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Abstract

In this paper, a nonlinear adaptive wvisual feedback
scheme is designed to perform 3-D positioning tasks,
consisting in the requlation of the relative pose between
a robotic camera and a rigid object of interest. The dy-
namical system of robotic camera-object interaction s
expressed in terms of image features, 1.e. 2-D points
track-able in the image plane. Since the visual sam-
pling period is not negligible at the current state of tech-
nology, a discrete-time representation of the camera-
object interacton model is first derived. By exploiting
nonlinear controllability properties, a Lyapunov-based
discrete-time control law ts designed to ensure asymp-
totic stability in the large of the image reference set-
point. Moreover, a 3-D adaptation procedure, in case
of unknown object depth, ensures ultimate boundedness
of the whole state vector.

1 Introduction

Visual servoing systems use camera sensors inside the
control loop to accomplish tasks in unstructured envi-
ronments [5]. This approach can be used to improve,
using non-contact measurements, the adaptability of
robotic systems with respect to both environmental un-
certainties in positioning tasks, and inaccuracy of the
robot’s kinematic model. Concerning the control as-
pects, two main paradigms can be outlined: position-
based and image-based servoing [3, 6, 1]. Although
image-based systems have been largely investigated and
they are now well established, few approaches have
been proposed to study formally controllability prop-
erties and 3-D parameters estimation. In this paper,
we propose a novel discrete-time adaptive visual control
scheme, to regulate the relative pose between a robotic
camera and a rigid object of interest. The configura-
tion space in which the system is defined is the Special
Euclidean group, and the dynamic visual system is ex-
pressed in terms of image features, 1.e. 2-D points track-

able in the image plane. A discrete-time representation
of the camera-object interaction model is derived, since
the visual sampling time is not negligible at the cur-
rent state of technology. In structured environments,
where the system a priori knows the object depth, no
adaptation law is needed, and the designed discrete-
time control system ensures uniform asymptotic stabil-
ity of the image reference set-point. In unstructured
environments the depth is not known, and to find a
stabilizing feedback is a difficult task to accomplish,
since the system is MIMO (multi input-multi output),
nonlinear, and with time-varying unknown depth pa-
rameters. The proposed nonlinear 3-D adaptation pro-
cedure, based on Lyapunov-based design and prediction
error, ensures ultimate boundedness of the whole state
vector. Experimental results, obtained with a robotic
system consisting in a PUMA 560 endowed with a cam-
era on its wrist (eye-in-hand configuration), show that
system performance is satisfactory in the positioning
with respect to generic objects.

The paper is organized as follows. In Sect. 2, visual
modeling issues are addressed, image-based coordinates
are introduced, and nonlinear controllability properties
of the image-based system are re-called. In Sect. 3,
the adaptive discrete-time nonlinear control system is
designed and stability analysis is carried out. Sect. 4
reports experiment results carried out to validate the
theoretical framework. Finally, in Sect. 5 the major
contribution of the paper is summarized.

2 Dynamic Robotic Camera-Object Visual
Interaction

In this section, the dynamic visual model of camera-
object interaction is derived in state space form,
and nonlinear controllability properties are analyzed.
Assume that the object of interest is rigid, so the the
relative motion between the camera and the object is a
rigid body transformation [9], the configuration space
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Figure 1: Definition of full perspective camera model.

The perspective projection of ®; = [z; yi 2]"
is p, = [ps; py;]", defined, formally, by
the difftomorphism ®; = [ps, py, p-]" =

[fz—: fz—: z]T i=1,...,n.

of the camera-object relative pose is the Special Eu-
clidean group SE(3) = R* x SO(3), where SO(3) in-
dicates the Special Orthogonal group. In the follow-
ing, quantities will be expressed in terms of the cam-
era frame < ¢ >= {ic, ., kc}. Let T be the region
of the object’s surface visible from the camera, and
® = [z, yi, z%]",i = 1,...,n € R* be n points of
I', which define global coordinates of the configuration
space SE(3), i.e at each = = [T ... =f]", such that
x; € I', i = 1,...,n, corresponds only one valid con-
figuration g(x) € SE(3), and Yg € SFE(3), there exists
only one @ with which it can be identified. In the fol-
lowing, to simplify notation, the statement ® € SF(3)
indicates that @ are global coordinates of an element
of SE(3). Consider the relative twist coordinates of
the camera with respect to the object u = [utu%]",
where ur = [uy us us]’ is the relative translational
velocity, and wgr = [u4 us ug]” is the relative angu-
lar velocity. Given the vector of the image points
p=[pF ... P, p;=[pe, Py, i=1,...,n, in the
sequel it is assumed that n > 3 (i.e. redundant image
features), so that p defines coordinates of the configura-
tion space X'. Then the expression of the camera-object
visual model in the coordinates p results [2]

G1(py)

. T bT
p=Clpju=| ... |u Gilp)= [Z b]
G”(pn) Yi Y

(1)

where the following vectors have been defined

af = -_i 0 Poi
- 2
Pz, Py, Pr,
b;, = f Y - f - f y,:|
aT — 0 _ i pyz
i i P
[P pep
T _ yi PziPy .
b, = f—i—f — —Pe, |, i=1,...,n (2)

The matrix G(p) is a particular type of interaction ma-
trix (or image Jacobian) [6]. The system is defined

on the smooth manifold X', p € A is the state vec-
tor, w € U is the control input vector, and the depth
values z;, ¢ = 1,...,n are considered as time-varying
parameters of the system.

The following assumption will be used in the next sec-
tions, and concerns the rank of the interaction matrix

G(p).

Assumption 1 The matriz G(p) is full-rank (i.e.
rank(G(p)) = 6), Vp € X, and Vz; € R\ {0}, i =

1,...,n.

Notice that the above assumption is not restrictive,
since the interaction matrix G(p) has 2n rows with
n > 3, i.e. the case of redundant image points is consid-
ered. The matrix G(p) loses rank only in really partic-
ular configurations, for example, when all the n points
are collinear [4].

Controllability properties of the image-based visual sys-
tem in Eq. (1) are re-called, they result from the appli-
cation of nonlinear control theory [7].

Given a reference set-point

T T .
PO =[p"T L pT] e p = [ e i =
1,...,n, define the error vector p = [p] ... pr]’,
where p; = p; —pi»d) t=1,...,n.

The following lemmas will be useful in the next section.

Lemma 1 Define g = G"(p)p € R°, then ¢ = 0 if
and only if p=0.

Denote with || - || the usual Euclidean norm for a vector,
and the induced spectral norm for a matrix.

Lemma 2 The following inequality holds: ||q|]* >
Am ||P||?, where \/Am, Am > 0 is the minimum singular
value of G(p).

For the proofs of the above results see [2].

3 Adaptive Discrete-Time Visual Feedback

In this section, the problem of finding a stabilizing feed-
back control law of the dynamic visual system is ad-
dressed using Lyapunov-based design.

3.1 Asymptotic Stabilization

The sampling time of visual servoing systems is not
negligible at the actual state of technology, since typical
values of control time-cycle are from 40 ms to 80 ms. As



consequence, a discrete-time Lyapunov-based design of
the visual servo system is derived here. In order to
develop a discrete-time state space model of the visual
system, let us approximate the optical flow by forward
Euler finite-differences, as in [10]:

e ((k+ DT) = po (KT)

Py, (KT) py,((k+1)?_ Dy, (KT) e

where ¢ = 1,...,n, and T is the visual sampling time.
This approximation assumes that the image features
do not change during the sampling interval, i.e. p(t) =
p(kT), zi(t) = z(kT), t € [kT, (k+1)T), k>0, i=
1,...,n. In other words, it is required that the camera-
object relative twist is “small” in comparison with the

sampling rate.

The discrete-time visual model, from Eq. (1), results:

p((k+ 10)T) = pkT) + Ga(p(kT)) w(kT) | (4)
where Ga(p(kT)) = T G(p(kT)). In the sequel, to sim-
plify notation, k& will be used instead of k7, and A
denotes the forward difference operator, 1.e. for any dis-
crete scalar quantity x(k) € R, Az (k) = z(k+1)—z(k).

If it 1s assumed to know the depth parameters z;, ¢ =
1,...,n, which is true in the case of a robot operating
in structured environments, in order to stabilize the
system (4), the following discrete-time control law has
been designed

u(k) = —o G (p(k))p(k)

where G (p) = (G}(p) Ga(p)) "G (p) is the Moore-
Penrose pseudo-inverse of G4(p). The stabilizing prop-
erties of the above control design are formally summa-
rized 1n the following proposition.

, cER . (5)

Proposition 1 If assumption 1 is satisfied, and the
depth parameters are known, the equilibrium p = 0 of
the system (4) is uniformly asymptotically stable, pro-
vided that the control law in Fq. (5) is used with the
control gain ¢ chosen in the open interval (0, 2).

Proof:
candidate:

Consider the following Lyapunov function

Vip)=p (k)p(k) (6)

which is time-invariant, positive definite and radially
unbounded. The first order variation of V(p) along the
system dynamics (4), using Eq. (5), results:

AV(p) pk+1)"p(k+1) = p* (k) p(k)

(
= (=20 +0%)p"(k)Ga ( (k)G (p(k)p(k)(T)

where 1t has been used the fact that, at the step k, the
following equations hold:

G GGaGE = GGG Gy Ga(GhGa)™" Gy
= Ga(GiGa)" Gy =GaGY . (8)

By assumption 1, and lemma (1), AV (p) is negative
definite, if the control gain ¢ is chosen in the open in-
terval (0, 2). m

3.2 Nonlinear Depth Adaptation

In the case of an unstructured environment, the
feedback stabilization of the equilibrium p =
BT ... pr]" = 0is a difficult task due to the presence
of unknown depth parameters z;, ¢ = 1,...,n. First,
observe that in the system (4) the inverse of each uncer-
tain parameter 6; = zl_,’ t=1,...,n appears linearly in
the same equation of the control inputs, as it can been
verified from Eqs. (1), (2); this is the case of matching
condition [11], i.e. the level of uncertainty is zero. The
control system design is also complicated by the fact
that the uncertain parameters are time-varying. In or-
der to obtain fast adaptation, two sources of parameters
information are used: the tracking error and the predic-
tion error. The following adaptive control scheme has
been designed:

u(k) = —UG+( (k))p(k)
Oi(k+1) = 0:(k) + 7T (=Pw, (k) fur (k)
Py, (k) fuz(k) + (po, (K)Pe, (k)
+ Py, (k)Py, (k) us(k)) — 2 (Ci(k)ur (k)"
ep (k), 0 €(0, 2), 1 >0, 72>0 (9)
él(k), i = 1,...,n Is the estimate of the inverse
of uncertain depth 6;(k) = ﬁ, Gd(p(k)) is ob-

tained by substituting the estimates in the expression
of Ga(p(k)), GF(p(k)) is its Moore-Penrose pseudo-
inverse, e,,(k) is the prediction error defined below,

and B
-f 0 pu(k :|
Ci(k)y=T : . 10
(k) 0 —f py(k) (10)
The prediction error e,,(k) = cil(k) —d;(k), i =
1,...,n uses the following linear parameterization

form: di(k) = p;(k + 1) — py(k) = T [bgz] up =

bT
. Yi

(Ci(k)ur(k)b;, i =1,...,n, and d;(k) is obtained
by substituting the estimates 0;(k), i =1,...,

) n in the
expression of d; (k).

Let [0 T¢] be the time interval in which the system (4)
is controlled by (9). Indicate with B(x,r) = {® € £~ :
[l#|| < r}, r>0aclosed ball in R".

Defined the vectors:
0(k) = [61(k) ...



where 8;(k) = 6;(k) — 6;(k), i=1,...,n, AB(k) =
[AG, (k) ... ~n(l{f)]T AB(k) =
AGi(k) ... Aby(k)| , and B, (k) = [[|C1(k)ur (k)]
él(k) .. ||C (K)up(k )||9 (k)]*. Define the matrix
H(p(k)) = Gg(p( ))Ga(p(k)), and the perturbative

matrix M (p, 0 0) such that H(p(k)) f](p(k))l =Is+
M(p,@,é), where H is obtained by substituting the
estimates in the expression of H. Denote with p =
[|M|| = max; |A;(M)] the spectral norm of the matrix
M(p, 8, é), where A; (M), i = 1,...,6 are its eigenval-
ues. Since assumption 1 is verified Vz; € R\ {0}, i =
1,...,n, hence, in particular, if the depth estimates
are used in the expression of the interaction matrix,
H is definite positive; let Ay = ||H|| = max; /\Z(H),
and A\n, = min /\Z(H) be, respectively, the maxi-
mum and minimum eigenvalue of I, and indicate with

p = i‘\—M the 2-norm condition number of matrix

G’d(p(k')). Moreover, since the system in Eq. (4) is
smooth, there exist finite constants &, & > 0, such

that ||AB(k)|| < &1, and ||AB(k)|| < &, Yk € [0 T.].

The stabilizing properties of the adaptive control de-
sign (9) are formally summarized in the following
proposition.

Proposition 2 In the above definitions, if assump-
tion 1 is satisfied, the translational velocity input sat-
isfies the condition ur # 0, Yk € [0 T¢], and o €
2 .
(0, W), then:
o the control system in Eq. (9), applied to (4), guar-
antees the uniform boundedness of the whole state
(p, ) of the closed-loop system;

e if no object point ®;, i = 1,...,n moves along its
projection ray, the set-point error p(k) converges,

€3 4+27262¢2 )

at least, to the residual set B(p, o nas? )
mf17Y2

where 6 = min; ||Ciur||, and o* = _(;\1\14 +

pNL) 0% + 2 A0 > 0.

Proof: Consider the time-invariant, positive definite,
and radially unbounded function, defined in the whole

state (p,8): V(p,8) = p"(k)p(k) + 26" (k)8(k) =
Yo (B3, (k) + 57, (k) + WL 92(k)). Define the following

matrix:

AT bT
G-t li ] .
with ax , and d; obtained by substituting the esti-

mates 92, t = 1,...,n in the expressions of al , and

ay . The first order variation of V(p, 0) along the sys-
tem dynamics (4), using Eq. (9), results:

i=1

(k+1)* + py, (k +1)°

+ o+ o+ +

+ 4+

+

+ o+ + + I

Define the vector é =

(o (k) + T a, s + T8 (K
P 7 = 3y, 17+ (80

20; (k + 1)0; (k) — 26: (k)?)]

> T af, (kyur + Tb, (k)ur)®
(; a;(k’)uT + Tb;l(k')ulq)2
2 Tf)x,(k) ag,(k)uT + 2 Tﬁx,(k)b;,(k)uR

2Tpy, (k) ay, (k)ur

27T py, (k)b (k)ur + o (AH (k)?

20; (k + 1)0; (k) — 26: (k)?)]

n

D TG (k)G (k)w — 2T o, (k) 6:(k) f ua

i=1

2T py, (k) 0: (k) f us

2T 0;(k)(ps, (k)pw, (k) + py, (k)By, (k))us
27 e, (k)bE, (K)ur + 2T py, (k)b], (k)ug
(00 A0(E) = (B A1)
L5 2
7_1Aei(/<;) ]
Z[zT 0; (k) (—Pa, (k) fuy — By, (k) fus + (po, (k) P, (k)
. Ab; (k)
Py, (k) By, (k))us — T—,ﬂ)
20, (k)T by wp + 2Py, (k)Th, ur
u"GE ()G, (k)u
%(éi(k’)Aéi(k’) — 0;(k)AO; (k) + %Aéi(k)z]
Z(zp;f(k)(;d, (k)u +u"GS (k)Gq, (k)u
I1

(=201 () A () + AG (1)°)

”)/ ~,
QfIICi(k)UTIIZH?(k))

where 1t has been used the fact that

Oi(k+ 1) = 0:(k)> = (Oik+1) = Os(k))*
+ 20;(k+1)0;(k) —20;(k)*
O;(k + 1) 0: (k) — 0;(k)2 = 0:(k) A (k)
— 0 (k)AB; (k) — 0; (k) AG; (k)

G"(p) p € R°, by using Eq. (9),



yields
AV(p,8) = (13)
—  20p"(k) Ga(p(k)) G (p(k))
pk) + 0™ (1) Ga(p(k))* "GE(p(k) Galp(k))
G p(k)p(k) - f—léTw)Ae(k)
+ %||Ae<k>||2—2£||er<k>n2
= § (B)(=20+ ) H(p(k))"
+ ot (p(k) M (p, 6, 6)] (k)
2~
- 6 (a6
1 5 2 2y25 2
8B 2o (1)
< —a*llé(k)l|2+%IIM)IIIIAH(@II

1 ~ 2")/2 ~
+  —||AB(E)||* — ==|6, (k)|
—lIAB® 218 ()]

where 1t has been used the fact that

o B M| < 0® A

and
g (0)[(~20 + oX)H*+o 1 Mlg(k)]|  (14)
< (A + pAL) o
— 2250 lak))? = —o*|la(k)|)*

Notice that o* > 0, if the control gain ¢ is chosen in the
open interval (0, ﬁ) Due to the assumption 1, the
lemmas (1), (2) also hold if the uncertain parameters
are substituted with their estimates éi, t=1,...,n1in
the expression of G(p). Since the system in Eq. (4) is
smooth, there exist finite constants &, & > 0, such

that ||AB(k)|| < &1, and ||AB(k)|| < &, Yk € [0 T.].

Using these upper-bounds on the uncertain parameters,

the first order variation of V(p,0) is negative, if the
following inequality holds

3 - i * (| 2 2 2& 0 2
IOl 8 < P + SO

If the translational velocity input is nonzero: ur #
0, k € [0 T¢], then ||8,(k)|| # O0,Vk € [0 T¢]. Eq. (15)
holds, if, at least, ||é||, or ||é|| are sufficiently large.
Since V (p, é) is time-invariant, positive definite, and ra-
dially unbounded, and using lemma (2), é(k’) and p(k)

are uniformly bounded.

If § = min; [|C;(k)ur|| > 0 (i.e. no object point @®;, i =
1,...,n moves along its projection ray), then ||6, (k)| >
3]|8(k)||, and using lemma (2), the first order variation

of V(p, 0) is negative, at least, in the region:
. - L2005
R={peXx 6eR":—|6|&
"
1 Do o P
+ = EEOIP < o AalBlP) L (16)
71 71

where /A, is the minimum singular value of G(p).
Defined the quantity y = ||8||, and the function f(y) =
—%52 y> + %5’1 Yy + %52, which has its maximum
value in yy = 275#’ Eq. (16) indicates that the first

order variation of V(p, 8) is negative if the condition
o*AnllPl|? > flyar) holds. Tt follows that p(k) con-
verges, at least, to the residual set B(p, %).
mf17Y2

The assumption up # 0,k € [0 T¢] is not restric-
tive but necessary to obtain an adaptive depth esti-
mation. In fact, in the case up = 0 the system (4)
does not depend on depth parameters. In other words,
it’s impossible to reconstruct the object structure from
motion without translational velocity, see, for exam-
ple, [8]. In the proposed framework, fixed a thresh-
old € > 0, a possible solution is to freeze the estimates
0;, i=1,...,n, when ||ur|| < . Finally, since a redun-
dant number of image points is considered, i.e. n > 3,
it’s possible to eliminate from the state vector p the
image point p; ,j € {1,...,n} such that Cjur = 0,
i.e. the object point x; is moving along its projection
ray. Hence, the condition § > 0, Yk € [0 T.], and
consequently the convergence towards the residual set

~ $4+2v26%¢2
BB\ 35 e
the condition Ciur # 0 is easily detected, since all the
involved quantities are measured directly.

) are always guaranteed. Notice that

4 Experimental Results

The proposed adaptive visual control design has been
implemented on an eye-in-hand robotic system, consist-
ing of a PUMA 560 robot arm with a Sony CCD cam-
era mounted on its wrist. Camera optics data-sheets
provide a raw value for focal length f and pixel dimen-
sions; the remaining intrinsic parameters of the camera
are not considered. The robot is commanded by the
MARK TIT controller (implementing the inner veloc-
ity loop), and, for the outer visual loop, a PC MMX
200 Mhz equipped with an Imaging Technology frame
grabber. In our system implementation the actuation
delay has been estimated to be 56 ms, which is less
than the sampling interval 7" & 80ms. In general, if
an actuation delay of d samples is present, the stabil-
ity of the system can be ensured, at the expenses of
performances, if the control input is maintained con-
stant for d 4+ 1 samples, i.e., if the sampling time of the



visual loop is increased to (d 4+ 1)T. It can be shown
that negative definiteness of AV with sampling time
(d + 1)T can be obtained by proper choice of ¢, under
the assumption that Gy(p(k)) ~ Ga(p(k — d)), again
at the expenses of performance. The values of esti-
mated depth parameters are initialized to z; = éi =
200mm, ¢ = 1,...,12, in all of the following expleri—
ments. They provide a coarse initial estimation with
an error up to b50% with respect to the real values. The
values of the control and adaptive gains have been cho-
sen as: o = 0.046, y1 = 0.0001, and v, = 0.001. Infinite
impulse response digital filters were used for smoothing
visual measurements, and in the expression of the lin-
ear parameterization form, 1t has been approximated
pilk+1)—p;(k) = p;(k)—p;(k=1), i=1,...,n. The
case of 3-D generic displacement is addressed: the
initial and desired pose of the camera are 3-D generic
configurations. Figs. 2.a and 2.b show the resulting im-
age points errors and the estimated depths, while the
components of the requested camera velocity twist are
plotted in Figs. 2.c and 2.d. Notice that the robot arm

................... Angut. velecity input

Figure 2: 3-D generic displacement (n = 12 control
points of spline used): a) image points errors;
b) estimated depth parameters; c) camera ve-
locity components; d) camera angular velocity
components.

moves slowly during the visual feedback, performance
limits and slow convergence are due mainly to the high
value of the control loop period which is in our case of

80 ms.

5 Conclusions

The problem of controlling the relative pose between a
robotic camera and a generic object of interest has been
addressed by a nonlinear adaptive visual control system
design in the discrete-time domain. The dynamic vi-
sual system 1s expressed in terms of image features, i.e.
track-able 2-D points. Since the visual sampling period
is not negligible at the current state of technology, the
stability analysis is performed on a discrete-time repre-
sentation of the camera-object visual model. In case of
unknown depth parameters, the proposed 3-D nonlin-
ear adaptation procedure, based on Lyapunov-design
and prediction errors, ensures the ultimate bounded-
ness of the whole state vector. An upper-bound of the
residual set extension 1s also found. Robotic experi-
ments show the effectiveness of the approach, and the
satisfactory accuracy in the positioning of the camera.
As future work, we are going to extend the proposed
framework to the field of mobile robotics, and discrete-
time nonlinear observers.
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