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Abstract

In this papaer, we propose the exponential stabilizing
controller of the motion of the rigid mode and the vibra-
tion of 
exible modes for two 
exible beams connected
by a spring as a simple example of the large space
structures. As the rigid mode is unstable, the original
open-loop 
exible system is not exponential stable. We
propose a direct sensor output feedback control law for
the motion and vibration absorption control. Using the
spectral analysis, the exponential stability of the closed-
loop system is proven. To demonstrate the validity of
the proposed model and e�ectiveness of the proposed
control law experiments have been carried out.

1 Introduction

Modeling and control problems of 
exible structures
have been extensively studied by many researchers[1]-
[7]. One of the important problem for the control of the
large space structures is to compensate the spillover in-
stability caused by physical parameter uncertainty and
residual modes which are neglected at the controller de-
sign phase. One solution for the problem is to construct
a robust controller, for example a robust H1 controller
and an optimal controller with low-pass property, based
on an approximated �nite-dimensional model.
On the other hand, the computational power which

can be used in the space is not so high. As the order
of a robust H1 controller and an optimal controller
with low-pass property are not small and they need
high computational power, the controllers may not be
suitable in the space missions. It is necessary to con-
struct a simple controller for the implementation with
robustness based on the distributed parameter system
of an in�nite-dimensional system. Though a simple
PDS control law [8] for 
exible structures is proposed,
it can ensure only asymptotic stability of the closed-
loop system. The exponential stabilizing controller for
a one-link 
exible arm is dicsussed in [9]. We discussed
the exponential stabilization for only the vibration of
two 
exible beams connected by a spring [10].
In this paper, we consider motion and vibration con-

trol for the two 
exible beams connected by a spring

as a simple example of the large space structures. The

exible beams and the spring can be regarded as an el-
ement of the structure with distributed 
exibility and
a connective part with lumped 
exibility, respectively.
As we introduce Voigt type damping, the original open-
loop vibration system is exponential stable. However
the original hybrid system of the motion of the rigid
mode and the vibration of the 
exible system is un-
stable. We propose a direct sensor output feedback
controller for the motion and vibration absorption con-
trol. Using the spectral analysis, exponential stability
of the closed-loop system is proven. As we don't need
an approximated �nite-dimensional model at the con-
troller design phase, the controller based on the original
distributed parameter system is robust and simple. To
demonstrate the validity of the proposed model and the
e�ectiveness of the proposed control law, experiments
have been carried out.

2 Distributed Parameter Model

We consider two 
exible beams connected by a spring
as shown in Fig.1.
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Fig.1 Two 
exible beams connected by a spring

The 
exible beam i of length Li, having uniform mass
density i per unit length, uniform 
exural rigidity EiIi
is clamped on the vertical shaft of the motor i at one
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end and has a concentrated mass mi at the other end.
The masses m1and m2 are connected by a spring. This
spring implies the lumped 
exibility of the connected
part. Let �i(t) be the angle of rotation of the 
exible
beam i. The 
exible beams will deform due to the dis-
tributed elasticity as shown in Fig.1. The system of two

exible beams connected by a spring has both lumped
and distributed 
exibility. As we consider planer mo-
tion, the acceleration of gravity can be ignored. Let
wi(t; ri) denote the transverse displacement at time t
and at a spatial point r. Let k be a spring constant, the
equilibrium point of the spring be the position which
satis�es �1(t) = �2(t) = 0; w1(t; L1) = w2(t; L2) =
0. Introducing the assumption �i(t); (i = 1; 2) are
small and using the Hamilton's principle yields dynamic
equations of vibration wi(t; ri). The obtained boundary
condition is nonhomogeneous, we introduce new vari-
ables

vi(t; ri) = wi(t; ri)� (L1�1(t) + L2�2(t))(�3Lir2i + r3i )ci (1)

where ci is de�ned as

�
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=
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and derive a homogeneous boundary condition [10]. By
using the new variables (1) the vibration equation can
be rewritten as

�vi(t; ri) + Æi
EiIi
�i

_v0000i (t; ri) +
EiIi
�i

v0000i (t; ri)

= bi1(ri)u1(t) + bi2(ri)u2(t)8<
:

vi(t; 0) = 0; v0i(t; 0) = 0; v00i (t; Li) = 0
EiIifmi

�i
v0000i (t; Li) + v000i (t; Li)g
�kfv1(t; L1) + v2(t; L2)g = 0

(2)

where Æ is a small damping coeÆcient, a dot and a
prime denote the time derivative and the derivative
with respect to the spatial variable ri, and

bij(ri) = �Li(�3Lir2i + r3i )cj � ri (i = j)

bij(ri) = �Li(�3Lir2i + r3i )cj (i = j):

We assume that the speed reference type servo ampli-
�ers of the motors are used. The equation of rotation
of the motor can be regarded as

��i(t) = ui(t): (3)

The angular accerelation ��(t) of the motor is regarded
as the input u(t) of the system.
As we introduce the Voigt type damping of the 
exi-

ble beams, the original open-loop 
exible system is ex-
ponential stable. However the hybrid system of the
vibration of the 
exible beams and the rotation of the
motor is unstable. An exponential stabilizing controller
for the hybrid system should be constructed.

3 Control Law and Closed-loop System

We consider the combining system of the equation (2)
of the vibration of the 
exible beams and the equation
(3) of the rotation of motor. It can be regarded as
the hybrid system of the rigid mode and the 
exible
modes. We construct a direct sensor output feedback
controller which can ensure the exponential stability for
the motion and the vibration absorption.
We propose the hybrid control law as

ui(t) = �kd _�i(t)� kp�i(t)

+(�1)i+1ksfE1I1
L1

_v001 (t; 0)�
E2I2
L2

_v002 (t; 0)g (4)

where kp; kd; ks > 0. The closed-loop system for the
controller (4) is expressed as

�vvv +RA _vvv +Avvv = Dp��� +Dd
_��� (5)

���� + kd _��� + kp��� = C _vvv (6)

where

vvv = [v1(t; r1); v2(t; r2)]
T ; ��� = [�1; �2]

T

Avvv =

� E1I1
�1

v00001 (r1)
E2I2
�2

v00002 (r2)

�
; RA _vvv = (ÆA+ ksB)_vvv

B _vvv =

� r1
L1

fE1I1
L1

_v001 (0)� E2I2
L2

_v002 (0)g
r2
L2

f�E1I1
L1

_v001 (0) +
E2I2
L2

_v002 (0)g
�

C _vvv =

� ks
L1

fE1I1
L1

_v001 (0)� E2I2
L2

_v002 (0)g
ks
L2

f�E1I1
L1

_v001 (0) +
E2I2
L2

_v002 (0)g
�

Dp��� =

��kpb11(r1)�1(t)� kpb12(r1)�2(t)
�kpb21(r2)�1(t)� kpb22(r2)�2(t)

�

Dd
_�_�_� =

��kdb11(r1) _�1(t)� kdb12(r1) _�2(t)
�kdb21(r2) _�1(t)� kdb22(r2) _�2(t)

�

From the analysis of the operator A we �nd that
� 0 < �1 < �2 < � � � < �n < � � �
� A   n = �n   n; n = 1; 2; � � �
� The set f   n(�)g of the eigenfunction forms a complete
orthonormal system.

4 Separation of Closed-loop Operator

We consider the separation of the operator related to
the closed-loop system (5), (6) by using the following
Lemma 1 [9].

Lemma 1 Let �1 be a linear operator which generates
the C0-semigroup and ensures the exponential stability,
and �2 be a linear compact operator in a Hilbert space
H. For the di�erencial equation

_XXX = (�1 +�2)XXX (7)

the following statements are equivalent.
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� The solution of the equation (7) is exponential
stable.

� The spectral bound of the operator �1 +�2 satis-
�es supfRe�j� 2 �(�1 +�2)g < 0.

LetH = H4(0; L1)�H4(0; L2)�H4(0; L1)�H4(0; L2)�
R4 be a Hilbert space with an inner product

h

2
64
f1f1f1
f2f2f2
z1z1z1
z2z2z2

3
75 ;
2
64
g1g1g1
g2g2g2
q1q1q1
q2q2q2

3
75i = h

�
fff1
fff2

�
;

�
ggg1
ggg2

�
iE + zzzT1 qqq1 + zzzT2 qqq2

where

h
�
fff1
fff2

�
;

�
ggg1
ggg2

�
iE = hAfff1;Aggg1i+ hAfff2; ggg2i

h
�
f11
f12

�
;

�
g11
g12

�
i

=

2X
i=1

�i

Z Li

0

f1i(ri)g1i(ri)dri +mif1i(Li)g1i(Li):

Let us de�ne operators ��� and ��� as

���YYY =

2
64
OOO III OOO OOO

�A �RA OOO OOO
OOO OOO OOO III

OOO C KKKp KKKd

3
75YYY ; (8)

���YYY =

2
64
OOO OOO OOO OOO

OOO OOO Dp Dd

OOO OOO OOO OOO
OOO OOO OOO OOO

3
75YYY (9)

where

YYY = [v1(t; r1); v2(t; r2); _v1(t; r1); _v2(t; r2);

�1(t); �2(t); _�1(t); _�2(t) ]
T :

The closed-loop system (5), (6) can be rewritten as

_YYY = (���+ ���)YYY : (10)

Now we show that the operators ��� and ��� satisfy the
assumption of Lemma 1. As from the de�nition of the
operators we �nd that ��� is a bounded operator, it is easy
to �nd that ��� is a compact operator. Let us consider
the di�erential equation related to (10)

_YYY = ���YYY : (11)

Next we show the exponential stability of (11). In our
previous paper [11], the exponential stability of the vi-
bration system

k
�
vvv
_vvv

�
kE �M1e

�!1tk
�
vvv0
_vvv0

�
kE (12)

is proven. Using (12) and the property of the operator
A

h
�

r1
L1� r2
L2

�
;A
�
v1
v2

�
i = E1I1

L1
v001 (t; 0)�

E2I2
L2

v002 (t; 0)

yields the estimation

�1(t) = C11e
s11t + C12e

s12t

+
ks
L1

Z t

0

es11(t��) � es12(t��)

s11 � s12

�(E1I1
L1

_v001 (�; 0)�
E2I2
L2

_v002 (�; 0))d�

� C11e
s11t + C12e

s12t

M1k
�

r1
L1� r2
L2

�
k k

�
vvv0
_vvv0

�
kE

�
Z t

0

js11e
s11(t��) � s12e

s12(t��)

s11 � s12
je�!1�d�

� M2e
�!2t (13)

where s11; s12 =
�kd�

p
k2
d
�4kp

2 and
!2 = minfjRe s11j; jRe s12j; !1g. Following the same
procedure we �nd the exponential stability of the state
variable �2(t) and �nally we obtain ��� and _��� are expo-
nential stable.
Combining obtained results gives the following

Lemma 2.

Lemma 2 The closed-loop system (5), (6) is expressed
as

_YYY = (���+ ���)YYY (14)

with the linear operator ��� which generates the C0-
semigroup and ensure the exponential stability, and the
linear compact operator ��� in a Hilbert space H.

5 Spectral Analysis

From the property of the operator ��� and ���, we �nd
that (���+���)�1 exists and is compact, and the spectrum
set �(��� + ���) of the operator ��� + ��� consists only of its
eigenvalues. We can prove the Lemma 3.

Lemma 3 The follwoing two conditions are equivalent

Condition 1 � 2 �(� + �); �2 + kd�+ kp 6= 0

Condition 2 There exists a nonzero    = [ 1;  2]
T 2

D(A) such that

8<
:

(�2 + �ÆA+A)
�
 1
 2

�
= �2

�� r1
L1
r2
L2

�

�2 + �kd + kp = �ks(
E1I1
L1

 001 (0)� E2I2
L2

 002 (0))
(15)

where A is the operator de�ned in (5).

Proof: Appendix A

p. 3



For the exponential stability of (14), the property that
any � 2 �(���+���) (�2+kd�+kp 6= 0) satisfy the condition

supfRe�g < 0

should be proven. If �2 + kd� + kp = 0, it is easy to
�nd that supfRe�g < 0. We should prove that any
   2 D(A) satisfy the following conditions.
�Re� < 0
� supfRe�g 6= 0

5.1 Proof of Re � < 0
As � satis�es the �rst equation in (15) and � 6= 0, we
obtain

�2h
�
 1
 2

�
;A
�
 1
 2

�
i+ �hÆA

�
 1
 2

�
;A
�
 1
 2

�
i

+hA
�
 1
 2

�
;A
�
 1
 2

�
i = �2h

�� r1
L1
r2
L2

�
;A
�
 1
 2

�
i

Using the relation

h
�� r1

L1
r2
L2

�
;A
�
 1
 2

�
i = �E1I1

L1
 001 (0) +

E2I2
L2

 002 (0)

gives

�2 + �kd + kp + ks�h   n;A   ni
+kshÆA   n;A   ni+

ks
�
hA   n;A   ni = 0 (16)

and using (18) and the property (3) of the operator A
gives

�3 + (kd + ks�n)�
2 + (kp + ksÆ�

2
n)�+ ks�

2
n = 0: (17)

A suÆcient condition for the polynomial of the left side
of (17) to be Hurwitz is

kd > Æ: (18)

If �n !1 the equation (17) can be rewritten as

kdÆ�+ ks = 0 (19)

then we obtain � = � 1
Æ
. We �nd that if kd > Æ, then

Re� < 0 for any � 2 �(��� + ���).
Next we show the property supfRe�g 6= 0. Let

� = a + jb be the solution of (16). Using (16) and
the property (3) of the operator A yields

a2 � b2 + akd + kp + ksa�n

+ksÆ�
2
n +

ksa

j�j2�
2
n = 0 (20)

2ab+ kdb+ ksb�n � ksb

j�j2�
2
n = 0 (21)

(i). In the case b 6= 0

From (20), (21) we �nd

j�j2 � kp + ksÆ�
2
n �

1

4
(kd + �n)

2 (22)

and from (21)(22)

2a � �kd � ks�n +
4ks�

2
n

4kp + 4ksÆ�2n � (kd + �n)2
(23)

If we take �n ! 1, we �nd that the third term of the
right side of (23) is bounded and

lim
�n!1

a! �1: (24)

We can conclude

supfRe�g 6= 0: (25)

(ii). In the case b = 0

From (20) we obatin

a3 + (kd + ks�n)a
2 + (kp + ksÆ�

2
n)a+ ks�

2
n = 0 (26)

Let a1; a2; a3 be the solutions of (26). The relation of
the solution and coeÆcients of the polynomial of (26)
is obtained as8<

:
a1 + a2 + a3 = �(kd + ks�n)
a1a2 + a2a3 + a1a3 = kp + ksÆ�

2
n

a1a2a3 = �ks�2n
(27)

From the property of A the order estimation of the
eigenvalue �n is given as �n = O(n4) and the order
estimation of (27) as

a1 + a2 + a3 = O(n4); (28)

a1a2 + a2a3 + a1a3 = O(n8); a1a2a3 = O(n8)
From the relation of the order of (29), we can prove the
statement sup ai 6= 0 (�n !1).
Combining obtained results gives the following The-

orem 1.

Theorem 1 If the feedback gain kd is taken as kd >
1
Æ
, then the output feedback control law (4) can ensure

the exponential stability of the closed-loop system for
the vibration equation (2) of the 
exible beams and the
equation of rotation of the motor (3).

6 Implementation

Let Vrefi(t) be the speed reference voltage for the
ampli�er of the motor i. As we use the speed-control
type ampli�er of the motor, we obtain

Vrefi(t) = _�i(t): (29)

As we can set _�i(0) = 0, the controller (4)

Vrefi(t) = �kd�i(t)� kp

Z t

0

�i(�)d�

+(�1)i+1ks(E1I1
L1

w001 (t; 0)�
E2I2
L2

w002 (t; 0)) (30)

p. 4



As the value of w00i (t; 0) can be measured by a strain
gage sensor, the controller (30) is simple and easy to im-
plement. As the control law consists of the PI feedback
of the joint angle and the additional strain feedback, it
is called as PIS controller. The controller does not need
the value of the spring constant of the connected part
with uncertainty and is robust against the uncertainty
of the connected part.

7 Experimental Validation

7.1 Experimental Setup

Figure 2 shows two interconnected 
exible beams de-
signed for experiments. The physical parameters of the
system are as follows: L1 = L2 = 600[mm]; E1 = E2 =
2:06�1011[Nm2]; I1 = I2 = 4:17�10�12[m4]; �1 = �2 =
0:38[kg=m];M = 0:1[kg].

The strain gage foils are cemented at the root of the
beams and the bending moment w00i (t; 0) is measured.
Up/down pulses from the encoder give the data corre-
sponding to the angle of rotation �i(t) and the angular
velocity _�i(t). On the basis of the proposed control

law, the output signals �i(t);
R t
0
�i(�)d�; w

00
i (t; 0) from

the sensors are fed back to the driving motor i. The
sampling period was speci�ed as 1[ms] for real time
tasks.

7.2 Experimental Results

We select the following initial position errors of the
joint angles �1(0) = �2(0) = 5[deg]. Figures 3-6 show
the transient responses of the input torque �i(t)[Nm],
the joint angle �i(t)[deg], and the strain w00i (t; 0)[1/m]
of the beam i with the initial position errors. In each
�gure, (a) and (b) represent transient responses for the
beam 1 and 2, respectively. In our experiments, we
set the controller gains as follows: PI Control : kp =
3; kd = 1; ks = 0, PIS Control : kp = 3; kd = 1; ks = 0:1.
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Fig. 2 Experimental Setup
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Table 1: Performance of Controller

No. Controller Rise Time[s] ISE [s=m2]
3 PIS (Ks = 0:1) 0.34 3.2 �10�3

PI (Ks = 0) 0.32 33.0 �10�3
4 PIS (Ks = 0:1) 0.34 3.3 �10�3

PI (Ks = 0) 0.32 43.3 �10�3
5 PIS (Ks = 0:1) 0.34 2.1 �10�3

PI (Ks = 0) 0.32 22.2 �10�3

Figures 3 shows the transient responses for the PI con-
troller and for the PIS controller. In order to demon-
strate the robustness of the PIS controller, we change
the spring constant from 10[gf=mm] to 25[gf=mm] (Fig.
4) and 1[gf=mm] (Fig.5), and pose the same experi-
ments for the same controller as that of the case pre-
sented in Fig. 3. Figure 6 shows the responses for the
absolute value of the strain when the strain feedback
gain is changed. Table 1 shows the values of the ISE of
the responses of the strains for 12 seconds to compare
the performances of the controllers.

The experimental results demonstrate that the pro-
posed PIS controller is robust for the parameter uncer-
tainty of the connective part.

8 Conclusions

In this papaer, we have discussed the exponential sta-
bilizing controller of the motion of the rigid mode and
the vibration of 
exible modes for two 
exible beams
connected by a spring as a simple example of the large
space structures. We proposed the direct sensor output
feedback control law (PIS controller) for the motion and
vibration absorption control. Using the spectral analy-
sis, the exponential stability of the closed-loop system
is proven. As we don't need an approximated �nite-
dimensional model at the controller design phase, the
controller based on the original distributed parameter
system is robust and simple. The experimental results
demonstrate the validity of the proposed model and the
e�ectiveness of the proposed PIS feedback control law.
The next problem to be tacked is an extension of this
research to 
exible structures with several connective
parts.

9 Appendix

Proof of Lemma 3:
Condition 2 ()) Condition 1
Let us de�ne

[ v1; v2; v3; v4; z1; z2; z3; z4 ]
T

= [ 1;  2; � 1; � 2; 1=L1; �1=L2; �=L1; ��=L2 ]T

where [ 1;  2]
T 2 D(A). Using the de�nition of ���

and ��� gives

(� + �)YYY = �YYY

Condition 1 ()) Condition 2
From Condition 1 we obtain

(�2 + �kd + kp)(L1z1 + L2z2) = 0 (31)

(�2 + �kd + kp)(L1z1 � L2z2)

= 2�Ks(
E1I1
L1

v001 (0)�
E2I2
L2

v002 (0)) (32)

(�2 + �ÆA+A)
�
v1
v2

�
= �2

�
b11 b12
b21 b22

� �
z1
z2

�
(33)

Let us introduce [ 1;  2 ]
T
such that

v1 = L1z1 1; v2 = �L2z2 2; (34)

then we obtain

�2 + �kd + kp = �ks(
E1I1
L1

 001 (0)�
E2I2
L2

 002 (0)) (35)

(�2 + �ÆA+A)
�
 1
 2

�
= �2

�� r1
L1
r2
L2

�
(36)

Using (35) and (36) yields (15).
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