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Abstract
In this paper we study the scheduling of jobs with a con-
straint on the average waiting time in the presence of back-
ground jobs. The objective is to schedule tos servers such
that the throughput of the background traffic is maximized
while satisfying the response time constraint on the fore-
ground traffic.

The arrivals are determined by a Poisson process and the
service times of the jobs are independent exponentially dis-
tributed. We consider both the situation where service re-
quirements by both types of jobs are equal and unequal. The
first situation is solved to optimality, for the second situa-
tion we find the best policy within a certain class of policies.
Optimal schedules always keep part of the service capacity
free for arriving foreground jobs. Applications of this model
can be found in computer systems, communication networks
and call centers.

1 Introduction
In this paper we consider a queueing system with two types
of jobs. The first type of jobs has a constraint on the per-
formance, i.e., the average waiting time has to be below a
certain level. In addition to this time-constrained type there
is a second type of jobs, available in an infinite quantity,
for which the objective is to serve as many as possible. The
arrivals of the first job type are determined by a Poisson pro-
cess and the service times of both job types are independent
exponentially distributed.

Both job types are served by a common pool ofs servers
under a non-preemptive regime. The question that we will
answer in this paper is how to schedule theses servers to
maximize the throughput of type 2 jobs while satisfying the
waiting time constraint on the type 1 jobs. Scheduling a type
1 job and delaying a type 2 job does not change the through-
put, since we focus on the long-term throughput. Therefore
the question is, when a server becomes free and there are no
type 1 jobs in the queue, whether this server should start on
a type 2 job or wait for a type 1 job to arrive. The optimal
decision will be a function of the state of the other servers.

The organization of this paper is as follows. In the next sec-
tion we give several situations where our model could be
useful. Then we give the exact model formulation. In Sec-
tion 4 we analyze the case of equal service requirements, in
Section 5 we analyze the case with different service require-
ments.

2 Motivation
The model that we study in this paper can be used to analyze
many different real-life systems. We will discuss three of
them.

Scheduling in parallel computer systems
Consider a parallel computer system withs single-tasking
processing units, in which there are time-constrained jobs
and background jobs. The time-constrained jobs are for ex-
ample those tasks for which the user is waiting, thus the re-
sponse time, and therefore the waiting time should be below
a certain bound. The background jobs can be management
jobs that should be run regularly, but without degrading the
response times of the user jobs.

An example is the following. The Java runtime environ-
ment deletes objects when it determines that they are no
longer being used. This process is called “garbage collec-
tion”. The more often garbage is collected, the better it is,
but only without deteriorating the response times of the user
processes. Thus processes that execute the garbage collec-
tion can well be modeled as type 2 traffic, while the user
processes are modeled as type 1 traffic.

Admission control in communication networks
In many voice or data transmission systems the available
bandwidth is divided into “channels”. Examples are time-
domain multiplexing or frequency-domain multiplexing. In
such cases we can think of a communication line as divided
into s parallel channels. But also in ATM such a situation
can occur. Suppose that many low bandwidth connections
are multiplexed into one high bandwidth connection. Then
the capacity needed on the outgoing link for traffic coming
in over one of the incoming lines need not exceed its band-
width, it suffices to reserve bandwidth equal to the capacity



of the incoming lines. This motivates the division of the ser-
vice capacity in several parallel servers.

Examples of different types of traffic can easily be found
in communication systems. Voice or web pages have con-
straints on the response times. For example for E-mail there
are no such constraints, and the throughput is its major per-
formance measure. This gives a natural division in type 1
and type 2 traffic. In the context of ATM networks this
is even formalized, with the existence of CBR/VBR traf-
fic with constraints on the response times, and ABR traffic
without.

Call blending in call centers
Modern call centers deal with a mixture of incoming and
outgoing calls. Of course there are constraints on the wait-
ing time of incoming calls. The traditional solution is to des-
ignate call center employees (often called “agents”) to either
incoming or outgoing calls. However, the call rate fluctuates
over the day and in order to handle the calls during peak pe-
riods usually a substantial amount of agents needs to be as-
signed to incoming calls. This leads to a low productivity of
the agents during other periods. On the other hand, designat-
ing less agents to incoming calls increases the productivity,
but leads to longer waiting times. Hence there is a need to
balance productivity and waiting times. The solution iscall
blending, dynamically assigning agents either to incoming
or outgoing traffic.

The model that we study in this paper represents exactly this
situation: there ares agents, the time constrained incoming
calls are modeled as type 1 customers, and the type 2 calls
represent the backlog of outgoing calls.

3 Model and first results
The exact model formulation is as follows. There are two
types of traffic, type 1 and type 2, having independent expo-
nentially distributed service requirements with ratesµ1 and
µ2. Type 1 jobs arrive according to a Poisson process with
rate λ and there is an infinite waiting queue for jobs that
cannot be served yet. There is an infinite supply of type 2
jobs. There are in totals servers. The long-term average
waiting time of the type 1 jobs should be below a constant
α. Waiting excludes the service time; if the response time is
to be considered, then the average service time,µ−1

1 , should
be added to the average waiting time. The objective for type
2 jobs is to maximize its throughput, i.e., to serve on average
per unit of time as many type 2 jobs as possible, of course at
the same time obeying the constraint on the type 1 waiting
time.

The following control actions are possible. The moment a
server finishes service, or, more generally, at any moment a
server is free, it can take one of the following three actions:
− start serving a type 1 job, if one or more are waiting in

the queue for service;
− start serving a type 2 job;
− remain idle.

This finishes the description of our model. In the next two
sections we will deal with the caseµ1 = µ2 andµ1 6= µ2, re-
spectively; but first make several general observations con-
sidering this problem.

A first question that has to be answered is whether it is at all
possible to find a policy that satisfies the waiting time con-
straint of the type 1 traffic. It is clear that the waiting time
for type 1 jobs is minimized if we schedule no type 2 jobs at
all. Without the type 2 jobs the system becomes a standard
M/M/s queue. If we denote withWq the stationary waiting
time of this queue, then the question is whetherEWq ≤ α. If
the system is unstable, i.e.,λ/µ1 ≥ s, thenEWq = ∞. But the
conditionλ/µ1 < s is not sufficient. ThusEWq should first
be calculated. DefineC(s,ρ) as the stationary delay prob-
ability, for s servers and a load ofρ = λ/µ1 Erlang. Then
EWq is given by the well-known formula

EWq =
C(s,ρ)

µ1(s−ρ)
,

with C(s,ρ) given by

C(s,ρ) =
ρs

(s−1)! (s−ρ)

[
s−1

∑
x=0

ρx

x!
+

ρs

(s−1)! (s−ρ)

]−1

. (1)

From now on we assume thatλ, µ1, and s are such that
EWq ≤ α. Checking whether this is the case can easily be
done using the formulas above.

We go back to the original problem with jobs of type 2. Con-
sider that a server becomes free, and that there are one or
more type 1 jobs waiting. Then the controller has to choose
between scheduling a type 1 or a type 2 job (or idling, but
this is evidently suboptimal). Giving priority to the type 2
job and delaying type 1 jobs obviously leads to higher wait-
ing times. Delaying the processing of a type 2 job does not
change the performance for this class, as we are interested
in thelong-termthroughput. This intuitive argument implies
that, when a server becomes free and a type 1 job is wait-
ing, it is optimal to assign this type 1 job to the server. For
µ1 = µ2 this statement can be proven with a simple coupling
argument. The situation forµ1 6= µ2 is more complicated;
still we only consider policies that give priority to type 1
jobs. The reason is the intuitive argument above and the fact
that it forces policies to be simple and appealing.

In our model preemption of jobs in service is not allowed.
When preemption is allowed the problem is trivial. The op-
timal policy will assign all servers to type 2 jobs when no
type 1 jobs are present in the system. When a type 1 job
arrives then it is clearly optimal to interrupt the service of
a type 2 job and to serve the type 1 job. Hence the waiting
time constraint is satisfied and the type 2 throughput is equal
to µ2(s−λ1/µ1). Note that any work-conserving policy that
satisfies the waiting time constraint is optimal and achieves
the same throughput.

While formulating the model we stated that a free server can
schedule a type 2 or a type 1 job (when available) at any



moment. Due to the fact that we are considering long-term
average performance it is only optimal to schedule jobs at
completion or arrival instants. Indeed, if it is optimal to keep
a server idle at a certain instant, then this remains optimal
until the next event in the system. This follows directly from
the continuous-time Bellman equation. Therefore it suffices
to consider the system only at completion or arrival instants.
Because of this, and because of the fact that the maximum
total rate is uniformly bounded byλ +smax{µ1,µ2}, we can
use the well-known uniformization technique. This allows
us to use discrete-time dynamic programming to compute
performance measures and to find the optimal policy.

However, our system is not a standard Markov decision pro-
cess (MDP), because of the different objectives for queue
1 and queue 2. The form of the problem makes it acon-
strained MDP; maximize the type 2 throughput with a con-
straint on the type 1 waiting time. Constrained MDP’s can
be solved using various techniques. Here we use one that
introduces the constraint in the objective using a Lagrange
multiplier. Under weak conditions it can be seen that the
optimal policy for a certain Lagrange multiplier is optimal
for the constrained problem if the value of the constraint
under this policy attains exactlyα. From the theory on con-
strained MDP’s it follows that this policy is stationary and
randomizes in at most 1 state. For this and other results on
constrained MDP’s, see the recent book of Altman [1].

4 Equal service requirements
If µ1 = µ2 =: µ, then we do not have to distinguish between
type 1 or type 2 jobs in service. Therefore the state of the
system is completely described by the number of jobs in ser-
vice plus the number of type 1 jobs in the queue. Thus the
state space isX =N0. There is only a choice in statex ∈ X
if x < s; otherwise a type 1 job is automatically scheduled.
The possible actions are denoted witha = 0, . . . ,s− x, cor-
responding to schedulinga type 2 jobs. We denote the tran-
sition rate of going fromx to y (before taking any action)
with pt(x,y). Then we havept(x,x− 1) = min{x,s}µ and
pt(x,x+ 1) = λ. After such an event an action can be cho-
sen, if the new state is belows. If action a is chosen inx
(with a≤ s−x), then the system moves tox+ a.

The objectives are modeled as follows. If actiona is cho-
sen, then a reward ofa is received, 1 for each type 2 job that
enters service. By Little’s law, the average waiting time is
related to the average number of jobs in queueLq, by the fol-
lowing relation:ELq = λEWq. Thus to obtain the average
waiting costsEWq we can take rate costs equal to(x−s)+/λ.

Next we uniformize the system. For simplicity we assume
that sµ+ λ ≤ 1. (We can always get this by scaling.) Uni-
formizing is equivalent to adding dummy transitions (from
a state to itself) such that the rate out of each state is equal
to 1; then we can consider the rates to be transition proba-
bilities. Note also that rate costs in this case are equivalent
to lump costs at each epoch.

The two objectives are merged into a single reward function
using a Lagrange parameterγ. Define the dynamic program-
ming operatorT as follows:

T f(x) =
γ(x−s)+

λ
+ ∑

y∈{x−1,x,x+1}
p(x,y) ·

max
a∈{0}∪{1, ... ,s−y}

{a+ f (y+ a)},

with the convention that{1, . . . ,s−y}= /0 if s−y≤ 0. Note
the place of the maximization: here the action depends on
the state changes that occurred. (The dp operator can easily
be rewritten in the standard formulation with a single overall
maximization (see Chapter 5 of Koole [3]), but this would
considerably complicate the notation.)

The long-term average optimal actions are a solution of the
optimality equation (in vector notation)h+g = Th. Another
way of obtaining them is through value iteration, by recur-
sively definingVn+1 = TVn, for arbitraryV0. Forn→ ∞ the
maximizing action converges to the optimal ones. (For exis-
tence and convergence of solutions and optimal policies we
refer to Puterman [6].)

We will next show that the optimal policy has the following
form. There is a levelc, called the threshold, such that if
x< c, then the optimal action isc−x. If x≥ c, then 0 is the
optimal action. To show this we first derive certain mono-
tonicity properties of the value functionVn with V0 = 0. This
is easier if we rewriteT as follows:

T f(x) =
γ(x−s)+

λ
+ ∑

y∈{x−1,x,x+1}
p(x,y)U (s) f (y),

with U (s) the s-fold convolution of the operatorU , andU
defined as

U f (x) =

{
max{ f (x),a+ f (x+ 1)} if x< s,

f (x) otherwise.

It is obvious that both forms are equivalent: scheduling
a group of type 2 jobs at the same time is equivalent to
scheduling them one by one.

We continue with the fact that we are only interested inγ≤ 0.
For γ = 0 the situation is as if the waiting time constraint
poses no real constraint; forγ < 0 it pays to have a policy
that tries to decrease the type 1 waiting time. Forγ ≤ 0 the
direct “rewards”γ(x−s)+/λ are decreasing concave (dcv) as
a function ofx. The functionV0 = 0 is also dcv. It is straight-
forward to show thatVn is dcv for alln (this is equivalent to
the results in Section 3 of Koole [4]). When applyingU to
f , we see that it is optimal to schedule a type 2 job if and
only if f (x)− f (x+ 1) ≤ 1. If f is dcv, thenf (x)− f (x+ 1)
increases inx. Thus for eachf there is a threshold levelc
at and above which it is not optimal to schedule type 2 jobs,
and below which it is. Because theU operator is repeated
s times after each event the threshold level will be reached.
(In fact, there will never be scheduled more than one type 2
job, as the jump size is maximal 1.)



We need to stress that it can be the case that it is both opti-
mal to schedule a type 2 job and not to schedule one. This
occurs if f (x) = 1+ f (x+1). In this case two threshold poli-
cies, with threshold levelc andc+ 1, are both optimal, and
all the policies that randomize between these two policies.
We will see that in general to find a threshold policy that
satisfiesEWq = α we need to randomize. Next we calculate
for a fixed threshold policy that randomizes betweenc and
c+ 1 its stationary type 1 waiting timeEWq and its type 2
throughput.

We assume that the policy is such that if a transition from
c+ 1 to c occurs then with probability 1− δ a type 2 job is
immediately scheduled. This results in a transition ratep(c+
1,c) from c+ 1 to c of p(c+ 1,c) = δ(c+ 1)µ. The lowest
possible state isc, as the state moves immediately up toc as
soon asc−1 is reached. The other positive transition rates
arep(x,x+ 1) = λ for all x≥ c andp(x,x−1) = min{s,x}µ
for all x> c+ 1. This results in a birth-death process that we
study next.

Let us calculate the stationary probabilities, which are de-
noted withqx. It is readily seen that (withρ = λ/µ)

qx =
ρx−cc!

δx!
qc for all c< x≤ s

and

qx =
ρx−cc!
δs! sx−s qc for all x> s,

with

qc =

[
1+

s−1

∑
x=c+1

ρx−cc!
δx!

+
ρs−cc!

δ(s−1)! (s−ρ)

]−1

.

We define the probability of delay for this(c,δ) policy by

C(c,δ)(s,ρ) =
∞

∑
x=s

qx =
ρs−cc!

δ(s−1)! (s−ρ)
qc.

If c = 0 andδ = 1 then no type 2 jobs are admitted, and
indeedC(0,1)(s,ρ) = C(s,ρ) is given by (1). The waiting
time under the threshold policy is also completely equivalent
to the one without type 2 jobs:

EWq
(c,δ) =

C(c,δ)(s,ρ)
µ(s−ρ)

.

This is the formula for the type 1 waiting times. Next we
derive an expression for the type 2 throughput, which we
will denote with ξ. The throughput of type 2 is the total
throughput minus the type 1 throughput. Therefore

ξ =
∞

∑
x=c

µmin{x,s}qx−λ

= µqc

[
s−1

∑
x=max{c,1}

ρx−cc!
δ(x−1)!

+
sρs−cc!

δ(s−1)!(s−ρ)

]
−λ.

Figure 1 displays the behaviour of the waiting time of type 1
jobs (line) and the throughput of type 2 jobs (dotted line)
when c varies. The used values of the parameters are:
λ = 1/2, µ = 1/3 ands = 5. The figure should be inter-
preted as follows: given a waiting time guaranteeα to type
1 jobs, the throughputc of type 2 jobs under the optimal pol-
icy can be read in the figure. It is interesting to note that the
average waiting time increases slowly, while the throughput
increases nearly linearly.
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Figure 1:λ = 1/2, µ = 1/3 ands= 5.

5 Unequal service requirements
Whenµ1 6= µ2 the analysis is more complicated. In this case
we have to differentiate between type 1 customers and type
2 customers. The optimal policy will depend on these dif-
ferent classes and can be very complicated. From a practical
viewpoint these policies can also be difficult to implement.
Therefore we prefer to study simpler policies and we restrict
ourselves to the class of threshold policies. This choice is
partially supported by the intuitive reasoning in Section 3.
The restriction to the class of threshold policies forces the
policies to be simple and appealing. Moreover we will show
by numerical computation that threshold policies are a good
approximation to the optimal policy.

Let x denote the number of type 1 jobs in service and in the
queue, and lety denote the number of type 2 jobs in service.
Then the stationary probabilitiesqx,y are determined by the
following set of equilibrium equations. Fory = c we have

(
(s−c)µ1 + λ + cµ2

)
qx,c = λqx−1,c + (s−c)µ1 qx+1,c x≥ s−c, (2)

(xµ1 + λ + cµ2)qx,c = λqx−1,c + (x+ 1)µ1 qx+1,c 0< x< s−c, (3)

λq0,c = µ1 q1,c + µ1 q1,c−1. (4)

For 0< y< c the set of equations becomes(
(s−y)µ1 + λ + yµ2

)
qx,y = λqx−1,y + (s−y)µ1 qx+1,y +

(y+ 1)µ2 qx,y+1 x≥ s−y, (5)

(xµ1 + λ + yµ2)qx,y = λqx−1,y + (x+ 1)µ1 qx+1,y +

(y+ 1)µ2 qx,y+1 c−y< x< s−y, (6)(
(c−y)µ1 + λ

)
qc−y,y = (y+ 1)µ2 qc−y,y+1 +

(c−y+ 1)µ1 qc−y+1,y + (c−y+ 1)µ1 qc−y+1,y−1. (7)



Finally for y = 0 we have

(sµ1 + λ)qx,0 = λqx−1,0 + sµ1 qx+1,0 + µ2 qx,1 x≥ s, (8)

(xµ1 + λ)qx,0 = λqx−1,0 + (x+ 1)µ1 qx+1,0 + µ2 qx,1 c< x< s, (9)

(cµ1 + λ)qc,0 = µ2 qc,1 + (c+ 1)µ1 qc+1,0. (10)

This infinite set of equilibrium equations can be numerically
solved by using the matrix-geometric approach developed
by Neuts [5] or by the spectral expansion method as de-
scribed by Chakka and Mitrani [2]. However, note that in
the equations there is no flow fromqx,y towards levely+ 1
or higher whenx > c− y, since jobs of type 1 are given pri-
ority over type 2 jobs. Due to this special structure of the
equations, one can solve this part of the system analytically
using standard results from the theory of linear difference
equations. The equilibrium equations are solved by solv-
ing the equations fory = c and afterwards working the way
down fromy = c−1 to y = 0. After solving these equations
we obtain a finite set of equations still to be solved. How-
ever, these equations can easily be computed numerically by
applying the recurrence relations on the obtained solutions.

Focus the attention on a particular row with 0≤ y≤ c. Con-
sider the corresponding homogeneous equations associated
with y and x > s− y; thus we are considering the homo-
geneous parts of (2), (5) or (8). Its solution is given by

qx,y = qs−y,yzx−(s−y)
y , wherezy is the root of the polynomial

λ−
(
(s− y)µ1 + λ + yµ2

)
z+ (s− y)µ1z2. One can show that

one of the two roots is larger than 1, and therefore not use-
ful. The other root, which is positive and less than one, is
given by

zy =

(
(s−y)µ1 + λ + yµ2

)
−
√(

(s−y)µ1 + λ + yµ2
)2
−4λ(s−y)µ1

2(s−y)µ1
.

Note that thec+ 1 rootsz0, . . . ,zc all differ from each other.
Substituting the solution ofqx,c into (5) withy= c−1 results
in an inhomogeneous difference equation with general solu-

tion qx,c−1 = Kc−1,0zx−(s−c+1)
c−1 + Kc−1,1zx−(s−c)

c , whereKc−1,0

andKc−1,1 are constants to be determined. The first term is
the solution of the homogeneous part and the second is a
particular solution of the inhomogeneous equation. Next we
can substitute this solution into (5) again withy = c−2 and
work all the way down. This leads to the general solution of
equations (2), (5) and (8) which is given by

qx,y =
c

∑
i=y

Ky,i−yzx−(s−i)
i 0≤ y≤ c, x≥ s−y,

with

Ky,i =
(y+ 1)µ2

i (µ1 + µ2)− iµ1zy+i
Ky+1,i−1, 0≤ y< c,1≤ i ≤ c−y.

At this point equations (2), (5) and (8) have been solved up
to K0,0, . . . ,Kc,0. We still have a finite number of equations
to solve which can be solved numerically as follows. Us-
ing relations (3), (6) and (9) one can compute the values of
qx,y for 0 ≤ y ≤ c with c− y < x < s− y expressed in the un-
known constants. Then the boundary conditions (4), (7) and

(10) relate the constants to each other leaving only one con-
stant to be determined. This constant is finally determined
by the condition∑x,yqx,y = 1 and the complete system is
determined.

Once the probabilitiesqx,y are known, the performance char-
acteristics of Section 4 for the two types of jobs can be easily
computed. The probability of delay is given by

C(c)(s) =
c

∑
y=0

∞

∑
x=s−y

qx,y =
c

∑
y=0

c

∑
i=y

Ky,i−y

1−zi
zi−y
i .

The waiting time of type 1 jobs is given by

EWq
(c) =

1
µ1

∑
x,y

[
(x+ y)−s

]+
qx,y,

with [x]+ = max{x,0}. And finally the throughput of type 2
jobs is given by

ξ = µ2 ∑
x,y

yqx,y.

Figure 2 illustrates the behaviour of the waiting time of type
1 jobs (line) and the throughput of type 2 jobs (dotted line)
whenµ1 6= µ2. The chosen parameters in this case areλ =
1/2, µ1 = 4/10,µ2 = 3/10 ands= 5.
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Figure 2:λ = 1/2, µ1 = 4/10,µ2 = 3/10 ands= 5.

Again we see that the average waiting time increases slowly,
while the throughput increases nearly linearly. Since the
threshold policy does not need to be the optimal policy, it is
interesting to numerically compute the performance of the
optimal policy. The graph for the optimal policy is gener-
ated as follows.

Fix the value ofc and compute the corresponding through-
put and waiting time under the threshold policy. The optimal
policy gives us pairs of throughputs and waiting times. The
pair with the same throughput as under the threshold pol-
icy thus has the minimum achievable waiting time for this
throughput. This waiting time is denoted with a dot in the
graph.

It is interesting to note that the optimal policy yields a per-
formance very close to the approximative threshold policy.



Extensive experiments show that for other parameter values
the same result is obtained. The experiments indicate that
the optimal policy behaves nearly as a threshold policy, but
minor differences occur whenx+ y is close to the threshold
value.
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