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Abstract

This paper proposes an linear matrix inequality (LMI)
approach to simultaneous optimization design of struc-
ture and dynamic output feedback controller under H,
constraint. First, a controlled object (plant) and the
closed-loop system are described by descriptor form.
Secondly, H., constraint represented as a Riccati in-
equality is decoupled into two low-order Riccati in-
equalities solved consecutively. Based on the solutions
of two inequalities, we can derive a controller and struc-
tural parameters for H., performance. The problem
can be reduced to convex optimization problem (COP)
subject to inequality constraints.

1 Introduction

In conventional system design, the controller is synthe-
sized under a certain specification after modeling of the
structure. However, the interaction between structure
and controller tends to be closer as system becomes
complicated. Repetition synthesis of structure and con-
troller by trial and error is indispensable for the pur-
pose of pursuing optimal system performance. Hence,
it is important to synthesize controller and structure of
the system simultaneously. This is called inseparability
and compatibility[1][2]. And there is possibility that
simultaneous optimal design gets better performance
than that of the individual design of structure and con-
troller. From this point of view, simultaneous design
problem of structural parameters and controller has
been paid much attention for the last decade. In fact,
the simultaneous design problems based on optimal reg-
ulator, pole assignment, H., control have been exten-
sively studied[3][4][5]. Also, matrix inequality approach
of great interest in control design is applied to simulta-
neous design problems[6][7][8]. However, they reduce
the problems to bilinear matrix inequalities (BMIs).
In general, the existence of solution to BMI problem
is not guaranteed and further it is difficult to solve.
This fact is well known as the NP-hardness[9]. Even if
there exists solution, its solution is not global but local.

In order to avoid this difficulty, the authors propose a
new approach based on linear matrix inequality (LMI).
In LMI problems, the global optimal solution can be
obtained because of convex optimization problem, and
plural specifications can be dealt with at the same time.
When a control problem can be described in terms of
LMI, the problem can be considered to be “solved”[10].
In this paper, we present LMI conditions for the simul-
taneous design problem of structure and controller min-
imizing the objective function which consists of sum-
mention of an upper bound of H.,-norm of transfer
function and a function of structural parameters.

This paper is organized as follows. Section 2 gives
the mathematical model of a linear plant whose coef-
ficient matrices contain adjustable structural parame-
ters. The plant is driven by a dynamic controller. And
the plant and the closed-loop system are represented
by descriptor forms, respectively, because the design
parameters appear naturally (linearly) in these forms.
In Section 3, the problem is formulated by introducing
H_, constraint described in the Riccati inequality and
a criterion of the structure. The Riccati inequality is
decoupled into two low-order Riccati inequalities, and
characterizations of the optimal controller and struc-
tural parameters are given in terms of the solutions of
the two inequalities in Section 4. The problem is re-
duced to one of optimization problems subject to LMIs.
A controller and structural parameters are obtained by
solving a certain set of LMIs, which can be solved effi-
ciently by using the software package[11].

The principal symbols used in this paper are listed
below:

R" : set of all real n-vectors

R™ " : set of all real m x n-matrices

I, 1 n X n-identity matrix

AT : transpose of a vector or matrix A
A>(>)0 A is positive (semi-)definite

A> (>)B : A— B is positive (semi-)definite
| Al oo : the H,, norm of A defined by [|A4||eo
= SUD Omax (A(jw)).
weR
At : orthogonal complement of A € R™"*™

defined by A+ € R("™*" 414 =,



A+ALT >0, r = rank A
At . the Moore-Penrose pseudo-inverse of A

2 Preliminaries

2.1 Mathematical Model
Consider a linear time-invariant parameter-dependent
plant described in the descriptor expression,

E(p)iy(t) = A(p)p(t) + Bu(p)w(t) + Bu(p)u(t)

z(t) = C. p( ) + Dww(t) + D.yult)
y(t) = Cyap(t) + Dyww(t),

(1)

where z,(t) € R" is the plant state; y(t) € R" the mea-
sured output; z(t) € R™ the regulated output; u(t) €
R' (r,£ < n) the control input (the controller output);
w(t) € R’ the unknown exogenous disturbance. E(p),
A(p) € R™™, B,(p) € R™**, B,(p) € R™*, C., C,,
D.y, D., and D,,, are the system matrices of com-
patible dimensions. Both matrices B,(p) and Cy are
assumed to be of full column rank and full row rank,
respectively, i.e., rank B,(p) = ¢, rank Cy, =r. Also,
the plant matrices E(p), A(p), Bw(p) and B, (p) are ra-
tional functions of the vector p of the structural design
variables p;:
T
:[pl p2 - pN]
0<pi <1 (i=1,2,---,N).

The adjustable physical parameters ¢; € (¢, ;) (e.g.,
mass, spring constant, etc.) appearing at the entries
in E(p), A(p), Buw(p), Bu(p) with specified constants
4;, G; are represented by ¢; = g, + pi(q; — ¢,). That
1s to determine the design variable p is equivalent to
determlne the physical parameter values. Furthermore,
E(p), A(p), Bw(p) and B, (p) are assumed to have the
structures defined as follows:

E(p) := Eo + AE(p) = Eo + H;: X (p)Fi

A(p) == Ao + AA(p) = Ao + Ho X2 (p) Fe

w(P) = Buo + ABy(p) = Buo + HuZw(p) Fu
u(p) := Buo + ABu(p) = Buo + HuXu(p)Fu,

= =

SSIe

2)

where {E07 Ao, BwO: Ban Hi: Hza Hwa Hua Fic: an
F,, F,} are known constant matrices of compatible
dimensions that represent the structure of the system,
rank Fy = n is assumed, and

b =diag(p:ly,) i=1, -+, Ny

b =diag(p;ly,) i=N1+1, ---, Ny
Yu(p) = dlag(plftl) t=Ny+1, ---, N3
b ;) i=N3+1,---, N.

And the control input u(t) is generated by a linear dy-
namics

(4)

xc(t) = Acmc(t) + ch(t)7

where z.(t) € R? is the controller state; A, € R7*7,
B. € R™”", C. € R and D. € R™".

2.2 Closed-loop System
By using (2) and (3), (1) is rewritten as

i, (t) = Azp(t) + Byw(t) + Byu(t) + B.pe(t), (5)

where

¥, = block diag[¥;(p), Xz (p), Lw(p), Xu(p)]

p1ly, O
O | pNIiy

e(t) := Hx,(t) + Fu(t) + Grw(t) + G2Xpe(t),  (6)

where we assume the existence of (Ig—G2X,) 1, (N :=
t1+---+tn), and

A = _1A0, Bw = E'O_IBwO
B, = Ey'Byo, B.:=FE;'B.

F, o
H := 0 , F:= 0
0 F,
FiBw FiBe
0 0
Gy = P, , Ga:= 0
0 0

Making use of (6), combining (5) with (4), we have the
closed-loop system

E.x(t) = Acox(t) + Beow(t)
2(t) = Cepz(t) + Dopw(t),

where



A A | B
Act = [ As As } » Bee:= { By }

ch = [ 011 0 ]

ch = Dzw + DzchDyw = Dzw + B4KCQ
A11 = Al + Bchl, A12 = BQZP

A21 = A2 + B3KC1, A22 = _IN + GQEp
B11 = A3 + B1K02, B21 = G1 + B3K02
Cll = A4_—|— B4K01

Al:::gl 8],A2::[H 0]
A3::-BO“’],A4::[CZ 0]

SEESTINTY
Bg::[-F 0], Bi:=[ D.u 0]
o[ an
e=[5 &)

The closed-loop system (7) in the descriptor form by
introducing the process e(t) defined by (6) does not
include any nonlinear terms in 3.

The transfer function T%,(s) from w(t) to z(t) in
the closed-loop system (7) is equivalent to that of the
closed-loop system in the state space representation.

In this paper, we presume the existence of controller
gain matrix K = {A., B., C., D.} and structural
design variable matrix ¥, under H,, constraint.

3 Problem Statement

First, we need the following definition and lemma that
characterize some properties of descriptor systems.

Definition 1[12]: A pair (E., A.) is said to be
admissible if it is regular, exponentially stable, and
impulse-free.

1. A pair (Ecg, Acg
det(SECg — Acg

2. A pair (E., A
det(sEcg - Acg

is regular if

£ 0.

is exponentially stable if
#0, VRe(s)>0.

3. A pair (E., Ac) is impulse-free if
rank F., = degdet(sE., — A.). &

Lemma 1[13]: Given a scalar v > 0. The descriptor
system (7) is admissible and

| T (5) [loo
:“ CCZ(SECE - Acﬁ)iché + Dcﬁ ||oo< Y (8)
| Dee o<y (9)

if and only if there exists X., € R(*HetN)x(ntat+N)
such that

E. X.=XLEL >0 (10)
® = A X + XL AL + (XLCYL + B..DY)
xD(7) (X0 + BuDiy)" + BaBj <0 (11)
D(7) == (¥’Im = DeeDgy) ™"

O

In simultaneous design problem, we have to pay atten-
tion to any balance between structural design and con-
trol performance. By introducing the rational function
f(Z,) (eg., f(E,) =tr(X,)) of design variable matrix
Y, as a criterion in structural synthesis, problems such
as a mass minimization problem can be dealt with.

Hence, our problem is one of the y-suboptimal H,
control problems, that is, to find structural design vari-
able matrix 3, and controller gain matrix K by mini-
mizing f(X,) and an upper bound 7y of ||T%.(s)||oo un-
der the inequalities (10) and (11).

Thus, the problem is formulated as follows:

v+ f(Ep)
subject to (10) and (11).

minimize

(12)

4 LMI Approach to Simultaneous Design

In this section, we will convert the H, control problem
to a problem of solving LMIs. The matrix inequality
(11) is not convex in K, ¥, and X.,. According to the
following procedure, we reduce (10) and (11) into LMISs,
respectively. The Riccati inequality (11) is decoupled
into two low-order Riccati inequalities, and then so-
lutions to the inequalities are utilized to synthesize a
controller and structural parameters.

The decoupling of (11) hinges upon the partition of
its solution X .y in accordance with the structure of E.,.
Noting (10), we set the matrix X., from its regularity
as

X 0

XcZ:|:QF Q

], X=xT>o, (13)

for some nonsingular matrices X and () where X €
RTOx0) g e RNV and T e RVX(T9. A
new H., control synthesis formulation for simultane-
ous design problem is stated in the following theorem.
Theorem 1: Let I' be given constant matrix of com-
patible dimension. For the system given by (1) and
(4), there exist a pair of suboptimal H,, controller gain
K and structural design variable matrix ¥, satisfying
IT:w(s)|loc < 7 if there exist a symmetric positive-
definite matrix X = X7 > 0 and a nonsingular matrix
() such that

AX + X AT + (XCL + BDL)D(v)



x(XCL + BDL)T + BBT <0 (14)
(A+B%,)Q + QT (A + Bx,)T
+QT(2,C+D)T(X,C+D)TQ+ R <0, (15)

where
A=A + BIKC, B = Ay + B1KCy
A=A, —TT4, = - _?21}[ 8 ]

Alliz A — F{H, 12121 = Bw - F{Gl

Biy:=B, —TTF, A:=—Iy+STTIT

B =Gy + STTBy, — STTTT G,

C =By -GIr

R := By, D! D(y)D.,Bl, + By BY,
+STTS

S := XAl + (XCl, + BD?)D(y)D..,BL
—TI'"By, BY, + B11 BT,
T :=-®'(=T">0)

F:=[TI; Iy], ([ e R¥*", T, e RVX9),
&
Proof : Consider a full rank matrix:
Inyg O
P = .
- Iy

Multiplying (11) by PT and P from the left and right
hand sides, respectively, and noting (13), we have

0> PTeP
1 (X;K;)

_ (I)IQ(XaQ;Ka va’)/)
| hL(X, QK 5p57) '

D22 (Q; K, 3p37)

(16)
Hence, by the Schur complement formula, (16) is equiv-
alent to

P, < 0, $yy — @{z(ﬁﬁl‘}lz < 0. (17)

The first matrix inequality in (17) just represents (14).
Substituting ®11, ®12 and Pyy defined in (16) into the
second inequality in (17), after some algebraic manip-
ulation, we have the inequality (15). a

4.1 Determination of Controller Gain
By the Schur complement formula, the inequality (14)
is equivalent to the following matrix inequality:

{ (A + BIKC)X + X (A, + BLKCy)T

(Af‘ + BA4KC1)X
[ (Az + BlKCQ)T

X(Ay + BsKC)T Ay + BIKCs
-1, D.., + B4KCy | <0. (18)
(D.. + B4KC5)T —I,

This matrix inequality (18) is not an LMI in the un-
known matrices X and K because of the existence of
the product term KC;X. Inequality (18) can be re-
duced to LMI as follows.

First, we introduce the standard assumptions;

DI,D., >0, Dy,D, >0. (19)
The matrix inequality (18) is rewritten as

U(X;7)+ UTKV(X) + VI(X)KTU <0,  (20)

where
[ AX +XAT xAT A,
U(X;7):= AilX —2I,, D., (21)
L4 oo -1
U:=[BT BT 0] (22)
VX)=[CX 0 O ]. (23)

Here, we need the following well-known lemma.
Lemma 2[14]: Given U € R™™, V € R ¥ =
vT e R™ ™, suppose that

rank U < n, rankV <mn. (24)

Then there exists a matrix Z € R™** satisfying
UzZV+W0UzZV)T +2 <0 (25)

if and only if U, V and ¥ satisfy the conditions
Utxsvtt <o, vTizvTit <. (26)

<&
By virtue of this lemma, the solvability condition (20)
for the matrix K is replaced by the following two matrix
inequalities in terms of X in which K does not appear
explicitly!® :

UTHw(X;7) 0T T <0 (27)
VLX) B(X;y)VTET(X) < 0. (28)

We can choose

U™ =10 0 DL 0 (29)
0 0 0 I,
VTL(X)
I, 0] 0 |-CI'D}Y X' 0 0
=|"0 0[O0 DTT 0 In O
0 0]In 0 0 0 I,
(30)

L From (27) and (28), we obtain an arbitrary order controller
gain subject to BMI by using several computational approaches
(e.g., the XY-centring optimization algorithm[15]).



which are consistent with the definition of orthogonal
complement matrix, and from (19) we can set D}, and
D, as

Dju = (DguDlu)ilDZu

D;_w = Dgw (Dwagw)_l
because D, and D,,, have full column and row ranks,

respectively.
Partition X and its inverse as

X::{Xﬂ X12], Xl::{Yn Y12}

XL X YL Yo
X11 E Ran, Yll E Ran
(31)

[ XuYn +X121€€ XYz + X2V ]

XX 1=
XLYi1 4+ X2oYih  X12Yia + X22Yoo

:[%g} (32)

By using (29), (30), (31) and the definitions of A;, A,
and Ay, it follows from (27) and (28) that

Zf[@l(Xn;v)Z;{T < 0, f}@z(yvll,yvlz;’y)]}T <0 (33)

_ X I,
Xy >V >0 { I: v ] >0, (34)
where
[ 1, -BiuDt, 0
u=|0 DL 0
0 0 I,
R [, 0 -CID;r
V=|o0 0o DIt
0 I, 0
O1(X1157)
[ An X+ Xu Al Xucl o Ay
= CZXM _’)/2Im D
L Agl DZw _IS

02 (Y11, Y12;7)
[ Vi1 Ay + ALYy — VioITH — HTT, YD
= C.
Afvi - GV
CZT Y1140 — Y12F2TG1

_72Im Dzw )
DZw _IS

where (34) is equivalent to X > 0.

Whenever there are no direct couplings between the
control input and regulated output and also between
exogenous input and measured output, i.e., D,, = 0,
Dy, = 0, the matrices UTL and VTL reduce, respec-

tively, to
BL 0 0 0
uTt 0 0 I, O
0 0 0 I,
VTJ_(X)
crt olo]o X-1 0 0
= 0 0]|I.]|0 0 In, O
0 o001 0 0 I,

Thus, the condition (14) yields three LMIs, (33), (34),
each of which is the LMI in X;; or in both Yiy, Yio,
or in both X1, Y11, respectively. Furthermore, the fol-
lowing rank condition for an arbitrary order controller
synthesis has been imposed as[16]

Xuu In
<n+gq. (35)

rank
In }/11

This rank condition is not convex. But, if the con-
troller dimension ¢ is larger than or equal to the plant
dimension n, the constraint (35) is automatically satis-
fied and we can remove the equality constraint in (34).
The problem is to find the matrix K subject to the con-
straints (33) and (34).

The procedure is performed by the convex opti-
mization programming approach in the following three
steps:

Step 1. Evaluate the matrix X7;, Y71 and Yj5 so as to
minimize vy

} (36)
subject to  (33) and (34).

Step 2: By evaluating the matrices X1o and Xso from
(32) using X11, Y11, Y12 evaluated in Step 1, we can
obtain the matrix X.

Step & With the matrix X obtained in Step 2, solve the
LMI (18) for K.

4.2 Determination of Structural Parameters

In this subsection, we determine structural design vari-
able matrix ¥,. By the Schur complement formula, we
have from (15) that

Q) +UTSV(@Q +VI(@QZ,U <0, (37)
where
{ AQ+QTAT+R QT ]
Q) =
I
T=[B7 ], 7@Q:=[Q 0].
By applying Lemma 2 to (37), the matrix inequality
(37) is equivalent to

UTLQQ)UTT <0, VIHQ@Q)VT+T <0 (38)



which are two matrix inequalities with respect to @,
in which ¥, does not appear explicitly. From the reg-
ularity of ) and the definition of orthogonal comple-
ment matrix, since we can choose VIt ag VI =
[ 0 Intq ] , the second inequality in (38) is rewrit-
ten as —T ! < 0, and becomes self-evident.

Hence, we can obtain the structural design variable
matrix ¥, in the following procedure:
Step 4: Compute the matrix () from the LMI

U@ u™7* <o.

Step 5: With the matrix () obtained in Step 4, evaluate
the matrix X, so as to

minimize  f(X,)
subject to  (37).

(39)

5 Conclusion

In this paper, we have proposed a simultaneous design
method of the system which has the adjustable param-
eters and the controller for H, performance. A promi-
nent feature of the proposed approach is that the LMI
conditions for this problem have been derived. Since
the conditions for the existence of the H., controller
and structural design parameters are given in terms of
LMIs which form a convex set, we can obtain such a
controller and structural design parameters by means
of an existing convex optimization algorithm.

The authors would like to express their sincere grat-
itude to Professor Akira Ohsumi, Kyoto Institute of
Technology, for his helpful comments and variable sug-
gestions.
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