inlet wastewater stream [14]. However, in [14], the
state variables, i.e., the concentrations of the reaction
invariants of the effluent stream are assumed to be mea-
sured, which is demanding in practice. For this reason,
an adaptive output feedback nonlinear control scheme
has been proposed for the process [15]. It is noted, how-
ever, that the physical constraint on the control input



is not considered in [15].

In this paper, we extend the results of [15] to the case
where the control input is physically constrained to re-
main non-negative. State and parameter estimators
are proposed, which have better convergence proper-
ties than those of [15]. A nonlinear controller is de-
signed using a backstepping procedure such that the
input constraint is satisfied, and is combined with the
state and parameter estimators. The stability prop-
erties of the overall adaptive scheme are given; simu-
lations show that uniform closed-loop performance is
obtained despite the nonlinearity, the uncertainties of
the parameters, and the unavailability of the state vari-
ables.

2 pH Process Model

Consider a pH neutralization process as given in [14].
The flow rates of acid, buffer, titrating and effluent
streams are denoted by ¢1, g2, g3, and g4, respectively.
The output of the process is the pH value of the ef-
fluent stream (pHy4), and the flow rate of the titrating
stream ¢s is the control input. A dynamic model is de-
rived using the conservation equations of the reaction
invariants and equilibrium relations [2, 3].

The state space model of the process is written as fol-
lows:

i = f() + g(@)u, (1)

where
r = [Wa4 Wb4]Ta u = g3,
flx) =[fi(z) fo(2)]"

_ —l + @)z + (@ Wa, + 02 Way)
—v(@ + @)z + (@ We, + We,) |

91 (w)} v (Way — wl)]
m = =
ot = [00)] = [Liwiz 22
W,, and Wy, (i = 1,...,4) are the concentrations of the
two reaction invariants in each process stream, and V'
is the constant volume of tank. The nonlinear relation

between the output y and the state variables z is given
by

h(z,y) =0, (2)

where

h(l’,y) =z + h:tsz + 10y714 - ]-Oiy:

he.. — 14+2x10v—PK2
T2 T 1410PK1-v410v—PK2)
pEK1 = —log g Ka,, pK2 = —log;gKa,.

The nominal values of the parameters are the same as in
[14]. Note that the control input should be nonnegative.
The model (1) can be rewritten as follows:

= f+g(x)v+ F6, (3)

where

v =@+ g+ ul,
Fo [fl] | Wy + 02(Wa, = W)}
Bl | e Wy + a2(Wh, — W)} |

W,y — @40 W,
gy =| 0 L E= |V e=
ng — X2 0 v Wb1
Note that the vector 6 contains the unknown param-

eters W,,, W, to be estimated, and equation (3) is
linear in 6.

3 Design of Adaptive Output Feedback Control

In this section, we design an adaptive output feedback
nonlinear controller for the pH process with the input
constraint on the basis of modular backstepping design.

3.1 Observability of the pH process

In this subsection, we show that it is possible to design
a closed-loop state estimator by checking the local ob-
servability of the nonlinear process. The explicit form
of the output equation (2) can be written as follows:

y = h(w), (4)

where h(z) is not known, however its differential can
be obtained as

-1 -1
i__ (o ) o o

dh=— () (&) de - () () dn. 6)

Suppose a point 2o € R? is given. From [8, p. 209, 12,

p. 418], the pH process given in (1) and (4) is locally
observable in a neighborhood of zq if

rank{dh, dLsh, dL,h} = 2 at xo, (6)
where
g ng R IR
= T et g s
dLgh = ( e 5y gzﬁ)dml + ( o2s T "oy aaThQ)dm?

The set M satisfying the condition (6) is found as fol-
lows:

M ={o | Gy (fi(2) + heo fo(@) # 0
O Gy (91 (2) + heag(2) # 0},

where

hy, = (In10)(10¥~1 +107Y),

_ 10PK1—v 1 10¥—PK2 L 4 10PK1—PK2
hyz - (ln 10) (1+10PK1-v 4 10v—rK2)2

This implies that there exists a closed-loop state esti-
mator for each point in the set M.



Remark 1 As shown in [2], the linearized model for
the pH process given in (1) and (2) is unobservable at
every operating point because the rank condition of the
observability matrix of the linearized model is not sat-
isfied. That is, the pH process is locally observable at
most points, but its linearized model is unobservable at
all points.

3.2 Design of state and parameter estimators
From (2), the output equation is rewritten as

Y1y + Pozn + 1Pz =0, (7)

where 1, = 1+ 10PK1=v 4 10y PE2 ¢hy = 1 +2 x
10vPK2 | qpy = (109~ 14-107¥) (14 10PK1 ~v 4 10v~PK2),
From (3) and (7), we can derive a state estimator as
follows:

Z=F+3@v+FO+ L%y + s + ¢03),  (8)

where () is the estimate of (-), L = [L; L7,

_ _(P192—2p241) (v—7) e~
L, = i et Af Zo (1) > W,
0 i Ba(t) = W,
(2¢p2—p141)(v—0) PN
L, = 0T 2miidaiag Af Zo(8) > Wi,
0 i Bo(t) = Wi,
9)
and p1, p2, and v are such that
2
pr— 8 >0, 0> (10)

Note that @ in (10) can be determined such that L; and
Lo are continuous, in which case the solution of (8) is
well defined.

Remark 2 Assuming that 6 = 6, the condition (10)
implies that the performance of the closed-loop state
estimator is better than that of the open-loop state
estimator, i.e., Ly = 0, Ly = 0. Note that, when
Zo(t) = Wy,, Ly and Lo are both set to zero so as
to obtain the following inequality:

Ba(t) > Wiy, Vi, (11)

which is necessary for the feasibility of the parameter
estimator and nonlinear controller to be designed.

A parameter estimator is designed here to satisfy the
following requirement:

§:=60—0¢c L. (12)

To find an estimator satisfying the condition (12), con-
sider the dynamic output equation:

§ =g (hu+1z) — 22, (13)

and define the following prediction equation:

:f./\: key + ﬁ(llu + lz) - h%FQ — Xe» (ke > 0)) (14)

Yy

where h, and h, denote the partial derivatives of h(z, y)
with respect to  and y obtained as

hy =1 hzz],A hy = hy, + z2hy,,
g: Yy _:'/J\> hy = hy1 +/1'\2hyz'

Also x. is a nonlinear damping term to counteract the
effects of the state estimation errors, and is obtained as

Xe = —k1gl3 — kagl|lal)?, (15)

where I;, (i = 1,...,4) are appropriate nonlinear func-
tions defined in the appendix and k;, (i = 1,2) are
positive constants. Using (13)-(15) and the so-called o-
modification method [4], we can derive the parameter
estimator:

~

b1 =-m ‘%j — 016y, (16)
ro_ - 017he 2¢2p1(p2+1) 3
b2 = Proj{—m 02 — Mg taxa v o1 (17)

—’720252}

where

1 b1
-t 3
2 D2

2 2 2 2 2
77 (p1+4) a1 (P +4p3)
O1 2 3q( a2 A PV T2 7 2d(q1tg2)Am (PYV?

Am(P) is the minimum eigenvalue of P, y; and 7, are
positive constants, and Proj{-} is a projection operator
used to ensure

~

92(t) Z QZ: Vt Z 0> (18)

where 6, is defined as 6, := inf{Wy, | ¢ (t)(Ws, —
Wiy ) +q2(t) Wy, —Wh,) > 0, Vi}. It is assumed that the
value of €, is available. Note that the inequality (18) is
necessary for (11), and that this parameter estimator is
guaranteed to satisfy the condition (12) as is shown in
Lemma 4.2 of section 4.

3.3 Nonlinear controller design
The standard backstepping procedure is slightly modi-
fied in this section so as to achieve a desired rise time.

Step 1: Define z; as

o= / (v — ya)I(@)dr, (19)

i.e.

4 = (y — ya)1(1), (20)
where y, is the set-point for y, u is a nonlinear function
to be designed by the backstepping procedure without
considering the physical constraint, and 1(i) is defined
such that 1(@) = 1 if @ > 0, and 1(@) = 0 if @ < 0.
Considering y — yq as the so-called virtual control for
(20), define z» as follows:

22 = (Y — ya — o), (21)



where the stabilizing function «a; is given by —c;2; and
c1 and 7 are positive constants. Note that n is intro-
duced as the standard backstepping design may fail to
satisfy desired closed-loop specifications. Using (21), 21
is derived as

21 = (—6121 + 7722)1(1_/,) (22)

Step 2: Differentiating z» results in

3 _1rh lo h,F0 :
Zy = {Ffu+ B — 2 —
2 U{hy +hy Ya

oy
£+ emm) i), (23)

Since the control input of the pH process is the flow rate
of the titrating stream, it cannot be negative. Therefore
we define the following control law

u = max{0, a}, (24)
where
u = %{(c% —1*)z1 = nlcr +c2)z2 — é—zy
+h%j§+yd + Xul,
Xu = —k:m%@ = k477“"71(%2F)T”2Z2a (25)

¢y and k;, (i = 3, 4) are positive constants, and [
is an appropriate nonlinear function defined in the ap-
pendix. Note that the presence of z; in (25) implies
integral action in the controller and the term x, is a
nonlinear damping term to counteract the effects of the
estimation errors Z» and 6, and also that @ is the uncon-
strained backstepping control input. This controller is
combined with the state and parameter estimators ob-
tained in the previous subsection, thereby leading to the
adaptive output feedback nonlinear controller. Stabil-
ity properties of the resulting controller are investigated
in the next section.

4 Stability Analysis

Consider the following assumptions which are needed
for the analysis of stability and feasibility.

(A]-) Q1 (t)(Wlh - Wﬂa) + qz(t)(Wﬂa - Wﬂa) > 07 vt
(AQ) q1 (t)(Wbl - Wbs) + q2(t)(Wb2 - Wb3) >0, vt
(A3) z1(0) > W,

(A1) 2,(0) > W),

(A5) Wb3 Z 0

(A6) 0 < qi(t) < 00, 0 < ga(t) < 00, Vi

Assumptions (A1)-(A4) are the minimum requirements
for the operation of the given process [14, Remark 1].
Assumptions (A1)-(A5) are used to guarantee the fea-
sibility of the parameter estimator and nonlinear con-
troller, as is shown below. Assumption (A6) is used to
obtain the stability properties of the closed-loop sys-
tem, which is always satisfied in practice.

Lemma 4.1 Suppose that Assumptions (A1)-(A5) and
the following conditions are satisfied

22(0) > Wiy, 62(0) > 6, (26)

Then the parameter estimator given in (16) and (17)
and nonlinear controller (24) are feasible.

Proof. The proof of this lemma is similar to that of
Theorem 1 in [14], and therefore is omitted. O

The next lemma concerns the stability properties of the
estimation algorithms given in (8), (16), and (17).

Lemma 4.2 Suppose that the state and parameter es-
timators given in (8), (16), and (17) are employed to
estimate the concentrations of the reaction invariants of
the effluent and acid flows of the pH process, and that
u > 0. If Assumptions (A5) and (A6) and the con-
ditions given in (26) are satisfied, then the following
properties are guaranteed to hold:

[ZDN < 00, [F(1)] < oo, 81| <00, V&, (27)

where (1) = () = ().

Proof. Assumption (A5) and the conditions given
in (26) imply that the parameter estimator is feasible
(from Lemma 4.1). Using (13)-(15), we have

J = ke — = (liu+12)hy, T
vy
+ﬁhy2552hxF6 - ﬁhmFa + Ye
- ~ . ~
= —kell + Xe — la72 +1{ 2 — ihxFe.
It follows that
& (507) < —hel + 1673 — 7-ha FO.
where [g is an appropriate nonlinear function defined in

the appendix. Consider the following function

V. = 13TPE + 1 + 5100 + L6,

where d is a positive constant such that d <
%lﬁ_ . Since u > 0, differentiating this gives
7 _ _2vxTpyx_ 1 (7—0) (P1&1+272)*®
Ve =—% NPx d (2pg 3 —2p1v1 v +205) N
+1 (2(1—‘}91 +m %92) T+ % (Pl 6, + 2p2qV192) Ty
+4 (357) + L0 (=01) + L6:(-6>) _
(21+a2) ~T pr ~ v 1y
< - PE — Ry + 6, (—51—51 - q91)

o abha,  2@3pi(p2tl) 5 14
+02( vﬁf d(41-i1-qz)>\m(P)V01 7292)
Lo @i+ g dipivdpd) g

2d(q1+4¢2)Am (P)V 71 2d(q1+q2)Am (P)V 72"

It then follows from (A6), (16), and (17) that
LVe < —kiVVe + Ko,

where k1 and k2 are positive constants. Hence V(t) <
00, Vt, which guarantees the properties in (27). O




Having shown the stability properties of the state and
parameter estimators, we now prove the stability of the
overall adaptive output feedback nonlinear control sys-
tem.

Theorem 4.1 Suppose that the set-point is constant,
and that Assumptions (A1)-(A6) and the conditions
given in (26) are satisfied. If the overall adaptive output
feedback nonlinear control scheme consisting of the es-
timators given in (8), (16), and (17) and the controller
(24) is employed to control the pH process, then all the
state variables of the closed-loop are bounded.

Proof. From Lemma 4.1, the parameter estimator and
nonlinear controller are feasible. Also from Assump-
tions (A2), (A4), and (A5), we have x2(t) > 0, which
implies that

hy(t) = hy, (t) + z2(t)hy, (t) > 0, V. (28)

Consider the following positive definite function V., =
212]|?, where z = [z 22]".

(1) If u < 0, then u = 0. The derivative of the function
is

. l2 /
Vo= (2 = 850) < —liVe + i + 2,
where z; remains unchanged when v = 0 and l7, [s
are appropriate nonlinear functions defined in the ap-
pendix. From (28) and Assumption (A6), the functions
I7(> 0), ls are bounded.

(#3) If @ > 0, then u = @. The derivative of the function
along the solution with the control law (24) is

yo_ 2 hy 2, 1, h -
ch = —C127 — CQﬁZQ + 52’2ﬁxu + l5Z2E — —ZQT

n
~2 12
_ 73 191
2coV, + (4k3hy + T )

A

where ¢y = min{cy, ¢ inftzg{ﬁy(t)/hy(t)}}.

From (i) and (i7), V. < —ksVe + k4, where k3 =
. 2 ~2 - 5 2
min{lz, 2co}, ks = max{2—ll8; + k22, \ﬁzs\lly T Jllkl_|;;<;}_
Then, from the property (27) given in Lemma 4.2 and

(28), we have ||z()|] < 0.

Consider the following positive definite function V, =
2 (m1 = Way)? + 3 (m2 — Wi, )% Since u > 0, differenti-
ating the function gives

Ve < =@+ @ +u)Ve + 55 < —(q1 + @)V + ks,
where k5 is a constant. This leads to the boundedness

of £1 and x5, which in turn results in the boundedness
of the signals in the estimators (from Lemma 4.2). O

Ty 1. hoFO

5 Simulation Results

All the parameters of the nonlinear controller and es-
timators are given in the appendix and v is set to 7v.
The initial values of the state variables are assumed to
be 21(0) = —4.4997 x 10~%, 25(0) = 5.5025 x 10~%, and
their initial estimates are set to Z1(0) = —5.0 x 1073,
72(0) = 2.5 x 107*. The proposed adaptive output
feedback nonlinear control scheme is simulated under
the assumption that the concentrations of the reaction
invariants in the acid stream are varying in range of +
30% as that of Figure 2 in [14]. Figure 1 gives simu-
lation results for the adaptive output feedback control
scheme. The dotted lines indicate the set-point for y
and the true parameter values W,, and W;, in Fig-
ure la, and the true values of z; and x, in Figure 1b.
As demonstrated in Figure la, the regulation perfor-
mance is as good as that in [14, Figure 5] where the
regulation performance in the case of using the state
measurements is presented. It is seen that the proposed
adaptive output feedback controller leads to uniform
closed-loop performance despite the nonlinearity, the
uncertainties of the parameters, and the unavailability
of the state variables.
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6 Conclusions

This paper has presented an adaptive output feedback
control scheme for a pH process with an input con-
straint on the basis of modular backstepping design.
State and parameter estimators are designed to guar-
antee the boundedness of the estimation errors, and
a nonlinear controller is obtained using a backstepping
technique considering the physical constraint. Then the
estimators and controller are combined with the non-
linear damping terms so that the all state variables of
the closed-loop are bounded. The stability properties of
the overall adaptive system are presented. Simulations
show that uniform closed-loop performance is obtained
despite the nonlinearity, the uncertainties of the param-
eters, and the unavailability of the state variables. More
research is needed in the future for the convergence of
the output tracking error.
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Appendix

Table 1: Parameters of the controller and estimators

Parameters  Values Parameters  Values

c1 0.0255 d 1.0

o 0.0255 p1 -1.5

n 0.0255 P2 25

ke 1.0 7 4.0 x 10~4
k1 1.0 x 102 o 4.0 x 1077
ko 1.0 x 1010 o1 0.1

k3 1.0 x 103 o2 10.0

ka 1.0 x 109

Table 2: Nonlinear functions used for the controller and
estimator designs

Nonlinear  Definitions

functions

I —H(10Y =1 —107Y 4+ Wag + hay Why)

b — L@ +@2)(10v=1 —1077)
— 5 02(Way + hay Wh,)

I3 —%(llu + ZQ)

I lwa ()T

l5 —%hy2(—n221 + c%zl — c1nz2)

le 4k11h§ + 4‘I|<:02”h2!2,

Iz {02 (107 + 107 14)

lg —ﬁ{%@(Waz + hayWhy) + 101
+%L11hz292}




