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Abstract

In this paper, we study the problem of asymptotic prop-
erty of the norm of input-output operators related to
a class of singularly perturbed stochastic linear sys-
tems. The system is under perturbation of multiplica-
tive white noise. By using reduction order and bound-
ary layer techniques, it is shown that the norm of the
operator of the perturbed system is less than a given
number v when the small perturbation ¢ tends to zero,
if both the related norms of the reduced subsystem and
the boundary layer subsystem are less than ~.

1. Introduction

Singularly perturbed control systems (SPCS) evolving
in discrete time scale arise in many applications as well
as in the construction of the difference approximations
of SPCS evolving in continuous time. A great amount
of effort has been made on singularly perturbed control
systems in the past three decades, see, e.g. [1] and the
references therein. A popular approach adopted to deal
with these systems is based on the so called reduced
technique [2]. The composite design based on separate
designs for slow and fast subsystems has been systemat-
ically reviewed in [3]. Moreover, a number of averaging
type methods allowing to treat general SPCS in con-
tinuous time were developed recently (see, [4, 5, 6]).
These methods are much more adaptable to the dis-
crete time scale. For example, a full analogy between
the averaging procedures in problems of optimal con-
trol of SPCS evolving in continuous and discrete times
was established in [7]. The research on singularly per-
turbed systems in H,, sense is of great practical im-
portance which has attracted a lot of interest in the
last fews vyears, see, e.g. [8]. The state-space solu-
tion of the Hy control problem [9] was used to ap-
proximate the solution of singularly perturbed H., con-

trol using slow and fast subproblems [10]. A sequen-
tial procedure was described in [8] to decompose the
problem into slow and fast subproblems, and a com-
posite compensator was provided. Recently, the H,-
optimal control of singularly perturbed linear systems,
under either perfect state measurements or imperfect
state measurements, for both finite and infinite hori-
zons has been investigated by [11, 12] via a differential
game theoretic approach. In the meantime, [13] stud-
ied the asymptotic expansions for game theoretic Ric-
cati equations and showed how they may be used in
singularly perturbed Ho, control. More recently, [14]
considered a construction of high-order approximations
to a controller that guarantees a desired performance
level on the basis of the exact decomposition of the full-
order Riccati equations to the reduced-order slow and
fast equations. The problems of H..-norms and distur-
bance attenuation for systems with fast transients have
been tackled by [15], and it has been shown that for
a singularly perturbed system, the H., of the transfer
function tends to the largest of the Hy norms for the
boundary layer system and for the reduced slow model.
A composite linear controller has been designed in [16],
based on the slow and fast problems such that both ro-
bust stability and a prescribed H, performance for the
full-order system are achieved, irrespective of the un-
certainties. The problem of H., control for singularly
perturbed linear continuous-time systems with Marko-
vian jump parameters has been studied in [17], in which
the asymptotic structure of composite mode-dependent
controller is characterized.

It is worthwhile to mention that an important issue in
the theory of SPCS is a justification of a so called re-
duction technique approach (RTA). According to this
approach the fast variables are replaced by their steady
states obtained with “frozen” slow variables and con-
trols, and the slow dynamics is approximated by the cor-
responding reduced order system. Although the RTA



may fail to provide a proper approximation for the
SPCS in a general case ([4, 5]), its application was very
successful in many important special cases (see [18, 19]
and the references therein). In the differential game
context the efficiency of the RTA was established for
SP linear quadratic games in [20, 21] and for SP H*®
problem with linear dynamics in [11, 12].

On the other hand, the control of stochastic systems
with multiplicate white noise has received much atten-
tion in the past half century. For the results concerning
the stability for stochastic systems with state dependent
noise, we refer readers to, for example, [22, 23, 24, 25]
and the references therein. The linear quadratic prob-
lem associated to a linear stochastic systems with mul-
tiplicative white noise was investigated, for example,
[26, 27]. While robust stabilization for the above class
of stochastic systems was intensively studied in [28, 29]
and the references therein.

In this paper, we investigate the asymptotic behaviour
of the input-output operator norm of the singularly
perturbed linear continuous-time systems with multi-
plicative white noise. We consider the norms of both
slow /reduced subsystem and fast/boundary layer sub-
system. We demonstrate that when the perturbation ¢
goes to zero, then the input output norm of the original
system is less than the maximum of the norms corre-
sponding to the both subsystems.

2. Problem Formulation

Let us consider the linear controlled system described
by its differential equations:

da:1 (t) = |:A1]x1 (t) + A]Ql‘g (t) + B]u(t):| dt

N

+Z{ T1a1 () + Ayt )}dwj(t)
(2.1)

8d$2(t) = |:A21l‘1 (t) + A22$2(t) + Bzu(t):| dt
+e¥ Z { i1 (t) + Adywa(t )}dwj(t)

and the output

y(t) = Ciz1(t) + Cazxa(t) + Du(t) (2.2)
where x; € R",7 = 1,2 are state vectors, v € R™
is the input vector, Ay, A}, B, Cr,lLk = 1,2,j =
1,2,...,N,Dare real matrices with corresponding di-
mensions, € > 0 small parameter, v > % w(t) =
(wy(t), wa(t),...,wn(t)),t > 0is a standard Wiener pro-
cess as a given probability space (Q, F,P).

We consider also, the uncontrolled system associated to

2.1)
dz1(t) = {Allxl(t) + A12x2(t)} dt

Jr

M-

—_

{A{ () + A{m(t)} dw; (t)
(2.3)

edxa(t) = |:A21x1 (t) + Agozo (t)} dt

+e¥ Z {A;lm + Ao (t )} dw;(t)

For each € > 0 fixed, we denote ®(t,ig,e) the funda-
mental random matrix solution associated to (2.3).

Now, we recall the following definition.

Definition 2.1 We say that the zero solution of the
system (2.3) is exponentially stable in mean square
(ESMS) if there exist « > 0,8 > 1 such that

E‘¢(t7t07€)xo|2 < ﬂeia(t7t0)|x0|27vz€ > to > 07170 =
Rtz

For each t > 0 we denote F; C F the smallest o- algebra
containing all sets S € F with P(S) = 0 and with
respect to which all functions w;(s),0 < s <¢,1<j <
N are measurable.

Let L2{]0,00) x ©,R?} be the set of all functions u €
L?{[0,00) x Q, R4} with additional property that u(t)
are JF; - measurable for all ¢ > 0.

Since J; contains all sets S € F with P(S) = 0, it
can be proved that L2{[0,00) x Q,R?} is closed in
L?{[0,00) x Q, R} and hence it is itself a real Hilbert
space with the inner product

oo
<u,v >Lﬁ,:E/ U
0

Let us suppose that the zero solution of the system (2.3)
is ESMS.

If u € L2{[0,00) x Q,R™} we denote by x(t,&,u) =
x1(t, &, u)
( xZ(tagau)
initial zero condition (i.e. z1(0,e,u) = 0,22(0,¢,u) =
0).
Applying Proposition 1 in [30] we
deduce that z(t,e,u) € L2{[0,00) x Q,R™*"2} and
limy—oo Elx(t,e,u)|> = 0.

Moreover, there exists v > 0 such that

[lz(e,w) fE/
<72E/

the solution of the system (2.1) with

z(t,e,u)|?dt

(#)%dt = 2?||ul?. (2.4)




Thus is well defined the linear operator T : L2 ([0, 00) x
Q,R™) — L2 (]0,00) x Q,RP) by

(Teu)(t) = (C1 Co)a(t,e,u) + Du(t), Vi > 0. (2.5)
From (2.4) we deduce that T is linear bounded operator
and it will be called input-output operator associated to

the system (2.1)-(2.2) and the system (2.1)-(2.2) will be
termed ”state space realization” of the operator T..

Remark 2.1 When the system (2.1) is a deterministic
one (i.e. A, =0,0,k=1,2,j=1,2,...N), the trans-
fer matriz function G is the frequency domain version
of the input output operator. However in the stochastic
Sframework, we are not able to define in a standard way
a transfer matriz function associated to system (2.1)-
(2.2) and therefore we consider input-outpul operators

instead of transfer matrices even the coefficients of the
given system are time invariant.

Our aim in this paper is to investigate the asymp-
totic behaviour of the norm of operator T, when ¢ ap-
proaches zero.

We shall extend the results in [15, 31] to the case of con-
trolled systems described by Ito differential equations of
type (2.1)-(2.2).

To this end we associate to system (2.1)-(2.2) two sys-
tems with lower dimensions not depending upon small
parameter €, namely the reduced subsystem and bound-
ary layer subsystem.

Setting ¢ = 0 and assuming that Ass is an invertible ma-
trix, we can associated the following reduced subsystem
corresponding to system (2.1)-(2.2):

N

dri(t) = |Ayz(t) + Bru(t)} dt + Z Alz(t)dw;(t)
j=1

(2.6)

y-(t) = Crz(t) + Dou(t)

where A, = Ay — A1p Ay, Aoy, Al = Al — A1, A Ay,
B, = By — A1pA3) Aor, Cr = C1 — C2 A3y Agy, D, =
D — Cy A, By. The unforced reduced subsystem is :

N
doy(t) = Apan (t)dt+ Y Al (t)dw; ()

Jj=1

(2.7)

If the zero solution of the system (2.7) is ESMS then we
can associate to system (2.6) the corresponding input-
output operator :

T, : L2 [(0,00) x Q,R™] — L2](0,00) x Q, R7]

by
(Tru)(t) = Crai(t,u) + Dyu(t)

, where 1 (ju) is a solution of the system (2.6) with the
initial condition x1(0,u) = 0.

To the given system (2.1) we associate the so called
boundary layer system, described by
2’ (1) = Agowa(7) + Bou(T)
(2.8)
y(7) = Coma(7) + Du(7)

T = 57 which will be a deterministic system.

The transfer matrix function corresponding to the sys-
tem (2.8) is G¢(s) = Ca(slp, — A22) !By + D.

Tn this paper we shall prove that ||T.|| tends to
max{[|Tr ||, |G |loo }-

3. Some Preliminary Results

3.1. A Klimusev-Krasovski type result

In this subsection we extend the results of Klimusev-
Krakovski [32] to the singularly perturbed systems of
Tto differential equations of type (2.3).

Theorem 3.1 Assume that the matriz Azs has eigen-
values located in the half plane Res < 0 and the zero
solution of the reduced subsystem (2.7) is ESMS. Then
there exists € > 0 such that for arbitrary € € (0,£9)] the
zero solution of the full system (2.3) is ESMS.

. (I)n t to g q)]g(t to £ .
Moreover, if ( (1)21&:250:& (1)22(15:75077(?) is the par-

tition of the fundamental matriz solution ®(t,t9,€) of
the system (2.3) the following estimates hold:

E|®11(t,t0,8)]* < By e—o1(t—to)
E|¢12(t7t075)|2 < B3 ge—1(t—to)
E|¢’21(t,t0,€)‘2 < /826—041(t—t0)
A — g (t—tg)
E|®x(t,to, ) < Ba (6 B 56a1(tt0)>

Vi > tg > 0,e € (0,80],061‘ > 0,8, > 1,i = 1,2 being
independent of €,t,tg.

The result of the above Theorem can be used to de-
sign a stabilizing state feedback for the full system (2.1)
based on designing of stabilizing feedback gains for the
reduced subsystem (2.6) and for the boundary layer sub-
system (2.8) respectively.

Corollary 3.1 Assume F' € R™ ™ s chosen such
that the zero solution of the closed- loop system
~ N ~
dxy(t) = [Ar + B Flo (t)dt + > _[A) + Bl Flas (t)dw; (1)
j=1
is ESMS, and Fy, € R™*™ 4s chosen such that Asy +

BoFy is a Hurwitz matriz. Then for arbitrary € > 0
small enough, the control

u(t) = Fioi(t) + Foxa(t)

stabilizes the system (2.1) where Iy =
F2A2_2132)F+F2A2_21A21.

(Im -+



2. Representation formula for the stabilizing
solution of a class of algebraic Riccati equations

Let us consider the controlled system described by the
differential Ito equation

dz(t) = {A:z:(t) + Bu(t }dt + Z Alz(t)dw;(t) (3.1)

and the output

y = Cz(t) + Du(t) (3.2)
If the uncontrolled system
N
da(t) = Az(t)dt + Y A'z(t)dw;(t) (3.3)
i=1

associated to (3.1) generates an exponentially stable
evolution, then the system (3.1)-(3.2) defines an input-
output operator 7" : L2 {(0,00) x Q, R™} —:2 {(0, 00) %
O, RP} by (Tu)(t) = Cxy(t) + Du(t),t > 0. x,(:) €
L2 {(0,00) x Q,R"} being the solution of (3.14) with
initial condition x,(0) = 0.

The result of the following theorem gives stochastic ver-
sion of the well known bounded real lemma.

Theorem 3.2 ([30, 33]) Under the considered assump-
tions, the following are equivalent:

(i) the uncontrolled system (3.3) defines a mean square
exponentially stable evolution, and the input-output op-
erator T associated to (3.1)-(3.2) verifies

1T} <~

(ii) D*D < 421, and the algebraic Riccati type equation

Theorem 3.3 Suppose that (i) in Theorem 77 holds.
Then the stabilizing solution of the equation (3.4) has
the representation formula:

X =P —PR;'P* (3.4)
with P° : R* — R, P : L[2((0,00) x Q,R™) —
R", R, : L2((0,00) x Q,R™) — L2 ((0,00) x Q,R™)

by
o]
'Pu—E/
,E/
vu € L7, ((0,

R, =T*T —~+*I,9(t,0)

*(£,0)C*Cd(t, 0)dt

*(t,0)C*| C’/ (t, s)Bu(s)ds + Du(t)]dt

“(£,0)C* (Tw) (t)dt,

o0) x Q,R™)

being the fundamental random matriz associated to the
uncontrolled system (3.3).

4, Main Results

Through this section we assume : H1: a) The linear
unforced system (2.7) defines an exponentially stable
evolution in mean square.

b) Agg has the eigenvalues located in half plane Re(s) <
0.

Proposition 4.1 Under the considered assumptions if
there exists a sequence {ex bren such that limy_ o g =
0 and ||Te |l < v for all k € N then v >
max{||Tr ], [|G|loc}-

Proof: Let v/ < v be fixed. Then ||T,,| <+, for all
k € N. Set

N
A*X + XA+ (A) XA _ An A
; A(gk) - ( €_1A21 E_lAzg
+HXB+C*D)(*I,, — D*D)"Y(B*X + D*C) + C*C = 0 ; Al Al
A (Ek) - v—1 gi v—1 i
€ A1 & Ax

has a unique stabilizing solution X = X* > 0.

Recall that X ”is a stabilizing solution” of the equation
(3.4) if the system:

(t)dw; (¢

do(t) = (A+ BF)w

t)dt + Z Az
defines a mean square exponentially stable evolution:

= (y*In, — D*D)"Y(B*X + D*C)

Combining the results in Proposition 3 and Theorem 1
in [30, 33] Morozan we obtain a useful representation
formula of the stabilizing solution X of the Riccati type

equation (3.4).

B(ex) = ( 55}92 ) :

Applying Theorem 3.1 we deduce that for all k
large enough, the system dxz(t) = A(ep)x(t)dt +
Eé\; Al (g )x(t)dw;(t) defines an exponentially stable
evolution. Using Theorem 3.3 (i)—(ii) we conclude that
the algebraic Riccati type equation

N
A ()X + XA(er) + > AT (ex) X A (1)
j=1
+(XB(ey) + C*D)(v*I,, — D*D)~!

(B*(e1)X + D*C) + C*C = (4.1)

has a stabilizing solution X (ex) = X*(gx) > 0.



From Theorem 3.4 we deduce that the stabilizing solu-
tion X (gx7y) of the equation (4.1) has the representation
formula

X(ex,y') = Pex) — Per) R, (ex)P* (ex)-
Let [ Xulew,y) Xaaler, )

Xio(er, ') Xoo(ew,7')
solution X (e,~’) compatible with the partition of the

coeflicient matrix of the system (2.1).

) the partition of the

Taking into account the estimations in Theorem 3.1 we
shall deduce estimations for X ;(ex,').

Firstly we remark that

Ry (er) = (V=) =Ry (ex) 2
Since R/ (ex) = R, (ex) we deduce that R./(e) is in-

vertible on L2 ((0,00) x €, R™) with bounded inverse.
Moreover we have

IR el < (72 —2%)712

(v? =1

On the other

hand we may write P(gy) = ( 7?;1 Eiki >,Pj(6k
2(Ek

L%((0,00) X Qva) - Rn'ivj = ]727 ,Pj(gk)u =
E [;7[97,(t,0,86)CF + ©3,(1,0,66)C5ly(t, £ )dt where
y(ten) = (C1 Cy) fy (t,0,x) Blex)u(s)ds + Du(t).

Using the estimates in Theorem 3.1 we obtain that there

exist the constants ¢; > 0,c2 > 0 not depending on k
but possibly depending on +/, such that:

[Pier)ll < eiy |[Paler)ll < cog, (V) k=1,

for all & € N large enough.

With these inequalities we may conclude that the
stabilizing solution X(gr) of the equation (4.1)
has the following asymptotic structure: X(eg) =

X11(€k) 5kX12(€k) : - /
<€kX1*2(€k) ek Xo22(ek) with Xyl = esl)

where ¢3(y') > 0 does not depend of k.
We define

Flex) =
[(BY

o D*D)—l
Ca)].

(Fi(ex)  Fa(ew)) = (V% Im
;—kBS)X(é‘k) + D*(C;

With this notation we obtain that the equation
(4.1) is equivalent to a system with unknowns
X11(ex), X12(ek), Xoa(ek), Fi1(er), Fo(ex ) and the rest of
the proof can be carried out along the same line as that
in deterministic framework, [13]. \AYAY)

Based on the result in Proposition 4.1, we can easily
show the following theorem.

Theorem 4.2 Under the assumptions Hy — Hgo the
norm of the input-output operator defined by the sys-
tem (2.1)-(2.2) verifies

lim inf | T.| > max{IITm ||ch>0}'
e\.0

The remainder of this section we will consider a con-
trolled system described by

da (t) = [Anxla) L () + BW(L‘)} dt

+Z |: 111:1 +€ A12$2( )} dwi(t)
(4.2)

€d172(t) — |:A21171 (t) + Azgxz(t) + Bzu(t):| dt

+€¥ Z{ b3 (t) + Abymo(t )}dwi(t)

and the output

y(t) = Cra1(t) + Coaa(t) + Du(?)
where x;, A;;, B;, Cj, D,v and € are as in the system
(2.1)-(2.2) and g > 0 is independent of &.
When g = 0 the system (4.2)-(4.3) is just the system
(2.1)-(2.2).
Tn this case (when g > 0) the reduced subsystem
obtained setting ¢ = 0 in (4.2)-(4.3) is (2.6) where
Al = Al,j = 1,2,...,N. The corresponding bound-
ary layer subsystem is (2.8).

(4.3)

It is easy to see that the result of Theorem 4.2 holds also
for the input-output operator corresponding to system
(4.2)-(4.3). In the case of the system (4.2)-(4.3) we may
derive a result concerning the superior limit of the norm
of the operator T. defined by this system.

First we present the following result.

Proposition 4.3 Assume that Hy — Ha hold for the
system (4.2)-(4.8). Then for all

7 > maz{|[Tr |, [|Gflloc} (4.4)

there exist co(y) > 0 such that for arbitrary ¢ €
(0,20(7)) we have |[T.] <.
From Proposition 4.3, it follows the following theorem.

Theorem 4.4 Under Hy — Hy the norm of the input-
output operator defined by the system (4.2)-(4.3) verifies

lim sup || T.|| < maa:{ II'T, ||, ||Gfoo}.
N0

Combining the results of Theorem 4.2 and Theorem 4.4
we have

Theorem 4.5 Under Hy — Ho the norm of the input-
output operator defined by the system (4.2)-(4.3) verifies

lim | T¢| = T.|, |G .
ti 7 = mae{ 1,116 e}
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