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Abstract

In this paper we designed low-order controllers for ac-
tive control of acoustic noise in a small cavity. The con-
ventional robust control synthesis methods usually give
controller with the same or higher order than the gener-
alized plants, and these controllers are difficult to han-
dle and to be implemented. Any implementation error
would make the performance of the system degraded, or
even make the closed loop system unstable. Therefore,
it is necessary, if possible, to find a lower order con-
troller with a similar performance of a full order con-
troller. We use a convex optimization algorithm with
a nonlinear equality constraint to find a controller with
predetermined order. To verify the performances, the
designed controllers are implemented with TMS320C31
DSP, and their performances are compared with that
of the full order controller. The results show that the
low order controllers have almost same performances
as the full order one. Therefore, the designed low-order
controller could be used more efficiently in practice.

1 Introduction

This paper presents the design of an active noise con-
troller in a small cavity. The idea on the active noise
control in the small cavity system was suggested by
Olsen [15] and his idea has been developed by Wheeler,
Carme, Nelson and Elliott [14]. Their method was
based on a classical compensator design. A phase
lead-lag compensator was designed for better gain and
phase margins. However, gain and phase margins do
not guarantee the stability of the system when it has
uncertainties[6, 18, 19]. In the view point of robust-
ness, the method presented in [14] may be less practical
since the sound characteristics in the small cavity are
very nonlinear and easy to variate due to many reasons.
Therefore, it is desirable to analyze these uncertainties
in the small cavity and design a controller based on
them. An attempts to apply the robust control design
for the small cavity system were made in [3] by solving

Linear Matrix Inequalities and in [2] by solving D-K
iterations. In [3, 2], we solved the robust H, control
problems to design full-order controllers. The objec-
tive was to minimize the H., norm of the closed loop
transfer function, which means minimizing the energy
of acoustic noise in the small cavity with guaranteed
stability under uncertainties.

However, the conventional approaches for the robust
Ho control problem would give us very higher or-
der controllers which are hard to be implemented and
tuned, even destabilizes the closed loop system with
very small perturbations on the controllers’ parameters.
Unfortunately, there is few tool to analyze this draw-
back. The knowledge known by today is that low order
controllers are more robust than high order controllers.
The problems for reduced order control or fixed order
control designs are formulated as double Linear Matrix
Inequalities (LMI’s), and we could use convex optimiza-
tion techniques to solve the problems with some modi-
fications [9, 16, 11, 7]. Another method is to formulate
the problem as Biaffine Matrix Inequalities (BMI’s),
which are more general formulation than LMTI’s, but
more difficult to solve [10, 13].

In this paper, we use the double LMI’s approach to de-
sign low-order robust Active Noise Controllers (ANC’s)
in a small cavity system. The nonconvex constraint
which is induced in the design procedure is relaxed as
a convex one with additional nonlinear equality con-
straint, and a conventional Semidefinite Programming
(SP) is used to solve the problem. The rest of this
paper is organized as follows. Section 2 is devoted to
introduce the ANC problem in the small cavity system,
and formulate the design objectives. In section 3, a
reduced-order controller design problem is considered.
In section 4, using the proposed method, several fixed
order controllers are designed, and their performances
are compared to that of the full-order controller. Then,
we will conclude in section 5.
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Figure 1: The small cavity system (Small cavity system)
(¢n : noise sound, g. : control sound)

2 ANC Problem in the Small cavity System

Figure 1 shows the small cavity system. The system
consists of small enclosed space (called a small cavity
in acoustic term), a control speaker, and an error mi-
crophone which are connected via a feedback controller.
External noise sound is transferred into the small cav-
ity through vibrations of the cavity wall. The desired
feedback controller must minimize energy of the acous-
tic noise in the small cavity. This problem could be cast
on the H ., regulation problem by supposing the noise
as external disturbances. Figure 2 shows the block di-
agram of the small cavity system. In Figure 2, K is a
controller to be designed and G is the electroacoustic
transfer function between the control speaker and the
error microphone in the small cavity shown in Figure
1.

Figure 2: The block diagram of the cavity system
(d:noise, €:error, K:controller,
G:electroacoustic path from control speaker to
error microphone)

The characteristic of the electroacoustic path is mea-
sured by Dynamic Signal Analyzer (HP35670A) and
the transfer function of the plant GG is obtained using
curve fitting of the measured data [3, 2]. The identified
poles and zeros, and gain of the model are represented

as follows.
—2.0109¢e + 2 £ 74.0951e + 2
Poles —3.5747e + 1 £ j6.5969¢ + 1 (1)
—1.1111e+1
—9.3186e + 0 &+ 51.2090e + 1
. 2.2632e + 3
Zeros 2.6877¢ + 3 @)
1.1111e+1
Gain : —3.0008¢ — 2 (3)

Obviously, we could not avoid unmodelled dynamics.
In the small cavity system, the unmodelled dynamics
include nonlinear characteristics of the control speaker
and the error microphone, time-delay, small variations
of the cavity wall, etc. They might cause the closed
system to be unstable. Therefore, they must be suit-
ably considered in the design procedure to prevent the
closed system tending to be unstable. In other words,
we should design a controller which suppresses the ef-
fects of the unmodelled dynamics to guarantee the sta-
bility of the closed loop system.

At the summing junction in Figure 2, noise sound and
control sound are added and the error microphone mea-
sures the error sound (residual sound pressure). To
minimize the error sound yields to minimization of the
noise sound of the small cavity. Therefore, our perfor-
mance objective could be expressed with a prescribed
performance level e.

sup ||S]|2 < € over some frequency ranges
lld]l2<1

or equivalently,
[W1Slloe <1 (4)

In (4), W1 is a weight function which specifies the con-
trol performance and frequency ranges where the per-
formance must be achieved, and S is the sensitivity
function. In the small cavity, most noise exist only
over low frequency ranges (below 700H z), and the de-
sirable performance level we wanted was set to 20dB
reduction. This specification is expressed as (5).

. _ 10(s/37,699 +1)°
b (/3,398 + 1)2

()

As mentioned above, the model must represent uncer-
tainties suitably for robustness. We assume the model
to be a multiplicative uncertainty model,

G = Go(1 + AWS) (6)

where W5 is a weight function which has uncertainty
information, and |A| < 1. We could select W, as (7),



based on experimental experiences (see [3, 2] for more
details), to express uncertainties.

0.2(s/9,425 + 1)
We = (s/125,664 + 1)3 (M

For the multiplicative uncertain model, the closed loop
system should satisfy the following constraint for ro-
bustness.

[WaTloo <1 (8)

where T is the complementary sensitivity function.

Therefore, we could rewrite the ANC problem ex-
pressed as (4) and (8) in terms of the control design
problem in (9).

Find K
. w1S (9)
subject to H ( WoT )Hoo <1

The most well-known methods to solve this problem
are the DGKF method, the p synthesis using D-K it-
erations, and the LMI’s formulation using convex op-
timization. However, their controllers are at least as
high order as the order of generalized plant which in-
cludes orders of all weight functions and/or scaling
functions. Sometimes, these controllers are too high
order to be implemented for practical use. Recently,
to overcome this drawback, reduced-order design meth-
ods have been actively studied. In [7, 11, 16, 9], LMI’s
formulations with a nonconvex constraint for reduced-
order controllers were presented. As the most promising
approach, BMI formulation also could be applied, but
still being studied. In this paper we use LMI’s formula-
tions to solve the low-order controller design problem.

3 LMI approach for the reduced-order
controller design

In this section, we introduce a general framework used
for the low-order control design and propose a simi-
lar but different approach. Let’s assume a generalized
plant P(s) is expressed as state space realization

& = Az + Byw+ Bsu
z = Cixz+ Dyyw+ Disu
y = 021'+D21U)+D22U

where their dimensions are

Ac ]anxnm, D11 € ]anxnw’ D22 € R™v X71u

and suppose the following two assumptions are satis-
fied.

(A1) (A, Bs, () is stabilizable and detectable,
(A2) Doy =0.

Given any proper real-rational controller,

K(s) = Dg + Cg(sI — Ag) 'Bg, Ag € RF*F

a realization of the closed-loop transfer function from
w to z is obtained as

F(G7 K)(S) = Dcl + C’z':l(s-l- - Acl)_chl (10)

where

Br Oy Ay
B, — ( B; + B;Dg Doy
cl —

4= < A+ ByDgCy  BoCk >
cl —

Br Dy
Cy = ( Ci +D2DgCy D12Ck )
D, = D11 + D12Dg Dy

Gathering all controller parameters into the simple vari-
able ©

_ ( Ak Bg
0:= ( A DK)
and introducing the following shorthand.
A 0
%_( ! Ok>
_( B2
2=(%)

“@=(C 0)

(0 B
(0 I

0
Z12=(0 Diy) @21:<D21 >

the closed-loop matrices Ay, By, Cer, Do can be writ-
ten as functions of the controller’s parameters.

Ay = o + B0
B, = $1 + $B20Ds
Co =61 + 2120%>
Dy = D11 + 2120

Theorem 1 (Theorem 4.2, [7]) Consider a proper
plant P(s) and assume (A1)-(A2). Define

P = ( %g,o(k+nu)xnw)@11; )

2 :=( 62, Z21,0(k1n,)xn.



and let W and W be two matrices whose columns
span the null spaces of & and 2, respectively. Then the
set of y-suboptimal controllers of order k is nonempty
if and only if there exists some positive definite matriz
X such that:

WLex , Wae <0 (11)
WLox Wo <0 (12)
where
IX + Xy B X ]G
(I)Xcl = %{ —’)/I D{l
%1X;ll D11 —’)/I
JZ/TXCZ + Xad X% %IT
Uy, = %{Xcl —I D{I
(gl D11 —’)/I

This theorem gives a sufficient and necessary condition
for a kth order controller for the plant P(s), and the
condition is expressed as LMI’s. Note that the condi-
tions are independent on the controller parameters, so
it seems easy to solve using one of convex optimiza-
tion algorithms. However, the variables of the LMI’s
are X, and its inverse Xc_zl which are closely coupled.
This constraint makes the problem difficult to solve.

To use efficient convex optimization techniques, let’s
use variables S and X instead of X' and X in (11)
and (12). Then we can obtain two LMI’s with variable
X and S (note: the variable X is not related to the
variable X in [7]) and one nonlinear equation XS =1
or X = S71. To find a feasible solution, [11] use a
XY centering algorithm and [9] use a cone complemen-
tary problem formulation. In this paper, we propose a
similar but different approach.

The feasible X and S should be positive definite ma-
trices. Therefore, using Schur complements we could
derive a sufficient condition for X = S~ > 0 as (13)
and (14).

<)1( é)zo (13)
— 5

Trace(X =0 (14)

Finally, if there exists a optimal solution ’0’ of the op-
timization problem (15), we could say we have solved
the original problem.

Minimize Trace(X — S1) (15)
subject to  (11), (12), and (13).

Once again, the objective is nonlinear, but this is easily
approximated by utilizing the linearization method in

[13]. The linearized approximation of Trace(X — S—1)

1S

Trace(X — S~ 1) ~ C; + Trace(X +S07'SS0™") (16)

and we could minimize this linear objective Trace(X +
S07'SS0™!) instead of Trace(X — S—').

When we have any optimal solution of the problem in
(15), we can construct a controller by solving another
LMI in (17) whose variable is only parameters of the
controller.

ATX + XAy XB, CF

BT X —yI DL | <0 (17)
Ccl Dcl _71

Finally, we summarized the algorithm we described
above.

[Algorithm]

Step 1. Find a feasible initial solution (X0, S0) with initial

v. If it fails increase v and try again. If found a
feasible solution, set j = 0 and go to Step 2;

Step 2. Solve the following LMI’s problem.

min Trace(X + S0~ 'SS071)
subject to (11), (12) and (13)

Step 3. If the maximum eigenvalue of X —S~! is less then

¢ then go to Step 4. If X and S is a local minimum
then to to Step 1, otherwise set X0 = X, S0 =G5,
j =7+ 1, and go to Step 2.

Step 4. Construct a controller by solving the LMI feasibil-

ity problem in (17) and exit.

4 Reduced-order Active Noise Controller
Design

The generalized plant of the small cavity system includ-
ing weighting functions is 10th-order plant. To design
a full-order robust controller, we used y-Analysis and
Synthesis Toolbox of Matlab, and with the controller
v was 1.005.

Next, we designed reduce-order controllers satisfying
the condition (9) and observed how low-order controller
we could obtain. To use the proposed algorithm, we
first set the initial v to ’1.005°. If the algorithm failed
to get the initial feasible solution, we increased v and
tried again. In order to solve the LMI’s problem, we



used the semidefinite programming code SP[17] and its
Matlab interface LMITOOL[8]. The SP parameters
for absolute and relative convergence were set to 107°.
To prevent unbounded solution we set M which was
initially set to 1000. Table 2 shows the results.

Table 1: Designed Reduced-order Controllers using the
proposed method

| Order || y | # of iter. |
2 - Fail
3 - Fail
4 0.999 45
5 0.970 31
6 0.982 19
7 0.965 13

We could find 4 reduced-order controllers, and the least
order controller was 4th-order one whose suboptimal
was '0.999’. This means that we could use the 4th-order
controller instead of the 10th order one with very little
performance decrease. In the next section, to verity the
performances of the designed controllers, we performed
several noise rejection experiments in the small cavity
system.

5 Experiments

Each controllers were implemented with TMS320C31
DSP. The sampling frequency was set to 10k H z and the
continuous-time controllers were converted to discrete-
time IIR format controllers using the bilinear transfor-
mation. For external noise, we used sweep sinusoidal
signals which sweep from 20H z to 800H z. The perfor-
mance was measured as how much noise in the small
cavity was reduced. To see performances, we measured
power spectrum of noise signals when the controller was
on and when the controller was off, and then compared
their magnitude.

For the first experiment, we implemented the 10th-
order controller. Figure 3 shows the experimental re-
sults. As we expected the noise was rejected to about
—20dB in the desired frequency ranges. Next, we pro-
ceeded the same experiments with the low-order con-
trollers. Figures 4 show their results. In these figures,
the performances were not degraded so much. As the
order of the controller reduced, the performance de-
creased little in the frequency ranges about 700H z to
800H z, which are almost negligible. With these experi-
mental results, we could see the performance are similar
in each cases, and conclude that our design method was
effective to design a low-order ANC in the small cavity
for practical use.

[ The 8th order controller ]

Dotted line : Controller ON
Solid line : Controller OFff

400
Frequency(Hz)

Figure 3: Noise Rejection Performance of the 8th order
controller

6 Conclusion

In this paper, we used LMI formulation to design low-
order robust ANC in the small cavity system. The algo-
rithm was expressed in terms of LMI’s with a nonlinear
equality constraint, and we could use efficient semidefi-
nite programming techniques to solve the problem. Us-
ing the algorithm, we designed 4 low-order controllers
with little performance decrease. To verify their perfor-
mances as an ANC, each controllers were implemented
using TMS320C31 DSP and several noise rejection ex-
periments were performed. As results, we could see
all controllers had similar performances. Therefore, we
could conclude that the designed low-order ANC could
be used to with more efficiency for practical purposes.
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(a) 7th order controller
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(c) 5th order controller
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Figure 4: Noise Rejection Performance of Reduced order
controllers



