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Abstract

In this paper we consider a class of nonlinear systems
in which a set of constant parameters is unknown and
some state variables are not available for measurement.
For such systems we provide a constructive procedure
for the solution of the global adaptive tracking prob-
lem with dynamic partial state feedback. We illustrate
an application of the control strategy to the adaptive
nonlinear friction compensation of a DC motor servo-
mechanism. We improve previous results in two direc-
tions: we allow for a subset of the unmeasurable states
to enter in the system nonlinearly; we consider systems
which are linearly parametrized with respect to a set of
unknown constant parameters.

1 Introduction and motivation

Consider single input nonlinear systems that can be
transformed in the interconnection of the four subsys-

tems ZH, Zn’ ZC’ and Zg :
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with tracking output z € R, state (u xn x ¢ x§) €
T
(R x Rz x R4 x R), measurable output y = {{T E] €

R4+ and input u € R, with ¢,(¢,€) # 0 for all
(¢ x &) € (R? x R). We assume the sub-state vectors
wu(t) € %1, n(t) € N2, to be not available for mea-
surement, and the constant vector § € 7 to be un-
known. In what follows & will denote the set of pos-
itive real numbers, and A the set of the natural num-
bers, including 0. We assume that p(u) € R® is a vector
function whose entries are products of entries of x(t),
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with s € N, kj e N, 1 <i<s,and 1 < j < vy
The assumption that subsystem Zg is scalar is made
only for sake of simplicity. The approach we propose
applies to a more general class of systems in which Zg
is in strict feedback form as will be shown in the next
section. We assume that:

(H1) The subsystem ), with input £ and output 2({)
is globally input-output linearizable with uniform
global relative degree r, with 1 < r < d; i.e.
LyLih(C) = 0, for all ¢ € R, 0 <@ <7 —2,
and LgL’;flh({) # 0 for all ¢ € R?. Besides, for
every initial condition {(fy) and every bounded
input £(t) € L[to,00) also the solution ((t)
starting from initial condition ((¢¢) is bounded,
Le. ((t) € Lo ]to,00).

(H2) There exists a symmetric positive-definite matrix
P, such that, for all (¢,£) € R, P, F((,€) +
FT(C,) Py < —1.

(H3) There exists a symmetric positive-definite ma-
trix Q such that for all (¢,£) € R, QS((,€) +
ST(¢,€)Q < 0, and for every n(to) € R2, every
bounded (((¢),£(t)) € L2 [to,00) X Loolto,00)
also the solution 7(¢) of subsystem 3 = start-
ing from initial condition 7(%g) is bounded, i.e.
77(15) € 522 [tovoo)'

Our control objective is to track a smooth bounded
reference signal z4(f) that is known together with
its bounded time-derivatives zg)(t) = dl;?i(t)7
1,2,...741. This leads us to a global adaptive tracking
problem definition, as follows.

P

Definition 1 Consider system (1). Given a reference
trajectory z4(t) € C° that is known together with its
time-derivatives, the global adaptive tracking prob-
lem is said to be solvable if a dynamic control law
X = O906y,t), x € R, vy € N, and u = u(x,y,t),
can be found such that the closed loop system tra-
jectories are bounded, and for every initial condition
(1to) x nlto) x G(to) x (t)) € (R x R x R x ),
every initial condition x(to) € R+, and every 0 € RN,
lim; o [24(2) — 2(2)] = 0.

Control strategies for systems with partly unmeasured
dynamics involve the use of nonlinear filters, in order to



find estimates of the system unmeasured states and un-
known parameters. A survey of research efforts on this
issue can be found in [12], [8]. In a similar context, [4]
design a global tracking controller for a class of systems
that is similar to (1), namely when g = 0, and when on
subsystem Y in (1) more restrictive assumptions are
made than (H3) -as shown later- while ¢ Is a vector
system in strict feedback form.

In this paper we solve the global adaptive tracking prob-
lem with dynamic partial state feedback for (1), and
provide a construction procedure that improves previ-
ous results in two directions: we allow for the subset
1(t) of the unmeasurable states to enter in the >
subsystem nonlinearly, via the vector function p(u);
we consider systems which are linearly parametrized
with respect to a set of unknown constant parame-
ters § € M9, in order to render the global asymptotic
tracking strategy adaptive with respect to them. Our
approach allows to find global adaptive tracking con-
trollers even for those systems with p(t) = 0, but not
complying with the hypotheses in [4], such as the Lund-
Grenoble model of nonlinear friction systems (see [2]
and [5]), that arises in accurate modelling of systems
involving Coulomb friction, viscous and static friction,
and the Stribeck effect (see [1], for a survey). The Lund-
Grenoble model can be formalized as follows.

Definition 2 Lu-Gre friction model. (see [2] and
[5]). Consider a class of servo motor systems with fric-
tion effects, for the control of high precision tracking
table. Friction between two sliding surfaces can be mod-
elled as contact between sets of bristles, and is described
with a state variable bristle model, leading to the follow-
ing dynamics:

Ji = Ki— F(i,z2%)

—ghys+ 4 )

P =

where the average bristle deflection is z, the total motor
and load inertia is J, the motor shaft angular position
is x, the torque provided by a D.C. servo motor is Ki.
The friction torque is F(&,z,%) = 0oz + 012 + 0at,
where o is the bristle stiffness coefficient, o is related
to damping during bristle deflection transients, and o
is the viscous damping coefficient. The dynamics of the
state variable bristle deflection z includes the nonlin-
ear positive bounded term g(&) that models the Stribeck
effect, (see [3])
g(%) = L a0 +are ()]
Oo

where ag + a1, ag, are respectively static and Coulomb
friction coefficients, and v, is the characteristic Stribeck
velocily.

If numerical values can be provided for all the scalar pa-
rameters in the model dynamic equations, including o4,

while bristle deflection 2z is not measured when the sys-
tem is moving, tracking can be achieved for the system
considered with a control strategy proposed in previ-
ous literature (see for instance [2], [3]). We will show
that system (2) can be expressed as a particularization
of (1), and will find a global tracking control which is
adaptive with respect to 01, assuming that only the po-
sition z and its derivative & are available for measure-
ment. In Section 2 we show the main result, by intro-
ducing suitable time-varying global coordinate transfor-
mations to express the tracking error system in a form
which is instrumental for the solution of problem in De-
finition 1. In Subsection 2.1 we describe global tracking
control laws for (1). In Subsection 2.2 we suggest how
the adaptive tracking strategy can be extended to sys-
tems Y . in strict feedback form. In Section 3 we show
the application to the Lund-Grenoble friction model of
the tracking control law proposed and draw the conclu-
sions in Section 4.

2 Main result

We define now suitable time-varying global coordi-
nate transformations to obtain the tracking error sys-
tem. We can set ®1((,1) = h(() — 24(t), ®2((,1) =

Lih(Q) = 2§7@), ... @,(¢,1) = L} 'h() — 2§ V@),

and define
Met) = Lhh(Q) — 2 (1)
+zzw4 ho) =) @)
KO = LyLy'n(),
G = hGH + RS )
(¢, &u) = 0,(C8 D)k u,
where ¢y, . ..c._1 are positive reals such that the poly-

nomial p(s) = s"+¢,_18" 14 ... ¢ is Hurwitz. By hy-
pothesis (H1) there exist (see [12]) d—r nonlinear func-
tions ®;((, ), 7+1 < ¢ < d such that the subsystem ),
in (1) is globally diffeomorphic, via the time-varying
[@1(¢,8) , ..., @G0T
@d(g,t)]T to the two sub-

AC + b€, where

global coordinate change Z =
and w = [(I)T+1(§7t)7 PR
systems w = F (g,w,t), and Z =
F (6,?3, t) is a suitable smooth vector function, b =

[0, ... 0, l]T , and the matrix

A:|:8 ér1:|—b|:00 cT ... Crfl]

is Hurwitz. On the other hand, the subsystem Zg in
(1) is diffeomorphic via (4) to the system

£ = ap (WG wi ]

> ()w@ @&, 0)0+0" 0, @& 1)
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where ¢ = (55 +655) (£ + 9€)+ 3 +Ko, and § = kv,
& = ko, ¥ = ki, { = kl. We now introduce the filters

o = F(C,8ig+qi(C,€)  fip € R
By = F(COR+ Gl ) ERM, 1<i<gq
o = S(C.9 +92(C,&) M € N
i S(CO; +Gu(C,6) i eR2, 1<i<q

(6)
where G;((, &) denotes the j-th column of the matrix
Gi(¢,€), i = 1,2, and define the parameter-dependent
filtered transformation

Bo= p—pf—jiy
A W 7
no= n—0n0—ip @
with ft = [fiy, fig, - - - fig| » 1 = [y, 72, 7,] , and
T
w: |://:Lg7 ﬂf? ] //’\LZ7/’/78177/7,{17 "'7/’/7317wT:| - (8)

If we express system (5) in terms of i = [i(w, ) and 7} =
f(w, 0), as defined in (7), by expanding p(f + fif + fi,),
the error system in the new coordinates becomes

Yopih= F(G, &
Sy 0= S(GE w1
Yo tw=Qw, (),
D6 =ACHE,
§ = u+m(CEwt)+i (L1
IR +(CEw )0+ ()8(CE w,t)
+p" (1)8(C.€,w, )0
) ) )
where p(i) = [Ty 75, THio 5% oy Thy 757
([ € RE, and 6 =
o 02 1T S ;
[H;;lejlf, T, 0%, ..., H;;lojw] . 6 e %,

5,G € N, whose entries collect all the different terms
. v ~k7,]

like (HJ 1 B )
Q), 7(), 7(), 6(-), &(-), are suitable smooth matrix

functions of their arguments. The tracking error is

2(t) — 2q(t) = ().

and ( Z:l 92’5’1) respectively, and

2.1 Controller design
We describe now the control strategy for system (9).

Since for any a,b,c € R, ab < % + b2, it follows
that there exists a positive real A € R and a positive
integer 5 € N such that

Ip(i)))* < )\ZHMH

Let \; € ®T be a positive real to be specified later, and
introduce the positive definite function

for all ft € R™. (10)

Vi 66, 0.) = M, (gTPM;L)i +{ PC
+1 [§+ée reée} ,

where 0, = 0, — 95, and 0, is an estimate of 0, € Ve,
=2
with v3 = 24+ L + v, given by

0.(t) = 01,...0,,0°,0,0,,. ..,9377717...,77,,2}, (11)

and )
I 0
o o)

I' is a symmetric positive definite matrix, and P is
such that P: A+ AT P = —I,.. The computation of the
time-derivative of V7 yields

vio= )‘IZf 1Z<M PMM>l7 ﬁT[PMF2+FTPM]ﬁ
+%95 [ eSe+SgF6 ée_ HEH +26TPCbg
+ézre (Seée - ée) +gg7
(12)

0 } . By hypothesis (H2) there exists

0
0o S
a suitable \,, € R such that

At Zf:ﬂ (ﬂTPMﬁ)F

with S, =

lﬁT[PMF"‘FTPM]ﬁS

§ ~1121% (13)
—M A iy A
By expanding the term EE we obtain
& = Eurlm+&pT ()o+End (14)

+Ep" (1)60+€0".
By “completing the squares” of the terms in (14) to-
gether with (10) we have

&7 ()6

IA

1 -2 _ s 1121
e ||5||2+’YZ||M||2 (15)

& ()60 < —50 5 59+vZ||u||21 (16)

i=1

where v, € R are any positive reals. Notice that in
(16) appear terms in the form 6;0;¢;;(t) where q;;(t),
1,7 = 1, ...q, are suitable time-dependent functions, and
there exists a suitable vector function 8(v,(,&,w,t) €
R¥s available for measurement such that

- SO O
£670, = ix0 + Egzo%%o véTl. (17
By substituting (16), (17) in (14) and rearranging
terms,

P z - g2t

€ < WO Qe TLIAT

—|—£u+£7r—|— = 1164]% -

By substituting (18), (13), in (12), since 2ZTP<b§ <
~112 ~112
H{H —I—‘ PrbE|| , and by the definitions of I'e, Se, I'eSe+
STT, <0, by rearranging terms, we have

iz [~k +A(v+v)} i I
+E (1 0700+ O+ 7+ SR
+OT, (559@ . 0@)




By setting
- T
6= =00 T - a R -
ée = 5505 +F5 165

where ¥ € RT, T =[co, -\ Cr1,77s 'Ny]T , and choos-

ing A\; such that \; > ﬁ (7 + 7v)we have that
. e a2 <2
Vi < —somin (1" + ||| +€ (20)

With Kmia = min {)\1)\ CAF+),1 a} > 0. Tak-
ing (20) into account and using Barbalat S Lemma (see
[14]), it follows that lim;_ H {ﬁT(t) ¢ }H

0. This result can be summarized in the followmg

Proposition 1 Consider system (1). If the hypothe-
ses (H1)-(H2) hold, then the global tracking problem in
Definition 1 is solvable.

2.2 Extension to systems in strict feedback form

Consider now the system

Z Ch= F(§f1)M+G (§51)9+91(

oy
mm
\_/

Z i1 =5(¢.§)n + G2(6. )0 + g5(C, )
. (€) +9(0)&,
Z<'{.z—h<<)
&= 52+¢1(C751)+]ZT(M)¢1(§751)
"‘77T€1(€7 51) + ¢1(§751)9
"‘pT(M)¢1(§7 )9,

51752)+¢2(§ £1,62)0

+pT(u
2 c 1,600+ 10" 6:(C,€,,65)

£ F

£ = 0,(COu+6,(6.9) +p (W, (6
+6,(C.)0+p" (109, ()0 +1
(21)
that is a generalization both of (1), for the vector struc-
ture of ng and of a system in “strict feedback form”.
Assume that (21) complies with hypotheses (H1), (H2),
(H3). If in a “ strict feedback form” system there are
no unmeasured dynamics, i.e. g =0, 7= 0,and 8 # 0,
the problem of global adaptive tracking can be solved
(see [7]) with a dynamic control law whose dimension
is equal to the dimension of the vector of constant pa-
rameters § € RN9. In recent years there has been consid-
erable interest in deriving control laws for systems that
are extensions of “benchmark” strict feedback form sys-
tems to systems with unmeasurable dynamics, as [10],
following [9], ansd in [13], where global regulation can
be achieved via a nonlinear mapping and a simple inte-
grator, following the research line in [11].

It can be shown that problem 1 can be solved for sys-
tem (21), by adapting to our case the strategy in [7],

T0.(¢,6).

for the adaptive tracking without overparametrization.
The key tool in the controller construction is the “back-
stepping” approach, according to which the solution
of the problem for n = ¢ — 1 it is used to construct
the control strategy for n = ¢. It can be obtained
an iterative procedure for the synthesis of n smooth
functions ozj(g £ . .,fj 1, W, 95,15) eR, j=1,...,n,

and 7 smooth vectors (3; (C,&,. ..,@,w t) € 5}3”3
ji=1,...,n. By defining V,, = \y Zé 1( TPMM) +
~T o~

§P<§—|— 9F0+Zjlj,wherex1:§1,xj:

£ —aj_1; 2 < j < n, and by setting 0. = S,
+I.! Z?:l Bz, &= an, inequality

- +Zx <0 (22)

holds, by a suitable kmin > 0. By (22), with argu-
ments similar to the ones used when dim(§) = 1 in
previous subsection, it is straightforward to show that

Timy o H [ﬁT(t), ORI xn] ‘ — 0, and which im-

2(t)) = 0.

plies that lim; .. (24(¢) —

3 Controller implementation for the Lu-Gre
model.

Consider the machine model in Definition 2. If we
choose as control input the D. C. motor rotor current
u =1, set €y 012 = My, Cp ¥ =Ny, T = (, T = &,
(&) = %, 61 = cgoq, where ¢, , ¢, , ¢y are posi-
tive real rescaling parameters, then the system model
becomes

Yo =9+ G0+ g,(8)
Z( ¢1=¢ B
S E=Eu 6 (€) + nyla() + B(E) + H(£)0,
(23)
with 17 = [0, 772]T , tracking output ¢ € R, measurable
states ((,€),

|
ae = [Cgf};m(a:[cmg] (25)
§

shere 4(6) = S0, 6(9) = 720 of0) = 52
(&) = —i. System (23) is a particularization of (1),

JCQ
with g = 0, with the minor difference that ¢(£) € C*

for all £ € R except for £ = 0. In this case global
tracking can be obtained in the light of the argu-
ments presented in this paper. The resulting control
law will be therefore piece-wise smooth, leaving the



entire procedure unchanged. If the trajectory w, ()
has to be tracked, then setting ( = ¢ — z,.(¢), £ =
E—&r(t)+co (¢ — (1)), with g € R, and introducing

the filtered transformation w = [ﬁg, th} , with

o = i+t i eR (26)
m = —p&)in+ep,g 0 ER,

system (23) in the new coordinates can be written as
a particularization of (9) with ¢ = 0, and n = 1. In
this case the subsystem ZZ is ( = —co + &, and ZE
is expressed as in (9) with 4 =0, 7 = ¢o (§ — £,(¢)) —
(1) + B(E) + (€)1, T = HE)+ 1 (&), and & = K
the adaptive global tracking controller can be derived
following subsection 2.1. We notice that does not ap-
ply to (23) the global adaptive tracking controller given
in [4], which requires more restrictive assumptions. In

fact, by setting 17, = [, 7, 601]" , subsystem >, can
be rearranged as
D tile = Se(E)ne + ge(€) (27)
e

s©=] 39 59 ae=] 5]

In [4] it is proposed a tracking control law assuming
that there exists a symmetric positive definite matrix
P. -which is used to construct the tracking controller-
such that

P.S.(&) +ST(&)P. <0, forallécR. (28)
It is also assumed that for every initial condition 7, (o)
and every bounded (¢ (%), £()) € Lo [to,00) X Lo [to, 00)
also the solution 7,(t) starting from initial condition
n.(to) is bounded, i.e. n.(t) € L2 [ty,00). However,
in this case a positive definite matrix P. that complies

with (28) does not exist. By contradiction, if the con-
verse holds, (28) implies that for any £(t)

IOl < /32 el (20)

with 7, (¢) solution of 77, = S.(£(¢))n., Aar and Ay, being
the largest and smallest eigenvalue of P.. The partic-
ularization of 7, = S.(£(t))7n, to its second entry 7.9
yields

7762 = _0-0()0(5)7762 + 57763 (30)

with scalar 7., = 7, and constant 7.3 = 6. System
(30) with state 77.5(f) and input £ is reachable for any
N.3 7 0; thus for any 7, € R, and T € R, there exists
a function £(t) such that 7,4(7T") = 7. This contradicts
(29) and in turn, hypothesis (28)

3.1 Tracking control simulation

The adaptive tracking control strategy (19) (26) has
been simulated for system (2) with tracking trajectory
24(t) = 5.6 [sin (0.47t)] [sin (0.027t)], setting co = 50,
v1 = 10, choosing I'c , P as identity matrices, model
parameters proposed in [3]. numerical values of systems
parameters are:

system parameter  nominal value
oo (N m rcod’l) 260.0

oy (Nmsrad ') 06

os (N m srad”') 0.018

ap (IV m) 0.285
ay (N m) 0.05
Vs (rad s’l) 0.01
J (iKgm?) 0.0022
K (NmA™Y 0.352

The simulation has been carried on for time ¢ : 0 < ¢ <
50 seconds, with all initial conditions set to zero. In
Figure 1 it is shown the reference trajectory, in Figure
2 the tracking error trajectory, in Figure 3 the D.C.

. . . . K
rotor current ¢ that provides the input @ = = and
in Figure 4 the first entry of d., i.e. the estimate of

—_ o
g1 = "

Tracking reference
6 T T T

I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50
Time[sec]

Figure 1: Reference position for 0 <t < 50

X 10° Tracking error
T T

08 : B : -

I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50
Time[sec]

Figure 2: Tracking position error for 0 < ¢ < 50.



rotor current
T

05 - : . g -

05 —

\/

I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50
Time[sec]

Figure 3: D.C. motor rotor current for 0 <t < 50

Estimate of o,
).43 T T T

405 : : : -

0.4

| I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50
Time[sec]

Figure 4: estimate of o1 for 0 <t < 50.

Notice that while (as expected) the trajectory error is
kept “small”, estimate of o is instead far from fast
convergence, since this property relies on suitable “per-
sistency of excitation” conditions on the tracking tra-
jectory.

4 Conclusion

We have provided a family of dynamic partial state
feedback controllers for global asymptotic tracking. We
have assumed that a subset of the unmeasurable states
enters in the system nonlinearly, via a vector whose en-
tries are polynomial functions. We have also rendered
the global asymptotic tracking strategy adaptive with
respect to a vector of unknown constant parameters,
extending previous results on this subject. The strat-
egy proposed in this note can be successfully applied
to those systems, like in the nonlinear friction exam-
ple, in which global tracking has to be generated even
though there are unmeasured states and unknown pa-
rameters. By properly tuning scalar controller’s para-
meters it is possible to select within the family of con-
trollers a “practically implementable” control law, with
a satisfactory transient behavior.
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