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Abstract
The sufficient conditions of exponentia string stability for a
few class of nonlinear composite stochastic systems are
established. The excitations are assumed to be parametric
white noises. In this case the objective is to anayze
composite systems in their lower order subsystems and in
terms of their interconnecting structure. The cases of
exponentia string stability for weak coupling systems,
vehicle-following systems and |, string stability for weak

coupling systems are considered.
1. Introduction

The problem of string stability of interconnected
deterministic systems was studied earlier, for instance, in[1],
[5], [6], and recently in [2],[10], [11]. For further references
the reader is referred to the survey paper by Shladover [7]
and the references therein. In particular, there have been
several definitions for string stability, for instance, Chu
defined string stability in the context of vehicle following [1],
Swaroop and Hedrick introduced akind of Lyapunov stability
for interconnected systems [11]. In thislast paper the authors
have obtained the sufficient conditions of string stability for
nonlinear weakly coupled subsystems. They have aso
discussed their robustness to structural and singular
perturbations. In contrast, to our knowledge the stability
analysis of nonlinear composite stochastic systems has not
been devel oped. This paper is devoted to a detailed study of
sufficient conditions of exponential string stability of
nonlinear composite stochastic systems. To derive these
conditions the idea of the exponential p-stability of stochastic
systems is combined with the concept of string stability for
nonlinear composite deterministic systems presented in [11].

2. Mathematical preliminaries

We consider the nonlinear autonomous composite stochastic
system which is described by the Ito equation

dx ' =f(x ', x" .. x T Ddt+ gx L x L x T dE, (1)

where ieN, te[t,, +=), x ' is the state of each subsystem,
x'eR", x'7=0 for al i<j, f and q are vector nonlinear
functions f,q: R"x...xR" -R" such that
f(0,...,0)=q(0,...,0) =0, and &' are independent standard
Wiener processes. For simplicity we assume that t,=0.

We use the following notation: |.| isthe Euclidean norm; for
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System (1) is treated as an interconnection of isolated
subsystems described by

dx' = f(x',0,...,0)dt + q(x',0,...,0)d¢', ieN ¥))

Definition 1. The equilibrium x =0, ieN of system (1) isp-
mean string stable if given >0 there existsa 6>0 such that
by
|[x'(0)]|2 <6 — $£|\X‘(-)\IE<8 3)
e

Definition 2. The equilibrium x'=0, ieN of system (1) is
exponentially string p-stable if it is p-mean string stable and
if there exist positive constants ¢, and «,, such that by

E[X'(0)[° < c[ x| Pexpf - a(t-t,)} @)

for all ieN. In particular cases for p=1 and p=2 it is called
mean and mean-square string stability, respectively.

Definition 3. The equilibrium x =0, ieN of system (1) is lp
string mean stableif for all £>0 there exists a 6>0 such that
by
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To assure the readability of this paper we will quote the basic
results on exponentia p-stability obtained in [3], [4].

Theorem 1: The equilibrium x'=0, ieN of system (2) is
exponentialy p-stable if there exists a positive definite
function  V(t,x') ieN continuously differentiable with
respect to t and twice differentiable with respect to x' and
there exist positive constants vy,,, ieN, k=1,2,3 such that

Yo IX P < V(XY < v, |X|P (©6)

g(’fz)(\/(I:a)(i)) < 7Yi3‘xi|p (7)

where gP(*z)(.) is the operator associated with equation (2)
defined by
@)=Y ¢+ Yt x0..,00)
o) = E (x',0...,0) =2

Xj

%anfjol(x 0...0 -0 ®)

=1 j=1 0X; ax|

0,(x',0..,0) = g(x',0..,0)q(x",0....,0)

3. Weak coupling systems
In proof of main criterion we will use the following lemmas.

Lemma 1 [11]: Let r be a constant positive integer. Define
r r

P(2=2"-) pz'J, p>0. If Y B<1 the rth degree
j-1 j-1

polynomial P (2) hasall itsrootsinside the unit circle.

Lemma 2. Let V,(t) = V,(t,x(t))=0 for al ieN, t=0,x'eR"

and if
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with 3,>0 and szo forj=1,2,... and ﬁ0>2 ﬁj; Vj(t):O for
j=1
al j<0. Thengivenany £>0 there existsa >0 such that by

VO] <6 = sup|[V()]].<e (10)

Proof: We observe that for the function W(t) =W(t,x (1)
defined by
W(t X'(t) = Vi(t,x'(t))exp{ Bt}

fexp{ BOS}Z BV, (s xi(9)) ds an

condition (9) implies that <,,W(t)<0. Hence, using the

properties of operator <™ [4] we obtain

E[V (Oexp{BetH - E[V/(0)]
f XP{Pos} Z BE[V, (9]ds< 0 (12)

or
E[Vi(0)] < E[V,(0)]exp{ Bt}

- [expf —ﬁo(t-s)}flj BELV, (9)]ds 3
0 I=

From inequality (13) we find

o0

sup E[V,(0)] < E[V,(0)] + ) 2 b sup E[V, (1)] (14)
t>0 j=1 Pg 0
or
Vil < VO] + ) Ei Vil (15)
i=1 Po
To prove condition (10) it suffices to show that

[IV,]].<M||V/(0,%)||. where M’1:1725<1. It can

i=1 Mo
be done by induction asin [11] with small changes. Hence it
followsthat sup||V;||. < M||V,(0,%))]|..
ieN

We introduce the following assumptions

Assumption 1. The functions f and q are continuously
differentiable with respect to their arguments and there exist
areal number M,>0 such that for all x'eR", ieN

of, 99

—<M,,
ax

- < M l,j=1,...,n,ieN (16)
o'

Assumption 2. There exists a positive definite function
V, =V(x "), ieN continuously twice differentiable with respect
to xji and there exist positive constants ¢, and v,, k=1,...,4
such that the following inequalities are satisfied

VIX? < VX)) <y, X2 (7
LpV(x) < ~2a,V(x) (18)
AV(x' V(X' i i
(i) < 3‘ E |#| < v, Li=1..nied 19)
X; OX; OX;

Theorem 2. Suppose that Assumptions 1 and 2 (for system
(2)) hold and additionally the following conditions are
satisfied.

Assumption 3. There exist positive constants k,f and k°
[=1,..., r such that f and q are globaly Lipschitz in their
argumentsi.e.
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Then for sufficiently small k" and k 1=1,..., r the composite

system (1) is globally exponentially mean-square string
stable.

Proof: For simplicity we denote V,=V(x'). We calculate
<*(V) for each subsystem of composite system (1)

n

aV.
Lp(V) =Y

'f(x ,0,...,0)
j=1 an
non 32y
2y Y 06, x10,..0)
2171 3x,'ox;’
. Z—[f(x XX - £(x10,..,0)] (22)
-1 ax,
n n 2\/.
dyy T
21151 ax'ox'
x[o,(x' X" XY - 0,(x1,0,...,0)]
where
Olj :ql(x ',X'fl,...,XF”l)qj(X |,X|—l,m,xl—r+l) (23)

Using equation (22) and Assumptions 1-3 one can show that

Ly(Vy) < 6V+26, et 24
where
Z k 2Y4Z kq
Y1J 2 Yqiij=2
(25)
r+1 r
o~ XMt mn2 T b0 2 Yo gy
2Y1 Y1 2Y1$:2
If klf and k 1=1,..., r are sufficiently small then
r
8y > 2; 5, (26)
f

From conditions (24)-(26) and lemmas 1 and 2 follows mean
string stability.
If we consider the composite system (1) and we define for

himthe Lyapunov function V(d “4,t) =} V(t)d 7, where @>1
i-1
then we find
- i r

Using similar arguments as in [11] one can show that
E[V]-0 exponentially and hence E[V,(t)], E[|x'(t)|3]~0
exponentialy.

4. Vehicle-following system

A simple class of interconnected deterministic systems that
arise in the in the context of vehicle-following systems is
given by [11]

= f(x',x""L,x1Y 28)

The natural generalization of equation (28) to the stochastic
model leads to the following Ito equation

dx' = fix,x" L ))dt - (x|, x g H))dE,  (29)

where ieN, te[t,, +=), x ' is the state of each subsystem,
x'eR™M, x'7=0 for al i<j, f" and q' are vector nonlinear
functions f'=f,q'=q: R"xR"xR" -R" such that
£1(0,0,0)=q(0,0,0) =0, and & are independent standard
Wiener processes. System (29) is treated as an
interconnection of isolated subsystems described by

= f(x',0,0)dt + g(x',0,0)dE!, ieN 30)

The following theorem establish the sufficient conditions of
exponential mean-square string stability

Theorem 3. Suppose that Assumptions 1 and 2 (for system
(30)) hold and additionally the following conditions are
satisfied.

Assumption 4. There exist positive constants k;, k., d,', k% k;’

and d,” such that f and q are globally Lipschitz in their

argumentsi.e.
1Yo Ys) - (2,2, 2) | 31
<K 1y,-7) + K1Y,z +d |y;-2] S
Ay, Yo Ys) - d(z,2,,2)
1AL, Y2 Vs 2,2,2)| 32)

< k'Y, -z] K'Y, -2| + dy |y, -z

Then for sufficiently small k', k,),d, k% k? and d the

composite system (29) is globally exponentially mean-square
string stable.

Proof: We calculate £*(V) for each subsystem of composite
system (29)
. n oV,
g(29)(Vi) :E x f(x 0,0)
=1

(33)




where

o, =q(x',x",a()g (', x",a(.)) (34)
Using equation (33) and Assumptions 1-3 one can show
that

Liag(V) < =0V, + 8,V + 8,V (35)

where

_ PRI fyj-1
8, =20, - —(k, + di k) Y (dy)
2Y1 j=1

Y i-1 -
-n2—4 (k' +nM,) (k,! + d kDY (d)i
4Y1 j=1

ny i
8=k, + dik;) (d))!* (36)
2y,
Y AL S
+Nn 2—4(k2q + dlqqu)z(dlq)] 12 (dlf)] !
4Y1 j=1

. nZJT“(qu - M) (k7 + d k) (d )i
1

For sufficiently small k;',k,,d,’, k% k. and d," one can show

(similarly to previous proof) global exponentia string mean-
square stability.

5. Weak coupling for I, string stability

Consider the following composite system in which every
subsystem is connected to its neighbouring subsystems

dx' = f(x'"4x,x"dt + g(x" 7 x!, x " Y)dE], 37

where ieN, te[t,, +«), x' is the state of each subsystem,
x'eR", x'7=0 for all i<j, f and q are vector nonlinear
functions f,g: R"xR"xR" -R" such that
f(0,0,0)=q(0,0,0)=0, and &' are independent standard
Wiener processes.

System (37) is treated as an interconnection of isolated
subsystems described by

dx' = f(0,x',0)dt + q(0,x',0)d&!, ieN (38)

The following theorem establish the sufficient conditions of
exponential 1, mean string stability

Theorem 4. Suppose that Assumptions 1 and 2 (for system
(38)) hold and additionally the following conditions are
setisfied.

Assumption 5. There exist positive constants k" and k,*

1=1,2,3 such that f and q are globally Lipschitz in their
argumentsi.e.

3
Y, Ye) ~ 1(2,2,2)] < gklf\yl -z 39)

3
Ay Y Ya) - 622,29 < IZ;kf‘\y. -z (40)

Then for sufficiently small &/,kJ,d/ k/ kS and d! the
composite system (37) is globally exponentially /, mean
string stable.

Proof: As in Theorem 2 we find for each subsystem of
composite system (37)

Lig(Vi) < -85V, + 8,V + 8,V (1)
where
n n3
0= 20, 2204 k)~ TEM k)
1 1
ny n3y
b=tk S M) k@)
1 1
ny n3y
62 = _3k3f + 2 Ml[(k3q)2 + quk3q * k3q]
2y, Y1

We define for the composite system (37) the Lyapunov
function V(d %t)=)" V,(t)d ', where &>1. Then using

i-1

similar arguments asin [11] one can show that for sufficiently
small k,',kq, k" and k. the composite system (37) is globally
exponentially |, mean string stable.

6. Example

Consider a specia case of equations (1) and (2) for scalar
quantities X', i€N, te[t,, +«): for composite system

dx i [f(X i) +i ai,jqxi?jafl] dt

7 43)

#lo0x) + 30 g5 X" E, ieN
j-1

and for isolated subsystems
dx' = [f(x") +axdt + [g(x') +gx']dE!, ieN (44)

where a, and ¢, are constant parameters, f and q are
nonlinear functions such that 0<f(x)<M,(x")? f(0)=0,

0<g(x )<M,(x )2 g(0) =0, ‘ag—i” <M, and & areindependent

standard Wiener processes.
Assume that the Lyapunov function for each subsystem has
the form

Vi =V(x') = o(x ") ieN 45)



where «>0 are constant parameters. The sufficient

conditions for exponential mean-square stability for each
subsystem have the form

2M, +2a + M2 +2M,q, +q°<0 (46)
Repeating considerations given in section 3 we obtain

éﬁ(*43)(Vi) =20, [f(x") + 21: aj,MXi’j*l]
i

+ oy[g(x) +1213 Gy X' @7

r
< =8V, + X; 8V, .y €N
]=

where

i—j+l 3

8, =-2M,+2Y  a, +M?
j=1

2Mg, +q] + (M, +q)Y g, .
* JqIJrq’ +( I+ql)jz:2:qh1+l (48)

o "

_ 1

6] T Zaf—jﬂ (M, +Z qifl+1)qifj+1
& i /=1

If constant parameters M;,M,,M,,a;,a and g, icN satisfy
condition (46) for each isolated subsystem and

r
8>3, (49)
j=2

then the composite system (43) is globally exponentially
mean-square string stable. If we assume, for instance,
M, =M,=M,=M, &, =, a =a and g;=q, ieN the sufficient
conditions of stability (46) and (48), (49) reduce to the
following

a<-M(q+l)—%(M2+q2) (50)

and
1

2r-1

a< -

[(M(ar +1) + %(M 2oqr-1) (51

7. Conclusions and final remarks

In this paper the problem of exponential string stability of
autonomous composite nonlinear systems with parametric
white noise excitations has been studied. Sufficient conditions
of exponential string stability for weak coupling systems,
vehicle-following systems and /, string stability for weak

coupling systems have been derived. Although we have
considered only the systems described by Ito stochastic
differential equations the proposed approach can be applied
directly for the system with wide band noise. Then instead of

Ito equations (1), (29) or (37) we consider corresponding
Stratonovich stochastic differential equation which first we
transform to Ito form and next we apply the proposed
approach. Several extensions can be done, for instance, the
main criterion (theorem 2) can be generalized to
nonautonomous composite systems. The string stability can
be considered for nonlinear systems with parametric
excitations which obey the law of large numbers using the
stability criteria obtained in [8]. Another extension can be
done for nonlinear stochastic composite systems with singular
perturbations where the results obtained in [9] can be used.

8.References

[1] K.C.Chu, Decentralized control of high speed vehicle
strings, Transportation Res., vol.8, 1974, pp.361-383.

[2] J.Eyre, D.Yanakiev and |.Kanellakopoulos, A simplified
framework for string stability analysis of automated vehicles,
Veh.Sys.Dyn.,vol.30, 1998, pp.375-405.

[3] X.Mao, Exponential Stability of Stochastic Differential
Equations, Logman Scientific and Technical, 1994.

[4] R.Z.Khasminski, Stochastic Stability of Differentia
Equations, Sijthoff & Noordhoff, Groningen, the
Netherlands, 1980.

[5] J.Levine and M.Athans, On the optimal error regulation
of agtring of moving vehicles, IEEE Trans Automat. Contr.,
vol.AC-11, 1966, pp.355-361.

[6] S.M.Méelzer and B.C.Kuo, Optimal regulations of systems
described by a countably infinite number of objects,
Automatica, vol.7, 1971, pp.359-366.

[7] S.E.Shladover, Review of the state of development of
advanced vehicle control systems (AVCS), Veh. Sys. Dyn.,
vol.24, 1995, pp.551-595.

[8] L.Socha, The asymptotic stochastic stability in large of
the composite stochastic systems, Automatica, vol.22, 1986,
pp.605- 610.

[9] L.Socha, Exponentia stability of singularly perturbed
stochastic systems, Proc. of the 37th IEEE  Conf.Dec.Cont.,
1998, pp.2371-2375.

[10] D.Swaroop et.al., A comparison of spacing and
headway control laws for automatically controlled vehicles,
Veh.Sys.Dyn., vol.23, 1994, pp.597-625.

[11] D.Swaroop and J.K.Hedrick, String stability of
interconnected systems,|EEE Trans. Automat.Cont., vol . AC-
41, 1996, pp.349-357.



