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Abstract

In this paper a procedure for obtaining the parameters
of a �nite horizon model predictive controller to make
it equivalent to an H1 normalised left coprime factori-
sation (NLCF) controller in the unconstrained case will
be considered. The procedure will be based on a Lin-
ear Matrix Inequalities (LMI) approach to the solution
of the discrete-time H1 control problem and will be
solved by �rst considering the solution when the state
is available for measurement.
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1 Introduction

One of the major drawbacks of the �nite horizon MPC
formulation is that it does not give guaranteed stabil-
ity even in the unconstrained cased. However, it can
be shown that if a terminal constraint is placed on the
state, then stability may be guaranteed if certain con-
ditions are imposed on the terminal weight [7]. How-
ever, in this paper the MPC formulation without ter-
minal weight will be considered and it will be shown
that the parameters of the unconstrained controller
may be selected in such a way that the MPC controller
is equivalent to a Normalised Left Coprime Factorisa-
tion (NLCF) H1 controller which, when used with the
loopshaping procedure proposed in [3], gives rise to a
controller with very nice robust stability/performance
guarantees.

A procedure for obtaining an MPC equivalent NLCF
for the in�nite horizon case was already outlined in [10]
which, pointed out that the major advantage of imple-
menting the NLCF controller as a predictive controller
is that, a predictive controller with integral action, im-
plemented with only input constraints, provides auto-
matic anti-windup. Thus, implementing the NLCF con-
troller as a predictive controller removes the need for
the design of a separate anti-windup strategy. The for-

mulation proposed in [10] has the disadvantage that the
horizon length may be too long and this might lead to
numerical problems during the MPC optimisation pro-
cedure. The �nite horizon formulation proposed here
thus gives an improvement in this regard as one can
select smaller horizon lengths. The tuning procedure
outlined is for the unconstrained controller.

The tuning procedure is based on an LMI approach to
the solution of the discrete-time H1 control problem
and the solution will be obtained by �rst considering
the case when the states are available for measurement.

2 Problem De�nition

Consider the discrete-time plant given by the following
equation

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k)
(1)

where x 2 R
n , u 2 R

m , y 2 R
p are the state, input

and output vectors respectively. (A;B) is stabilisable
and (A;C) is detectable. It is assumed that this plant
has already been augmented with the disturbance and
reference model.

Now consider the MPC controller whose cost function
is:

J(x; u) =

N2X
i=1

kŷ(k + ijk)k2Q(i)+

Nu�1X
i=0

k�u(k + ijk)k2R(i)

(2)
whereN2 is the prediction horizon,Nu, the control hori-
zon and Q(i) and R(i) are the weighting matrices.

The MPC problem is then to �nd a sequence of control
inputs that minimises the cost function, that is,

min
�U

J(x; u) (3)

where �U = �u(kjk);�u(k+1jk); � � � ;�u(k+Nu�1).

The predictions, ŷ(k + ijk) i = 1; 2; � � � ; N2 are ob-
tained from the prediction model given by equation (1)
and the estimate of the state at time k. The state esti-
mate x̂(kjk�1) is obtained from a stable observer with
observer gain L and then updated using the current
measurement of the output at time k to obtain x̂(kjk),
which is computed according to the corrector equation
given below.

x̂(k + 1jk) = (A� LC) x̂(kjk � 1) +Bu(k) + Ly(k) Observer

(4)

x̂(kjk) = (I � LC) x̂(kjk � 1) + Ly(k) Corrector
(5)



This corrector equation may only be used when there
is adequate computation time otherwise the state es-
timates used would be x̂(kjk � 1). Thus this leads to
two form of controllers. One a strictly proper controller
called the predicting form in which the predictions are
based on x̂(kjk� 1) and the other a non-strictly proper
controller called the �ltering form. For the current con-
troller the output predictions are based on the estimate
x̂(kjk) and this leads to a controller with improved per-
formance.

We seek to obtain the parameters, N2, Nu, Q(i) (i =
1; 2; � � � ; N2), R(i) (i = 0; 1; 2; � � � ; Nu) and the ob-
server gain L such that �nite horizon unconstrained
MPC controller will be a NLCF controller [5], that is
such that





�
S ~M�1

KS ~M�1

�




1

< 
 S := (I �GK)�1 (6)

where ~M�1 is the normalised left coprime factor of the
plant G(z) = C(zI � A)�1B and where K(z) is the
transfer function of the MPC controller. We consider
the solution for the predicting form of the controller.

3 The Predicting MPC Controller

Before outlining the proposed tuning procedure, the
controller equations for the predictive controller with
cost function given by equation (2) and prediction
model given by (1) will be derived.

The cost function in equation (2) may be rewritten in
the following form,

J(x; u) = kY(k)k
2
Q
+ k�U(k)k

2
R

(7)

where the matrices are de�ned as follows.

Y(k) =

2
64

ŷ(k + 1jk)
...

ŷ(k +N2jk)

3
75

�U(k) =

2
64

�u(kjk)
...

�u(k +Nu � 1jk)

3
75

(8)

and

Q =

2
6664
Q(1) 0 � � � 0
0 Q(2) � � � 0
...

...
. . .

...
0 0 � � � Q(N2)

3
7775 (9)

R =

2
6664
R(0) 0 � � � 0
0 R(1) � � � 0
...

...
. . .

...
0 0 � � � R(Nu � 1)

3
7775 (10)

It can be shown that Y(k) may be given by the following
equation

Y(k) = 	x̂(kjk � 1) + �u(k � 1) + ��U(k) (11)

where the matrices 	, � and � are de�ned as follows

	 =

2
666666664

CA
...

CANu

CANu+1

...
CAN2

3
777777775
; � =

2
6666666664

CB
...PNu�1

i=0 CAiBPNu
i=0 CA

iB
...PN2�1

i=0 CAiB

3
7777777775

(12)

� = C

2
666666666664

B � � � 0
AB +B � � � 0

...
. . .

...PNu�1
i=0 AiB � � � BPNu
i=0 A

iB � � � AB +B
...

...
...PN2�1

i=0 AiB � � �
PN2�Nu

i=0 AiB

3
777777777775

(13)

where

C =

2
6664
C 0 � � � 0
0 C � � � 0
...

...
. . .

...
0 0 � � � C

3
7775 (14)

The error between the future target response of the
system and the free response (that is, when �U = 0) is
given by E(k) and is de�ned in the following equation.

E(k) = �	x̂(k)��u(k � 1) (15)

In (15) the target is set to zero because of the assump-
tion that the plant included a model of the reference.

Thus the cost function may now be reformulated as:

J(x; u) =E(k)TQE(k)� 2�U(k)T�TQE(k)

+ �U(k)T
�
�TQ�+R]�U(k)

� (16)

In the unconstrained case, the future set of control
moves is given by,

�U(k)opt =
�
�TQ�+R

��1
�TQE(k) (17)

However, in the receding horizon strategy only the so-
lution corresponding to the �rst is used. Thus, the
calculated control input for the unconstrained case is
given by:

�u(k)opt =
�
Im; 0m; � � � ; 0m

�
�U(k)opt (18)

�u(k)opt = Km(Q;R; N2; Nu)E(k)opt (19)

where Km is a gain which is dependent on Q, R, N2

and Nu. In future we will just write Km for short but



it should be borne in mind that this is a parameter
dependent gain.

It is simple to show that the controller equations for
this form of the unconstrained MPC controller [8] is
given by,�
x̂(k + 1jk)
u(k)

�
=

�
A� LC �BKm	 B(I �Km�)

�Km	 I �Km�

�

�

�
x̂(kjk � 1)
u(k � 1)

�
+

�
L

0

�
y(k)

�u(k) =
�
�Km	 �Km�

� �x̂(kjk � 1)
u(k � 1)

�

:=

�
AK BK
CK 0

�

(20)

It can be observed that this is a strictly proper control
structure.

4 Obtaining Km and L

The tuning procedure for the predicting form of the
MPC controller will be considered in this section.

The plant to be considered is described in (1). This
plant is augmented with the input vector as shown be-
low,�

x(k + 1)
u(k)

�
=

�
A B

0 I

� �
x(k)

u(k � 1)

�
+

�
B

I

�
�u(k)

y(k) =
�
C 0

� � x(k)
u(k � 1)

� (21)

The generalised plant for the NLCF control problem is
then given by [11]:

P :=

2
664

�
A B

0 I

� �
B1

0

� �
B2

I

�
�
C1 D12

�
D11 D12�

C2 0
�

D21 0

3
775

=

2
4

~A ~B1
~B2

~C1 ~D11
~D12

~C2 ~D21 0

3
5

(22)

where

B1 = �HKF ; B2 = B; C1 =
�
CT 0

�T
C2 = C; D11 =

�
I

0

�
; D12 =

�
0
I

�
; D21 = I

(23)

and
HKF = �AZCT (I + CZCT )�1 (24)

is the observer gain associated with the Kalman Filter
with the following Riccati equation,

Z = AZAT�AZCT (I+CZCT )�1CZAT+BBT (25)

The tuning procedure will now be outlined by �rst con-
sidering the LMI solution to the state feedback problem.

4.1 The State Feedback Case

In the case that the states are available for measure-
ment, the MPC predicting controller is simply given by

�u(k) =
�
�Km	 �Km�

� �x(k � 1)
u(k � 1)

�
(26)

The generalised plant for this problem is

~x(k + 1) = ~A~x(k) + ~B1w(k) + ~B2�u(k)

y(k) = ~x(k)

z(k) = ~C1~x(k) + ~D11w(k) + ~D12�u(k)

(27)

where

~x(k) =
�
x(k � 1)T u(k � 1)T

�T
(28)

The following lemma states the condition under which a
value of Km may be determined to ensure that the gain
from w(k) to z(k) does not exceed some pre-speci�ed
level 
.

Lemma 4.1 Consider the system (27), given some de-
sired level of performance 
 > 
min > 0, where 
min is
de�ned in [11]. If there exists a matrix P = P T > 0
and Y that satisfy

0
@

�P ~AP+ ~B2Y ~B1 0

P ~AT+Y T ~B2 �P 0 P ~CT1 +Y
T ~DT12

~BT1 0 �
I ~DT11
0 ~C1P+ ~D12Y ~D11 �
I

1
A < 0 (29)

and if �
	 �

�
(30)

has full row rank for all values of N2 and Nu, then a
Km may be obtained to satisfy

Km

�
�	 ��

�
= Y P�1 (31)

if N2 �Nu + 1 is selected to be greater than n+m. A
Km which satis�es (31) will lead to a closed loop system
with L2 gain from w to z of at most 
.

Proof: The condition given in (29) is a necessary and
suÆcient condition for the existence of a state feedback
controller which guarantees quadratic stability with L2
gain from w to z of at most 
 [4]. The state feedback
in this case is given by (31) and this equation has a
solution forKm if [	;�] whose dimension is (N2�Nu+
1)�(n+m) has full column rank. Thus, N2�Nu+1 �
n + m is a necessary condition. This condition along
with the condition that [	�] has maximum row rank
will ensure that (31) has a solution.



4.2 The Full Solution

Remark 4.2 In this section, it is assumed that a full
state feedback controller has already been successfully
designed so that a P and a Y has already been deter-
mined to satisfy (29)

The MPC controller for the case when the states are
not available for measurement is given by (20).

We assume that Km was already determined as in
Lemma 4.1 and that an observer gain L is to be de-
termined so that the MPC controller guarantees an L2
gain from w to z of 
. The following theorem shows
how L may be determined.

Theorem 4.3 For some desired level of performance

 > 
min > 0 where 
min is de�ned in [5], assume that
there exist P = P T > 0 and Y such that the LMI in
Lemma 4.1 is satis�ed. If there exists constant matri-
ces R = RT > 0 and W = [Ŵ T 0]T such that (32)
is satis�ed, then the MPC controller with observer gain
L = �R�1Ŵ guarantees L2 gain from w to z of at most

.

0
BBBBBB@

�R R ~A+W ~C2 0 R ~B1+W
~D21 0

~ATR+ ~CT2 W
T

�R 0 0 ~CT1

0 0 �P 0 P ~CT1 +Y T ~DT12
~BT1 R+

~DT21W
T 0 0 �
I ~DT11

0 ~C1
~C1P+

~D12Y
~D11 �
I

1
CCCCCCA
< 0

(32)

Proof: From the Bounded Real Lemma [4], the L2
gain from w to z of at most 
 > 
min > 0, if there
exists Xcl = XT

cl > 0, such that,
0
BB@
�X�1cl Acl Bcl 0
ATcl �Xcl 0 CT

cl

BT
cl 0 �
I DT

cl

0 Ccl Dcl �
I

1
CCA < 0 (33)

Now if the states of the closed loop system is chosen
to be

�
e(k)T ~̂x(k)T

�
where e(k) = ~x(k) � ~̂x(k) and

~̂x(k) =
�
x̂(kjk � 1)T u(k � 1)

�
.

The closed loop matrices are then given by,

Acl =

�
~A� L̂ ~C2 0

L̂ ~C2 ~A+ ~B2KmZ

�

Bcl =

�
~B1 � L̂ ~D21

L̂ ~D21

�

Ccl =
�
~C1 ~C1 + ~B2KmZ

�
Dcl = ~D11

(34)

where

L̂ =

�
L

0

�
; Z =

�
�	 ��

�
(35)

Let Xcl be given by,

Xcl =

�
R 0
0 P�1

�
(36)

Substituing these matrices in (33) gives

0
BBBBBBBBB@

�R�1 0 ~A�L̂ ~C2 0 ~B1�L̂
~D21 0

0 �P L̂ ~C2
~A+ ~B2KmZ L̂ ~D21 0

~AT� ~C2L̂
T ~C2L̂

T
�R 0 0 ~CT1

0 ~AT+ZTKTm
~BT2 0 �P�1 0 ~CT1 +ZTKTm

~DT12
~BT1 �

~DT21L̂
T ~DT21L̂

T 0 0 �
I ~DT11
0 0 ~C1

~C1+
~D12KmZ

~D11 �
I

1
CCCCCCCCCA

< 0

(37)

After pre and post multiplying (37) by

0
BBBBBB@

I

I

I

P

I

I

1
CCCCCCA

(38)

(37) becomes

0
BBBBBBBBB@

�R�1 0 ~A�L̂ ~C2 0 ~B1�L̂
~D21 0

0 �P L̂ ~C2
~AP+ ~B2Y L̂ ~D21 0

~AT+ ~C2L̂
T ~C2L̂

T
�R 0 0 ~CT1

0 P ~AT+Y T ~BT2 0 �P 0 P ~CT1 +Y T ~DT12
~BT1 �

~DT21L̂
T ~DT21L̂

T 0 0 �
I ~DT11
0 0 ~C1

~C1P+
~D12Y

~D11 �
I

1
CCCCCCCCCA

< 0

(39)

where
KmZ = Y P�1 (40)

Using the Matrix Projection Lemma [1], (39) is equiv-
alent to,

0
BBBBBBB@

�R�1 ~A�L̂ ~C2 0 ~B1�L̂
~D21 0

~AT+ ~C2L̂
T

�R 0 0 ~CT1

0 0 �P 0 P ~CT1 +Y T ~DT12
~BT1 �

~DT21L̂
T 0 0 �
I ~DT11

0 ~C1
~C1P+

~D12Y
~D11 �
I

1
CCCCCCCA
< 0 (41)

After pre and post multiplying (41) by

0
BBBB@

R

I

I

I

I

1
CCCCA (42)

then equation (32) is obtained after setting

L̂ = �R�1
�
Ŵ

0

�
(43)

5 Determining Q and R

Once Km is determined it should now be possible to
obtain Q and R. However, it should be noted that
since Km is a truncated version of (�TQ�+R)�1�TQ
there is not enough data in Km to calculate Q and R
explicitly but a optimisation problem of the following
form

min
Q;R



Km�
�
Im 0m � � � 0m

�
(�TQ�+R)�1�TQ




2

(44)



could be set up to determine suitable values for these
matrices. The problem may be simpli�ed by assuming
that Q and R are diagonal matrices.

In the literature on MPC [8] it as always been assumed
that Q and R are positive de�nite matrices, this is to
ensure that the Hessian given by

2(�TQ�+R) (45)

is positive de�nite, however other choices of these ma-
trices can lead to a positive de�nite Hessian and there-
fore in the optimisation given in (44) the only restric-
tion which will be placed on Q and R is that they lead
to a positive de�nite Hessian. The intrepretation of the
case when either Q or R is non-positive de�nite is still
being investigated.

6 Summary of Tuning Procedure

The tuning procedure is now summarised below:

1. Augment the plant with the disturbance and ref-
erence model to get a representation of the form
(1)

2. Perform H1 loopshaping to get good stabil-
ity/performance properties

3. Select N2 � Nu + 1 � n + m and Nu � N2 and
form the MPC matrices given by (12)-(13).

4. For the speci�ed performance 
 > 
min, deter-
mine Y and P to satisfy (29) in Lemma 4.1 and
determine Km according to (31).

5. Determine R and W to satisy Theorem 4.3 and
determine the value of L.

6. Perform the optimisation given by equation (44)
to determine Q and R.

7 Example

A simple numerical example will now be given to il-
lustrate the tuning procedure. In this example it is
assume that the reference is 0 and so it is not necessary
to include the reference model in the plant.

Assume that the plant (including disturbance model) is
described by

x(k + 1) =

�
1 0

0:02 1

�
x(k) +

�
0:02
0:0002

�
u(k)

y(k) =
�
1 10

�
x(k)

(46)

In this example we will select our shaping �lters to be
W1 = I and W2 = I . N2 is given the value 4 and
Nu = 2. The matrices 	 and � are then given by

	 =

2
664
1:2 10
1:4 10
1:6 10
1:8 10

3
775 ; � =

2
664
0:022
0:048
0:078
:112

3
775 (47)

The sample rate selected is 0:02s. The minimum
achievable gamma according to [5] is 2:34 so we may
select any value of 
 above this, let 
 = 2:6. Feasible
values of Y and P that satisfy (29) are then obtained
and the calculated Km leads to the following values of
Q and R

Q = diagf�168; 209;�116; 26g

R = diagf0:0001; 1138:9g
(48)

The residual norm of the optimisation (44) is less than
1e�12. In this case Q is inde�nite but the Hessian is
positive de�nite.

A feasible value for L is calculated to be

L =

�
0:0191
0:0072

�
(49)

The following plots show simulation of the input and
output response when these choice of parameters where
chosen for the MPC controller. The initial state of the
system is [0:1; 0:01];
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Figure 1: Output Response of MPC Controller

8 Conclusion

The NLCF controller has many desirable properties and
it would be useful to obtain an MPC controller with
these properties. Implementing the NLCF controller as
an MPC controller has the advantage that automatic
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Figure 2: Input Response of MPC Controller

anti-windup is obtained when the MPC controller is
implemented with integral action (as is typically the
case), and implemented with constraints on the inputs
only.

This paper has outlined a procedure for obtaining the
parameters of a predicting form of an unconstrained
model predictive controller to make it equivalent to the
NLCF controller and for the �rst time provides a way of
designing a robust unconstrained �nite horizon model
predictive controller without terminal constraints.
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