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Abstract

A characterization of the Lie Algebra Rank Con-
dition (LARC) by transverse periodic functions is
applied to feedback stabilization of a class of non-
linear systems. The approach is illustrated on con-
trollable homogeneous driftless systems subjected
to known additive perturbations. A generalized
path tracking problem for mobile robots is then
addressed, in connection with some aspects of the
path planning problem.

1 Introduction

The objective of this paper is to point out and
illustrate, via a selection of examples, how a the-
orem proved in [4], which relates controllability
properties associated with a set of smooth control
vector �elds (v.f.) to the existence of transverse
bounded functions, can be used for feedback con-
trol design and practical stabilization purposes.
The feedback control laws proposed herein should
thus be regarded as elements of a new and still
maturing control approach for nonlinear systems,
based on the use of this theorem.

Throughout the paper, Tk (k 2 N) denotes the k-
dimensional torus, Bn(0; �) denotes the closed ball
in Rn centred at zero and of radius �, xT denotes
the transpose of x (a vector or a matrix). The
main result of [4] is recalled below.

Theorem 1 [4] Let g1; : : : ; gm denote smooth v.f.
on R

n such that, in a neighbourhood of 0, the di-

mension of the distribution �(x)
�
= Spanfg(x) :

g 2 Liefg1; : : : ; gmgg is constant equal to n0.
Then, the following properties are equivalent:
1. LARC(0): the system

S : _x =

mX
i=1

gi(x)ui

satis�es the LARC at the origin (i.e. n0 = n).
2. TC(0): there exist �n 2 N and a family (f�)�>0

of functions f� 2 C1(T�n�m;Bn(0; �)) such that,
for any � > 0, the following Transversality Condi-
tion holds:

8� 2 T�n�m; Rank (Hf� (�)) = n (1)

with Hf�(�) =

�
g1(f�(�)) : : : gm(f�(�))

�
@f�

@�m+1
(�) : : : �

@f�
@��n

(�)

�
(2)

and (�m+1; : : : ; ��n) coordinates on T�n�m.

2 Preliminary considerations

Consider a n-dimensional control system

(S) : _x = g0(x; t) +

mX
i=1

gi(x)ui (3)

such that the control v.f. gi (i = 1; : : : ;m) ver-
ify the assumptions of Theorem 1 and satisfy
LARC(0). The function g0 2 C1(Rn � R

+ ;Rn )
may correspond to either a drift term associated
with the natural dynamics of the system, or an
additive perturbation acting on the system, or a



combination of both terms. We will assume here-
after that g0 is known. Note that when m < n,
there exist v.f. gi (i = 0; : : : ;m) such that the ori-
gin x = 0 cannot be a stable point of the controlled
system, whatever the control. For instance, if for
some j 2 f1; : : : ; ng g0;j(0; t) is a nonzero constant
and gi;j(0) = 0 for i 2 f1; : : : ;mg, the control
can at best render a neighbourhood of the origin
attractive and achieve in this way some type of
�practical stabilization� of the origin.
According to Theorem 1, there exists a family
of functions f� 2 C1(T�n�m;Bn(0; �)) which, as-
sociated with the v.f. gi (i = 1; : : : ;m), sat-
isfy the transversality rank condition (1). Now,
de�ne the extended �n-dimensional control vector
�U

�
= [u1; : : : ; um; _�m+1; : : : ; _��n]

T and consider the
following feedback control law

�U(x; �; t) = �Hy
f�
(�)[k(x � f�(�)) + g0(x; t)] (4)

with k > 0 and Hy
f�

= HT
f�
(Hf�H

T
f�
)�1. In view

of (1), it is not di�cult to prove that this control
yields asymptotic convergence of (x(t)� f�(�(t)))
to zero, provided that � and kx(0)� f�(�(0))k are
small enough, and k is large enough. Since � can
be chosen arbitrarily small, this already illustrates
how Theorem 1 can be used to derive a simple
feedback control which maintains the state x(t)
near zero, whatever the perturbation g0. However,
this result is by itself of limited practical value
because it does not even imply that a solution
originated at x = 0will not grow unbounded (local
practical stability of the origin is not ensured).
Therefore, the interest of Theorem 1 appears more
clearly if one can prove a stronger (more global)
result involving a larger set of solutions. This is
illustrated in the next section.

3 Practical stabilization of homogeneous

driftless systems

We further assume that the v.f. gi (i = 1; : : : ;m)
are homogeneous of degree �1 with respect to
some dilation operator (see [2] for de�nitions).
This assumption implies that there exist a sys-
tem of coordinates x, a dilation �r� : x 7!
(�r1x1; : : : ; �

rnxn), with ri > 0, and an integer

p � n such that the control system (S) writes as2
666664

_x1

_x2

_x3

...
_xp

3
777775 =

2
666664

G1

G2(x1)
G3(x1; x2)

...
Gp(x1; : : : ; xp�1)

3
777775U+g0(x; t) (5)

with 1. xi (i 2 f1; : : : ; pg) the state sub-vector
whose components (viewed as functions) are ho-
mogeneous of same degree ri 2 fr1; : : : ; rng, with

r1 < r2 < : : : < rp, 2. U
�
= [u1; : : : ; um]T ,

3. dim(x1) � m, 4. G1 a full rank matrix, 5.
Gi(xi; : : : ; xi�1) a matrix of polynomial functions
which are homogeneous of degree ri � 1.

Note that �
�
=
�
sin(�m+1); cos(�m+1); : : : ; sin(��n)

; cos(��n)
�T

can be interpreted as a vector in

R
2(�n�m) whose variation along time is described

by
(S�) : _� = C(�)V (6)

with V
�
= ( _�m+1; : : : ; _��n)

T , and C(�) the matrix-
valued function of dimension 2(�n�m)� (�n�m)
with entries

Ci;j(�) =

8<
:

cos(�m+j) if i = 2j � 1
� sin(�m+j) if i = 2j

0 otherwise :

Proposition 1 Consider the systems (5)�(6).
Assume that kg0(x; t)k < K0 < +1, 8(x; t) 2

R
n �R+ . Let �U

�
=

�
U
V

�
denote the control vec-

tor associated with the resulting control system,

and de�ne ~x
�
= x � f�(�). Apply the following

feedback control to this system

�U(x; �; t)
�
= �Hy

f�
(�) (k0�~x+ g0(x; t)) (7)

with

�~x =

�
~x1

1 + k1k~x1k
; : : : ;

~xp

1 + kpk~xpk

�T

(8)

and ki > 0 (i = 1; : : : ; p). Then, for any initial
state value (x(0); �(0)) 2 (Rn � T

�n�m)
1. the solution (x(t); �(t)) to the controlled system
uniquely exists on (0;+1),
2. for any � > 0,

lim
t!1

k~x(t)k e(k0��)t = 0 (9)



Proof: Existence and uniqueness of the solutions
to the controlled system, for t 2 (0;+1), result
from the di�erentiability and uniform bounded-
ness of the control. The system (5, 6) is equivalent
to the system�

_~x = Hf�(�) �U +�G(~x; �) �U + g0(~x+ f�(�); t)
_� = [0 C(�)] �U ;

(10)
with �G(~x; �) = [G(~x+ f�(�))�G(f�(�)) 0] and

G(x) =

2
6664

G1

G2(x1)
...

Gp(x1; : : : ; xp)

3
7775 (11)

Using the control expression (7) in (10), one ob-
tains the following equations for the closed-loop
system(

_~xi = � k0~x
i

1+kik~xik
+�Gi(~x; �) �U (i = 1; : : : ; p)

_� = [0 C(�)] �U :

(12)
Now, since �G1(~x; �) = 0,

_~x1(t) = �
k0

1 + k1k~x1(t)k
~x1(t) : (13)

This implies that limt!1 k~x
1(t)k = 0. Therefore,

�G2(~x1; �) �U tends to zero and

lim
t!1

�
_~x2(t) +

k0
1 + k2k~x2(t)k

~x2(t)

�
= 0 :

This in turn implies that limt!1 k~x
2(t)k = 0. By

iteration, one shows in this way that ~x(t) asymp-
totically tends to zero. Note that (13) yields

lim
t!1

k~x1(t)k e(k0��)t = 0 ; 8� > 0 (14)

In order to prove (9) from there, it su�ces to use
the following technical result

z1; z2 2 C1(R+ ;R+ )
d
dt
z2 � �az2 + z1

limt!1 z1(t)e
bt = 0

a > 0; b > 0

9>>=
>>;)

limt!1 z2(t)e
ct = 0

c = inf(a; b)

(15)
in combination with (12) and the following in-
equalities which result from the boundedness of
k~x(t)k and k �U(t)k: 8i 2 f2; : : : ; pg; 9Ki > 0 :

8t � 0 k�Gi(~x(t); �(t)) �U (t)k � Ki

i�1X
j=1

k~xj(t)k

By specifying the structure of the control system
(S) further, one can show uniform exponential sta-
bilization of (x� f�(�)) to zero without assuming
boundedness of the perturbation g0. This is illus-
trated next in the case of a chain system.

4 Practical stabilization of a perturbed

chain system

We assume now that m = 2, and�
g1(x) = (1; 0; x2; : : : ; xn�1)

T

g2 = (0; 1; 0; : : : ; 0)T
(16)

so that (S) represents a (2; n) chain system
perturbed by g0. The structure of g1 and
g2 simpli�es the determination of functions
f� 2 C1(Tn�m;Rn ) which satisfy the Theorem's
transversality condition, as shown in the following
proposition.

Proposition 2 Let�
gl1(x) = (1; 0; x2; : : : ; xl�1)

T

gl2 = (0; 1; 0; : : : ; 0)T

denote the control v.f. of a (2; l) chain system.
Consider the set of functions f l 2 C1(Tl�2;Rl ),
(l � 3), obtained via the following iterative con-
struction

f3(�3) =

2
4 �3 sin(�3)

�3 cos(�3)

�23
sin(2�3)

4

3
5

f l(�l) =

2
66666664

f l�1(�l�1) +

2
666664

�l sin(�l)
0
...
0

�l�2l cos(�l)

3
777775

�l�1l
sin(2�l)

4 + �l�2l cos(�l)f
l�1
1 (�l�1)

3
77777775

with �l
�
= (sin(�3); cos(�3); : : : ; sin(�l); cos(�l))

T

and f li the ith. component of f l.
Then, there exist coe�cients �3; : : : ; �l for which
f l, associated with the v.f. gl1 and gl2, satis�es the
transversality rank condition (1) of Theorem 1.
Moreover, given such a function f l, any function

f l�
�
=
�
�f l1; �f

l
2; �

2f l3; : : : ; �
l�1f ll

�T
, with � > 0, as-

sociated with the v.f. gl1 and gl2, also satis�es the
transversality rank condition (1).



Due to space limitations, the proof is omitted.
To simplify notations, we will omit from now on
the upper index n of fn� , introduced in Proposition
2, and will just denote as f� 2 C1(Tn�2;Rn ) any
function which, associated with the v.f. g1 and g2
of a (2; n) chain system, satis�es the transversality
rank condition (1).

Proposition 3 Consider the perturbed (2; n)
chain system augmented with the system (S�), and

let �U
�
= (u1; u2; V

T )T . Apply the following feed-
back to this system

�U(x; �; t) = H�1
f�

(�)
�
eAx1 (K + g0;1(x; t)A)

e�Ax1 ~x� g0(x; t)
�

(17)

with ~x
�
= x � f�(�), K a Hurwitz-stable (n � n)

matrix, and A the (n�n) matrix whose only non-
zero entries are Ai+1;i = 1 for i 2 f2; : : : ; n� 1g.
Then, there exist1 a class K function 
 and a
strictly positive real number k0 such that the solu-
tions to the closed-loop system satisfy

8t � 0 : k~x(t)k � 
(k~x(0)k) e�k0t (18)

Proof : It just consists in verifying that the appli-
cation of the proposed control yields _z = Kz with

z
�
= e�Ax1 ~x. Since K is Hurwitz-stable, there ex-

ist 
0 > 0 and k0 > 0 such that any solution to
the above di�erential equation satis�es

8t � 0 ; kz(t)k � 
0kz(0)ke
�k0t

Then, inequality (18) readily follows.

5 Application to mobile robot path

tracking

We �rst would like to acknowledge the reference
[1] which addresses the problem of path tracking
for a unicycle-type mobile robot with the same
�philosophy� of practical stabilization as in the
present paper. Although the general existence
of bounded functions transverse to the v.f. of a
controllable driftless system is not identi�ed or
suggested in this reference, one can recognize in

1Recall that a continuous function 
 : R+ ! R+ is said

to be of class K if it is strictly increasing and k(0) = 0.

f3(�3) of Proposition 2 the function which is in-
volved in the control law proposed in [1] in order
to achieve �global practical stabilization� of the
path tracking error vector. This reference has in-
spired our idea for Theorem 1.
In what follows, we show how Proposition 3 ap-
plies to the path tracking problem for unicycle-
type and car-like vehicles. Not surprisingly, one of
the two control solutions proposed here presents
strong similarities with the one in [1]. But it is
also more general because the assumption accord-
ing to which the reference vehicle is subjected to
the same nonholonomic constraints as the con-
trolled vehicle is not needed. Imposing no mo-
tion constraint on the reference vehicle makes, in
our opinion, an important di�erence and confers
a particular interest to the solution. The possi-
bility of extending the proposed solution to a car
pulling trailers will not be missed by the reader.
It is only a matter of prolonging the changes of
coordinates here considered, which transform the
original systems into perturbed chain systems.

5.1 Unicycle-type case

Consider a reference vehicle (Br), moving on a
plane and whose posture coordinates with respect
to a �xed frame (O;~{0; ~|0) are (xr ; yr), the posi-
tion coordinates of a point Pr on the body, and
�r, the orientation angle of the body (see Fig. 1).
Consider also a unicycle-type vehicle (B) mov-
ing on the same plane, with P the point at mid-
distance of the rear wheels' axle, v the intensity
of the velocity of point P (i.e. ~VP = v~{), and �
the orientation angle of the vehicle. The control
inputs are v and _�.
The control objective is to have (B) track (Br)
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Figure 1: unicycle-type vehicle viewed from above

�closely�, whatever the initial relative posture of



(Br) with respect to (B), and whatever the ve-
locity of (Br), characterized by the three (possibly
independent) variables _xr, _yr, and _�r.
Let x and y denote the coordinates of the vec-

tor
��!
PrP expressed in the basis of a mobile frame

(Pr ;~{r; ~|r) attached to (Br):
��!
PrP = x~{r+y~|r. Let

ar and br denote the coordinates of ~VPr
, expressed

in the basis of (Pr;~{r; ~|r) so that ~VPr
= ar~{r+ br~|r

with�
ar
br

�
=

�
cos �r sin �r
� sin �r cos �r

��
_xr
_yr

�
(19)

Let ~�
�
= ���r denote the di�erence of orientation

between (B) and (Br). It is simple to show that
the following kinematic equations characterize the
motion of (B) relative to (Br)�

_x = v cos ~� + y _�r � ar
_y = v sin ~� � x _�r � br :

(20)

In view of these equations, de�ning u1
�
= v cos ~�

and u2
�
=

_~�
(cos ~�)2 as new control inputs, and intro-

ducing the new coordinates X
�
= (x; tan ~�; y)T

�
=

(x1; x2; x3)
T , we obtain a perturbed (2; 3) chain

system with perturbation

g0(X; t) = (x3 _�r � ar; 0;�x1 _�r � br)
T :

It only remains to apply Proposition 3 with n = 3
and f�(�) = f3� (�) (as given in Proposition 2) to
obtain a control which ensures exponential stabi-
lization of (X� f�(�)) to zero. Note that the con-
vergence is global in the coordinates X , but lim-
ited to ~� 2 (��

2 ;+
�
2 ) in the original coordinates.

This means in practice that the initial orientation
error ~�(0) has to belong to (��

2 ;+
�
2 ). The control

maintains ~�(t) in this interval thereafter.
In the unicycle case, there exists a simple way
of overcoming the abovementioned limitation. It
consists in obtaining the perturbed (2; 3) chain
system via a global change of coordinates. Such
a change of coordinates is, for instance

X
�
=

0
@ 0 0 �1
� sin ~� cos ~� 0
cos ~� sin ~� 0

1
A
0
@ x

y
~�

1
A

This is equivalent to replacing the coordinates
(x; y) of ~PrP by other coordinates (�x; �y) expressed
in the basis of the frame attached to (B), and set-

ting X
�
= (�~�; �y; �x)T . Then, de�ning u1

�
= v + �y _�

and u2
�
= � _~�, one obtains another perturbed (2; 3)

chain system, with perturbation

g0(X; t) = (0;�x3 _�r � _yr;� _xr)
T

:

5.2 Car-like case

The tracking problem is the same as previously,
except that the controlled vehicle, modelled as
a tricycle, is now equipped with a front steering
wheel whose angle with respect to the axis per-
pendicular to the rear wheels' axle is denoted by
� (� = 0 means that the vehicle moves along a
straight line).
In this case, the kinematic equations of the sys-
tem are given by (20), with an additional equation
which relates _�, the velocity of rotation of the ve-
hicle's body, to the steering wheel angle � and the
advancement velocity v: _� = (v tan�)=d, where d
is the distance between the rear wheels' axle and
the center of the front steering wheel.

De�ning u1
�
= v cos ~� and

u2
�
= _�

d cos3 ~� cos2 � + 3 tan2 � sin ~�
d2 cos4 ~� v � 3 tan� sin ~�

d cos4 ~�
_~�r,

and introducing the new coordinates X
�
=

(x; tan�
d(cos ~�)3 ; tan ~�; y)T

�
= (x1; x2; x3; x4)

T , we ob-

tain a perturbed (2; 4) chain system, with pertur-
bation

g0(X; t) =
�
x4 _�r � ar; 0;�(1 + x23) _�r;�x1 _�r � br

�
By applying Proposition 3 with n = 4 and f�(�) =
f4� (�) (as given in Proposition 2), one obtains a
control which ensures exponential stabilization of
X � f�(�) to zero, provided that ~�(0) and �(0)
belong to (��

2 ;+
�
2 ).

6 Application to mobile robot path

planning

Path planning is here understood as the problem
of calculating an admissible trajectory (i.e. so-
lution to the system) which connects two state
values and does not cross regions corresponding
to physical obstacles. This complex problem has
motivated in the past intense research. Let us
just cite [3] as an example of seminal contribution
in the domain. An issue, commonly encountered
in publications on the subject, concerns the cal-
culation of admissible trajectories which approx-
imate another trajectory, determined for a vehi-
cle subjected to less (or even no) nonholonomic



constraints. Typically, the distance between the
initial non-admissible trajectory and its admissi-
ble approximation should be kept smaller than a
given threshold corresponding to a security mar-
gin with respect to obstacles. The underlying idea
is to �rst solve the path planning problem for a
mobile robot with more degrees of mobility (a sim-
pler problem) and, in a second step, determine
an acceptable approximation of the obtained so-
lution in the form of an admissible trajectory. The
approximation step is traditionally performed by
applying open-loop control techniques repeatedly
and �patching� pieces of trajectory together until
a complete feasible trajectory which connects the
two end points is obtained. Most of the time, the
number of operations involved in this process is
not known in advance. It seems to us that using a
feedback control scheme, as described in the pre-
vious section, could constitute a viable alternative
to open-loop control techniques. For instance, the
reference vehicle (Br) would represent the �uncon-
strained� system associated with the initial tra-
jectory, and an approximating trajectory for the
nonholonomic system (B) could be obtained via a
single numerical integration of the closed-loop sys-
tem equations. In this case, the �quality� of the
approximation would be directly related to the up-
perbound of kf�k, a value which can be chosen as
small as desired.

7 Concluding comments

For non-holonomic vehicles, classical tracking
feedback controllers, such as those derived from
a linear approximation of the tracking error sys-
tem, are known to break down when the reference
vehicle is motionless. In this case, other control
strategies have to be considered, such as continu-
ous time-varying feedbacks or discontinuous feed-
backs. But these latter controllers are themselves
not well suited when the reference vehicle keeps
moving. Modifying them in order to achieve un-
conditional and uniform boundedness of the track-
ing errors is a possibility which has seldom been
explored so far. Therefore, until now, a policy
of switching from one controller to another was
needed in order to cover all possible motions of
the reference vehicle. Finding a �good� switching
strategy is not a simple problem. A foreseen prac-
tical advantage of the control approach outlined in

[1] and the present paper is that it alleviates the
necessity of switching between several controllers,
at least when perfect tracking is not the most crit-
ical issue.
Another meaningful feature is the possibility, here
demonstrated for chain systems, of tracking any
di�erentiable trajectory in the state space with ar-
bitrary precision. This could also be obtained by
modifying existing time-varying controllers, but
it would be at the expense of simplicity. In a
way, this is what the control approach suggested
by Theorem 1 achieves in an elegant manner.
The feedback controls of Propositions 1 and 3 are
indeed much related to time-varying feedbacks,
which are themselves related to oscillatory open-
loop control techniques. This is clear when con-
sidering that the function f�, which is part of
the control expression, is periodic. If the con-
trol frequencies _�i, with i 2 fm+ 1; : : : ; �ng, were
constant then the obtained control would be a
time-periodic feedback. The possibility of track-
ing a given trajectory with predetermined preci-
sion is closely related to the selection of adequate
frequencies. Typically, higher frequencies allow
for better trajectory approximation. As pointed
out in the previous section, while the problem of
approximating a trajectory has usually been ad-
dressed via open-loop control techniques involving
constant frequencies (determined in a conservative
manner), the control laws derived in the present
paper can be viewed as smooth feedbacks with a
frequency self-adapting capacity.
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