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Abstract

In this paper, the MIMO multi-block |1-optimal control problem
is considered. It is shown that it can be converted via polyno-
mial equation techniques to an infinite dimensional linear program-
ming (LP) problem. Finite dimensional sub/super approximations
can be determined by considering two sequences of modified finite
dimensiond linear programming problems derived directly from
the YJBK parameterization by exploiting the underlying algebraic
structure.  This approach induces the application of a consistent
truncation strategy that leads to a redundancy-free constraint for-
mulation and, as a consequence, to linear programming problems
less affected by degeneracy. Further, moreinsight on the algebraic
structure of the problem and on the achievement of exact rational
solutions is provided, alowing the development of a simple and
conceptualy attractive theory.

Keywords: |1 Optimal Control, Linear Programming, Matrix
Polynomials, Discrete-time Systems.

Definitions and notations

Z(-): The Z-transform operator. Given amatrix H = {H(k)}, of causal
real sequences: Z(H) = H (d) := Yio | H(K) | d¥, in the complex
variabled.

l1,pxm: The real normed linear space of al p x m matrices H of abso-
lutely summable real causal sequences Hij = {Hi; (k) }i_o with norm
[IH]]2 := maxiep 3 Sieco | Flij (K) | < o, where p:= {1,2,..., p}.

Apxm: Thereal normed linear space of all p x mmatrices H (d) which are
Z-transform of some matrix sequence H € Iy p.m. The A-norm is
defined as ||H [|a := [|F[|1.

R I1,pxm:  The subspace of |1 p.m of all real causal matrix sequences each of
whose entries has arational Z-transform. Any sequence with finite

support belongs to this subspace because its Z-transform is a poly-
nomial.

R Apxm: The subspace of A consisting of elements each of whose en-
triesisastable stablereal rational functions (Elementsof R A, are
Z-transform of some element of R |1 pm).

d(X): Denotes the degree of the matrix X.

In the sequel the dimensions of the spaces are not indicated either if they are
not important or clear from the context. Further, with the hat we denote (ma-
trix) sequences, whereas the same unhatted variable denotes its correspond-
ing Z-transform; the space of (p x m) polynomial matrices will be denoted
by Rpxm[d] whereas rational transfer matrices by Rp.m(d). With R{, [d]
will be denoted all polynomial matrices with degree lower than or equal to't.

1 Introduction

The discrete-time model matching |1-optimization problem [1],[2]
amounts to the minimization of the A-norm of the closed-loop error
transfer matrix

E(d)=H (d)-U(d)Q (d)V (d) @

where H, U, and V are given stable rational matrices (€ RA)
of appropriate dimensions and Q € A is the free parameter. If U
has full row rank and V' has full column rank, the problem is usu-
dly denoted as one-block or good-rank problem. If one or both of
the above conditions are violated, the problem is denoted as multi-
block or bad-rank problem. It is now well understood [3, 4] that
one-block problems admit rational solutions, that isthere exist min-
imizers Q, € R A provided that U and V' have not transmission ze-
rosonthe unit circle. Further, it has been shown [1] that the optimal
closed-loop error transfer matrix is a polynomial matrix of some
finite degree. As a consequence, a practicable strategy of compu-
tation is to restrict the set of feasible Q 's to a subset of R A such
that the corresponding E (d) is apolynomial matrix of finite degree
d, increasing o until the solution is reached. In bad-rank cases such
a strong result of existence is not so far available and minimizers
were shown to exist only in A. In this case, finite dimensional ap-
proximations are of interest, along with an estimate of the gap exist-
ing between the corresponding sub-optima and the true optimum.
Various strategies have been proposed to that purpose: Q-design
[5], FMV-FME [6], Delay Augmentation Method [7], Semidefi-
nite (Quadratic) programming methods [8]. All of them, except the
last method, consist of adding additional constraints to the original
optimization problem in order to achieve sub-optimal finite dimen-
sional solutions. Further, in order to have an estimate of the qual-
ity of the approximated solution, in [6] was firstly introduced the
idea of building a dual sequence of linear programming problems
whose solutions form a not-decreasing sequence of super-optima
converging from the below to the optimum. The latter was obtained
by dropping some of the structural constraints existing between E
and Q in (1). The combined use of such a sub/super-optimization
scheme allows one to obtain sequences of lower and upper bounds
both converging to the optimum. The Semidefinite programming
approach [8] instead, embeds the origina 11 problem into two finite
dimensiona H, quadratic programming problems (sub- and super-
optimal) and uses the LMI paradigm to numerically approach the
problem. All of the above cases, exhausting thoroughly the matter,
are based on the transformation of an infinite dimensional linear
programming problem into a sequence of finite dimensional ones.
In [6] it was pointed out that such an operation ishighly not unique
and, as consequence, a not secondary task is to investigate how to
formulate the finite linear programming problems in order to avoid
unnecessary conditions and redundancies in the constraints formu-
lation that lead to linear programming problems affected by degen-
eracy. Infact, in[4] it was shown that linear programming schemes
based on the classical Dahleh-Pearson primal/dual approach, there
referred to as FMV-FME schemes, presents some drawbacks and
numerical misbehavior just for scalar mixed-sensitivity examples.
In particular, numerical misbehavior was due to the existence of lin-
ear dependence among the constraints. The proposed remedy was
to drop those constraints that caused the loss of rank, a cure that
seems unpractical for large dimension problems. Also the Delay
Augmentation [7] method seems to be impractical for large prob-
lems because of the need to perform some heuristic rows/columns
permutation in order the scheme to converge. Moreover, the deriva-
tion of the rank/zeros interpolation conditions is quite cumbersome
just for simple zeros and potentially numerically instable. Themore



recent Semidefinite programming approach [8, 16] looks more ap-
pealing because it solves the drawbacks of the Delay Augmenta-
tion method, moreover the use of a quadratic programming scheme
and LMI agorithms are computationally heavier with respect to
linear programming methods. The main goa of this paper is to
present a different characterization of the closed-loop error trans-
fer function (1). Thisis done by resorting the polynomial equation
approach of Kutera [9]. This alows a more direct achievement
of unconstrained suboptimal and superoptimal linear programming
problems that are free of most of the above defects. The key idea
consists of parameterizing both the closed-loop error E and the free
parameter Q interms of apolynomial matrix, that really represents
the available degrees of freedom existing once that the closed-loop
stability and feedback structural constraints underlying (1) have
been satisfied. As a consequence, the origina optimization prob-
lem can be expressed in terms of this new polynomial matrix, re-
sulting in an unconstrained linear programming problem. Such a
scheme was considered in [11] for scalar mixed-sensitivity prob-
lems. Herethe general MIMO theory isdeveloped. The paper isor-
ganized asfollows: in section 2 the problem is stated together with
structural and stability conditions. In the sections 3,4 sub/super ap-
proximation algorithms together with convergence results are de-
scribed and in the last section a Mixed Sensitivity 1 optimization
problem taken from literature is analyzed.

2 Problem Formulation

Consider a ny + ny-inputs, nz + ny-outputs discrete LTI dynami-
cal system described by a real-rationa transfer matrix G (d). The
system has two (vector) inputs and two (vector) outputs: w is a
vector of ny, exogenous disturbance inputs, z is a vector of n, out-
puts which are to be regulated, y is avector of ny outputs which are
measurable, and uisavector of n, control inputs. The control input
u is assumed to be the output of a causd linear finite-dimensional
discrete-time controller C whose input is the measured output y. If
the matrix G is partitioned accordingly with these inputs and out-
puts, we obtain the following closed-loop system

G) - 12 2l0)
y h G2 Gz u )’ )
u = Cy,

It is well known that if the system is well-posed, the set of all
asymptotically stable closed loop error maps E from w to z, which
may be achieved by any stabilizing C, are described by the follow-
ing YJBK parametrization

E=H-UQV, (©)
where:
H = Gu+G6pM¥%Ga, U = GpM, @
V = MGy, Q € Anuxny7

and Gy = NM~1 = M~1N expressed via right and left coprime
factorizations with N, M, N and M polynomial matrices. More-
over, there exist polynomial matrices Xg, Ys, X and Yg of proper
dimension such that the following Bezout identity is satisfied

X Yo M Yo
IR

The transfer matrices U € RA,,,,, V € RA ., and H €
R A, xn, I (4) are A-stable and the transfer matrix Q is the free
design parameter. Then, Q e RA,, . impliesbothE e RA,, .,
and C rational given by

C=(Ya-MQ)(X+NQ) = (X +QN) (Yo -QM).

N M

In this setting the problem of minimizing ||Z|. with respect to all
stabilizing C when W belongs to the unitary l.,-norm ball is equiv-
alent to the following minimum distance problem in A:

OPT): - inf. 11H =Kl arn, = Hopr ®)

where S := {K € An,un, 1 3Q € Anjxny st. K =UQV } isthe
feasible set. In this paper we consider the situations ny < n; (more
objective outputs than control inputs) and ny < ny, (More exogenous
disturbances than regulated outputs) which lead to so-called bad
rank or four-block problems [3]. It follows that U is a transfer
matrix with more rows than columns (n, < n;) and V has more
columns than rows (ny < ny). Before continuing we will state two
preliminary assumptions which we assume to hold true through the

paper.

Assumption 1 U hasfull column rank and V' have full row rank.

This assumption can be stated w.l.0.g and ensures that, in the bad
rank case, al the control inputs and al the regulated outputs arelin-
early independent each other. Notice in fact that, if this assumption
would not betrue, it would be possible to remove one or more of the
control inputs (columns of U) and/or one or more regulated outputs
(rows of V') so that the remaining control inputs and/or regulated
outputs satisfy the assumption. The following assumption on the
zero structure of U and V' on the unit circle is also required [6]:

Assumption 2 The rank of the matrices U and V is constant on
the unit circle|d| = 1.

This assumption is required because the presence of zeros on the
unit circle for U and V prevents existence of minimizers of OPT;
some examples with boundary zeros where no minimizers exist are
givenin[13]. Without loss of generality, U and V' can be rewritten,
using right and left coprime factorizations,

U =UDg'Ny, (6)

V =NDyV, U]
where U € Rp,xn,[d] and V € R xn,[d]. Notice that the zeros
of Dy € Rn,xny[d], Dy € Rn,xn,[d] are respectively the poles of
U and V. Moreover, the matrices Ny € Rp,xn,[d] and Ny €
Rnyxny[d] contain zeros that are common factors in the columns
of U and, respectively, in the rows of V. Next, by considering (6)
and (7), (3) can be rewritten as

E=H -UD{'NuQ Ny Dy'V. €]

Observe further that, by removing the terms DglNU from U and

Ny D(/l from V, these matrices are respectively right and left uni-
modular [15]. Hence, there exist two matrices Ug € Ry, (n,—n,)[d]
and Vo € Ry, (n,—ny)[d] such that

(U uo},{\\,’o] ©

are unimodular and, consequently, their inverses exist too over
Rn,xn,[d] and Rn, «n,,[d] such that

U v .-
[go][u Uo ] =ln,, [VO][V Vo ]=In, (10)
with U € Rn,un,[d], Uo € Rip,—ny)sny[d], V € Riny[d] and Vo €

Rnw_x(nw,ny) [d]. Asaconclusion, the problem we want to solve can
equivalently be stated as

©FT): o jrt W, =tosts (1)



2.1 Structural Conditions

In order to solve (11), we first needs to characterize the class of
all admissible closed-loop maps E, viz. the ones compatible with
the feedback structure (2). To this end, for the sake of clarity, we
consider first the case in which the following assumption holds true

Assumption 3 Let the quantities H Vp and UgH be polynomial
matrices, viz. there exist Ty € Ry, (n,,—ny)[d], T2 € Rin,—ny)xny[d],
such that

T = HV, (12)
T, = UoH . (13)

Then, the following result characterizes the structure of E.

Lemmal Let Assumption 3 befulfilled. Then, the one and the only
closed-loop maps E that solve (8) can be parameterized in term of
a possibly infinite degree polynomial X € An,xn, as

E=E°+UXV, (14)

and a polynomial matrix E°, jointly solution of the following pair
of matrix polynomial equations

{E\70 = T,

L~Jo E = T (15)

Remark 1 - In order to avoid degree inflation in the closed-loop
maps (14), it is desirable that E® be the unique minima degree
solution of the pair (15), viz. 9(E%) < a(U) +4a(V). If this
is not the case, left/right polynomial divisions lead to determine
a matrix polynomia pair (F,R) such that E® = UFV + R, with
d(R) <o(U)+09(V). O

From now on, we suppose that the polynomial solution E® de-
scribed in Lemma 1 is the minimum degree solution of (15).

2.2 Stability Constraints
From (15) and Assumption 3 we have

H-E)% = o, (16)
Uo(H-E% = o, an

and, in turn,
H-E°=uwWyv, (18)

for someW € R A, computable by pre-/post- multiplying H —
E° by U and, respectively, V. Note also that, from (14) and (8), we
have

H —E®=UXV+UDg'NyQ Ny Dy 'V, (19)
and, in order to derive a polynomial equation that relates Q to the
free parameter X, the following result related to the structure of the
poles of W can be proved

Lemma 2 Let Assumption 3 be fulfilled. Then, the poles of W are
the union of the poles of U and V (see egs. (6), (7)).

From (19) and (18), it follows that W = X + Dg*Ny Q Ny Dy, '
Without loss of generality, we can assume that Ny and Ny, collect
only unstable factors. The stable factors of these matrices, by tak-
ing the Smith factorizations of Ny and Ny, , can be embedded inside
Q. Then, because of Lemma 2, one has that DUW Dy, =W isa
polynomial matrix and the stability can be ensured if X and Q are
matrix polynomial solutions of

DuXDy +NuQNy =W. (20)

We have the following lemma

Lemma3 If W is from (16) then the diophantine equation (20)
admits always a polynomial solution.

The genera solution of equation (20) has the following expression

X = X°-DByTDy
< A 21
{0 = ea @
where T € Ry, xn,[d] isafree polynomial matrix and Dy, Dy, Ny,
Ky, are polynomial matrices such that
% %% )
Ay —Bu Ay —Du ’
& %% ]
By —Ay -By Ny :
As a consequence, al admissible and A-stable closed-loop error
maps can be parameterized in terms of a possibly infinite degree
freeterm T € Anuxny as

E=e+UX°V—-UDyTDyV. (22)

If EC and X° are the minimal degree solutions, we know that
9(E%) < 0(U)+0(V) and a(X%) < d(Du) + 0(Dy ). Then, d(E®+
UX%) <a(U)+d(V)+0(Du)+0(Dy ). If 8(T) = x we have that

A(E) <d(U)+a(V)+a(Dy)+a(By ) +(T) < mo+x. (23)

wheremg :=9(U) +9(V) +9(Dy) +9(Dy ). The parameterization
(22) hinges upon the limitative Assumption 3 which isequivalent to
assume G1; polynomial. When this assumption doesn’t hold true,
one can adopt atruncation strategy. Several equivalent alternatives
are possible. A simple idea is to approximate G11 = Ng,; Dglll,
with Ng,, and Dg,, left coprime polynomial matrices and Dg,,
strictly Schur, by aN-th order polynomia approximation

G :=Ng,, D5, =E™ +EMd“*Dg! (24)

with EN), EN) polynomial matrices which solve the following
Diophantine equation EN) Dg,, + EN dN+1 = Ng,, . The above
truncation enables one to write the error sequence matrix E as

E =M 4UxXv—d“EM DG . (25)
Correspondingly, (18) modifiesin
H-EM -V ENDL =uwy, (26)

Again, it can be shown that the poles of W are the same of those of
U and V in (4) and the stability issueis resolved by requiring that
X and Q be solutions of the following Diophantine equation

DuXDy +NyQ Ny =W,  withW = DyW Dy € R, [d],
2

note that, due to the structure of W, Lemma 3 holds true. Finally,
for any integer N > 0, the parameterization of al admissible and
A-stable closed-loop error maps (25) modifiesin

E=eM+Ux® -UbByTByV+d“ENDGL. (28

3 Suboptimization

The parameterizations (22) and (28) allows one to directly con-
struct suboptimization schemes by imposing that the closed-loop
error maps are polynomials. In fact, the above conditions im-
pose additional constraints to (11) and the corresponding solutions
are of course sub-optimal. In order to simplify the description in
the following, we will define the matrices U = U Dy € Ru,un,[d],
V =Dy V € Ryun,[d].

Then, any arbitrarily tight approximating solution to (11) can be ob-
tained by solving the following finite-dimensional linear program-
ming problem for asufficient large value for x := 9(T):



SUB-OPTy: [i:= min HE(N)+UX°V7LAJT\7H .
TERX[d] A

A convenient choice for N, in order to have al coefficients of the
matrix EN) +UXOV influenced by T, is

N=N(x) = {0(U)+a(V)+a(T)}, (29)
Then, by denoting with

i = Hd””é“\”DglllH , (30)

A
the A-norm of the truncation tail, a link with the OPT problem is
established by the following Lemma.

Lemma4 Let Assumptions 1 and 2 be fulfilled and T™ denote a
solution of SUB-OPTy. Then, the sequence p is non-increasing
and

Pt B > Beet + s 2 Hope, VX2 0 and lim b = pope, lim fic= 0

Further, the sequence of solutions T®) admits a subsequence Ts)
that converges in the A-norm (component-wise) to an optimal so-
lution of the OPT problem as x — . If such a solution is unique,
the whole sequence converges to it.

4 Superoptimization

In order to derive linear programming problems whose solutions
provide a sequence of lower-bounds to Loy, it is necessary to rule
out some constraints from (11). Because one cannot eliminate con-
straints related to stability, the only possibility is to relax some
structural constraints. This can be done easily by adding for each
dement Ejji=1,...,nw, j=1,...,n; of E in (22) and (28), the
following extra degrees of freedom Tjj € Rnyxnu [d], viz.

Eij = E) +u X, — @ (T +dT)9, (31)

where ul, v; (4], ¥;) denote the i-th row and the j-th column of
U and, respectively, V. It is evident that this choice removes some
structural conditions, the extent of which depending on the degrees
of T and Tj;.Obviously, the corresponding closed-loop maps

E=EM4+uxv-0TV-d*0TV, (32

are any longer admissible for OPT. Notice thqt in 32, U=
diag (47 ) € Rnxrumyld]l, i = 1,...,n; and V = diag(¥) €
R(nwny)xnw[d], i = 1,...7nw and let T € A(nznu)X(nwny)[d] have
polynomial entries denoted by Tij; € R[d]. For the purpose of
obtaining super-optimization schemes, (32) can be simplified fur-
therly. To thisend, let be given the following subspace of R A

L(d)=U(@)T(d)V(d) € (U,V)ra }

V= {Laera| HOTREIOUTL!

where U(d) € Ro.m[d], (n<m), and V(d) € Rpq[d], (p> q),
are matrices with full normal rank. Using a well known result in
literature due to Vidyasagar [13] it can be shown that the closure
of (U,V)ga isgiven by (U*V*)g o WwhereU* and V* are respec-
tively left and right divisors of U and V such that: (1) every zero of
U andV inthe open unit disk isazero of U* and, respectively, V* of
the same multiplicity; (2) the zeros of U and V on the unit circle are
simplezerosinU* and, respectively, V*; (3) if zisazero on the unit
circle both for U andV, such azero must be asimple zero either for
U* or V*. So we can conclude that U (d)*T(d)V(d)* € RA if and
only if T(d) e RA. Inparticular, U(d)*T(d)V(d)* isapolynomial

matrix if and only if T(d) is a polynomial matrix as well. In our
context, the above result permits the use the following expression

E=EM 4+UxO% —0TV —d*+t0*TV*, (33)

in place of (32), with 0% = diag (gf-*) € Ry ldi=1,...,1;

and V*diag (V) € Rnx (nyny[d], i = 1,... 1, each entries of which
determined as described in Lemmab. The above discussion leads to
the following finite dimensional, unconstrained, superoptimization
sequence of linear programming problems in the unknown matrices
(T,Tij),i=1,....,nw, j=1,...,n, indexed by x=0(T) > 0, for
given fixed tij = d(Tij) > 0 and N selected asin (29).

SUP-OPTy :

Ve= min :
TeRX[d)FeR i)

HE\'N) +UXNV =0TV - 410" F0° |

Remark 2 - The key feature of this approach is that the number
of equations retained with respect to the number of variables con-
sidered can be modified by varying the degrees of T and Tjj. In
particular, if tjj are too small, the required superoptimal behav-
ior for the sequence of v, cannot be ensured because the quantity
of constraints relaxed is not still significant if compared with the
cost improvement achieved by increasing x. On the other hand,
tjj should be chosen as small as possible because the more the
constraints are relaxed, the worse the lower bounds are achieved.
Values for tj; which suffice for priming the superoptimal behavior
in SUP-OPTYy can be obtained by solving the latter with the extra
condition T = 0. In fact, U and V are matrices which have more
columns than rows and, respectively, more rows than columns. So,
in such acase (T = 0) SUP-OPT reduces to a good-rank problem
in the unknowns T
; N) T 0 Ao
TRt HEi(i XY 0T HA ’

for which afinite degree polynomial solutions Ti(j’ always exist [1].
Therefore, when ti; = a(Ti?) is used in SUP-OPTy, the increment
of x doesn’t improve any longer the cost because the finite dimen-
sion of the admissible set is just spanned by the unknowns Tjj of

degreet;j and the only effect is that of adding more and more con-
straints. O

A further characteristic of SUP-OPTy isthat a suboptimal admissi-
ble solution, in general worse than that achieved by SUB-OPTY, is

directly available. In fact, denoting as T™ + dX“Ti(jx) the optimal
solution of SUP-OPT for each x, one has that the sequence of

< HE‘N) —UX% + fJT(X>\”/HA —:

provides upper-bounds to Lopt. The sequence vy denotes a new
suboptimal problem, which will be defined as SUB-OPTy.

Finally it can be shown that SUP-OPTy iswell-posed for each x >
0 and alink with the OPT problem is established by the following
result.

Lemma5 Let Assumptions 1 and 2 be fulfilled. Then, provided
that tjj are sufficiently large, the sequence v, is non-decreasing and
bounded from the above by opt, that is

Vy SVyiq SHopt VX>0

Further, regardless of values used for t;j, the sequences v, and vy
converge to Popt, that is

v = bos, and i = bon



and the sequence of matrix polynomial solutions T admits subse-
quences T *) that convergesin the A -norm (component-wise) to an

optimal solution of OPT asx — oo, while Ti‘jx) converge strongly to
zero. |f such a solution is unique, the whole sequence T ) converge
toit.

Because of the result from Lemma 5, it is possible to use
SUP-OPTY to achieve both lower and upper bounds on the opti-
mum along with an admissible approximating minimizer. In special
cases, however, the exact minimizer can be determined. In particu-
lar, this is the case when the problem has an, x ny block in E that
is dominant, in the sense that the optimal solution of the reduced
one-block problem applied to the original multiblock problem itis
aso optimal. This also means that the structural constraints corre-
sponding to the inactive blocks can be removed without changing
the solution.

Lemma 6 Assume that (E),,, denotes a dominant block in OPT.
Further, let {T(’@,T'(Xs)} be a subsequence of solutions to
SUP-OPT,. Then, lim T =T o where T %P denotes the op-
timal solution of the problem made by the dominant rows/columns,
white i (7)), =0

5 An Example: Mixed Sensitivity MIMO Scheme

Given the following 1-input, 2-outputs plant

d-3

d—01)(d+4
P(d) = ( d)(2+) =NeDpl=Dp1Np, (34

(d—0.2)(d—6)
The objective is to minimize the A-norm of
7[ (I2+PC) Wy PC(I+PC) W, ]
Tl aC(12+PC) Wy aC(12+PC)tw,
- @(Z-NpG) BpWy ol (~ln, + (22—~ NoQ) Bp W) }
—(21+DpQ) DpWqy —(Z1+DpQ) Dp W, ’
where Np, Dp, Np, Bp, 71,7, satisfy the bezoutian equation

2 Ne —Zp]_,
—-bp Np Dp 24 | %

and have the following expression

d—3)(d—0.2)(d—6
Np(d): |: Ed—ZgEd*Ql;EdJr‘l; ] '

Dp(d) = (d —0.1)(d +4)(d— 0.2)(d — 6), Np(d)z[ a3 ]

- (d—0.1)(d+4) 0

De(d) :[ 0 (d—02)(d—6) ]
Zy(d)=] —014d—057 0.22d—1.36 |, Zy(d) = —0.08,
Zi(d)=[ —014(d—02) 228(d—01) ] (d6)(d+4),

%,(d) = 1.41d2-1.28d+2.63 -0.22d2+205d—-41 ] .
2= 141d2+028d—-1.14 —022d2-048d+174 |’

the weighting filtering functions have the expression
rom
Wd(d) = e 1 B}
1-0.5d

01 0
Wi (d) = 1-0.2d 01 :

0 1-0.1d
findly o = 0.1isascalar that properly weights thefirst two rows of
the error matrix in amanner that the block represented by the (3,1)
and (3,2) elements will be dominant. From the Y JBK parametriza-
tion we have that U and V from (6) and (6) are equal to

o-u- [t

Dp
V=[Wg Wn]=Dg[ N No]=Dglv.,
Dun(d)f[ (l_O'Zd)o(l_OAd) (170.1d)c2170.5d) ]
Nd(d)=[ (=029 (178.1d) }
Nn(d)=[ 0'1(160'4(1) o_1(1£)o.5d) ]

Note that, as in the previous example, Assumption 3 is not satisfied
and, from the structural constraints, the term to be truncated is

Wy O
0 0]°

Due to the particular structure of U the diophantine equation (27)
becomes o

XDan+Q Dp = 7,
where D5 collects the unstable factors of Dp and is equal to

(d-0.1) 0

0 (d-02) |-
The solution of this equation is
X=X4+TKx,Q = Q"+ TKq,

where
X%d)=[ 062 149 ],
Q%(d)=[ —0.04d+05 —0.07d+0.65 |,
and ( )
—125(d-0.1 0
Kx(d) = [ 0 —20(d—02) ] ’
[ d®*>-75d+125 0
KQ(d)_[ 0 d?—12d+20 ]

Finally the error matrix becomes

[ EN+ExiTEnr EN+Ei TEpy ] _
EN+Eo TExr EN+En TEx,

WA+ N XORg +Ne TKx Ry Np X0+ No T Kx Ry
DpX9Ny + Dp T Kx Ny Dp XNy +Dp T Kx Ny

where W‘;\‘ is the N-th order approximation polynomial matrix to
Wy according to the scheme from eq. (26).

In table 1 the convergence of the normsis showed when the degree
of T increases. Note that the optimum turns out to be 75.80755.

In table 2 the convergence of the error sequences for the compo-
nents (3,1) and (3,2) in the dominant block is shown. It’s evident
that the super-optimal component remains identical when x varies.
The sub-optimal component shows a tail of elements of increas-
ing power whose coefficients become small as the approximation
is refined (weak* convergent behaviour). The optimal Q can be
retrieved from the expression of EJ, ., EY, , in the sup-optimal col-
umn in table 2 and is given by

0.05(d —8.58)(d+1.96)(d—2.78) '
Q(d) = (a+4) (35)
0.07(d — 12.34)(d — 2.23)(d +0.77)
(d—6)



SUB-OPTy SUP-OPTy

X fix Vx Vx

0 79.81208 75.69411 | 80.20161
1 76.17749 75.78819 | 76.28033
2 75.99559 75.80458 | 76.06581
3 75.83362 75.80698 | 75.84200
4 75.81782 75.80738 | 75.82173
5 75.80915 75.80745 | 75.80962
6 75.80813 75.80746 | 75.80830
7 75.80763 75.80750 | 75.80778
8 75.80757 75.80752 | 75.80764
9 75.80756 75.80754 | 75.80762
10 75.80756 75.80755 | 75.80760
11 75.80755 75.80755 | 75.80758
12 75.80755 75.80755 | 75.80757

Table 1: MIMO Plant:Convergence of the Norms

X SUB-OPT,
Edo —0.295+ 4.436d — 14.840d% + 1.038d° — 0.037d° — 0.011d”
EYo —0.719+ 1.080d — 36.108d? + 1.844d° — 0.147d® — 0.000d”
ED . —0.294+ 4.418d — 14.729d2 + 0.083d® + 0.048d” — 0.008d®
ES . —0.715+ 1.073d — 35.797d? + 0.115d° — 0.091d” — 0.007d®
E . —0.294+ 4.418d — 14.727d? + 0.058d” — 0.003d® — 710~ *d°
ES, —0.716+ 1.074d — 35.803d2 4 0.089d” — 0.013d® + 4104 d°
ED s —14.727(0.02— 0.3d + d?) + 0.003d® + 0.002d° — 510~ *d™®
ESs —35.802(0.02— 0.3d +d?) — 0.011d® +0.004d° — 4104 d*°
Ele | —14.727(0.02—0.3d+d?) — 210 *d™ +210 *dZ—810 ' d¥
ESe | —35.802(0.02—0.3d+d?) —210~*d* —610-%d*2 + 3107 d®®

X SUP-OPT,
EJ, | —14.72701(0.02—0.3d +d°)
ES, | —35.80243(0.02—0.3d +d?)
EJ, | —14.72701(0.02—0.3d +d°)
EY, | —35.80243(0.02—0.3d +d?)
EJ, | —14.72701(0.02—0.3d +d°)
( )
( )
( )

ES, | —35.80243(0.02—0.3d +d?
EY, | —14.72701(0.02—0.3d +d?
ES, | —35.80243(0.02—0.3d +d?

EY, | —14.72701(0.02— 0.3d + )
ES, | —35.80243(0.02— 0.3d +d?)

Table 2: Convergence of the components of the error sequencesin the dom-
inant block

6 Conclusions

New sub/superoptimization schemes have been presented for the
MIMO |1 generd four block control problem which result less &f-
fected by unnecessary redundant constraints and hence more ef-
ficiently solvable. This has been obtained by exploiting a matrix
polynomial equations approach and the YJBK parameterization of
the admissible maps. In this way the structural and stability con-
straints have been taken care by the parameterization and the result-
ing optimization problems are unconstrained. An example taken
from literature has been fully analyzed and an approximation to the
optimal solution, which is not rational, has been determined.
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