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Abstract

In this paper, finite time stability and stabilization
are investigated for systems described by ordinary dif-
ferential equations (ODE) or differential inclusions:
some sufficient conditions are given for scalar and
n—dimensional cases. Then, a stabilization result for
i/o linearizable systems is derived from these results.

1 Intoduction

For some applications or control scheme, it is usefull
to derive some finite time or practical stability condi-
tions. For example, an interesting finite time stabiliz-
ing control design relies upon sliding mode theory (see
[13]) and an other one upon optimal control theory (see
[11]). In both cases the controller leads to some state
discontinuous feedback control laws. The main idea
relies on infinite eigenvalue assignation for the closed
loop system at the origin. For example, the solutions
oft =—1z|7 z,x € Rarez(t) = Sign(xo)(|m0|% - 1),
if0 <t < 3|zo|®,2(t) = 0if t > 3|zo|}. Thus they
converge in finite time to the origin, note that the eigen-
value of the “linearized” part (— |x|T1) tends to minus
infinity as the state tends to zero. As a consequence
of this “infinite eigenvalue assignation”, the right hand
side of the ODE becomes non Lipschitz while the state
reaches zero. These kinds of controllers have gained
much attention this last decade (see [3] where an inter-
esting finite time continuous controller is provided for
double integrator) for two main reasons: some robust-
ness properties occur (even if sometimes the finite time
convergence property is lost), to provide higher order
sliding mode control scheme (see [6, 8]).
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2 Notations

The following notations are used:

1. cl(S),conv(S) denotes respectively the closure
and the closure of the convex hull of the set S,

2. for x in a normed vector space X: B(z) is the
open ball centered at x of radius e, this is B.(x) =
{r e X :|z|| < e}, foraset ACX:B(A) =
{yeX:xc ANy e B(n)} = U, eq Be(2),

3. Let V : R*M — R, (t,2) — V(t,z). When
the classical gradient exists, it is denoted by
VV(t,x) (gradient of V evaluated at (¢, x)).
Let © be the union of any set of zero mea-
sure with the set where V fails to be differen-
tiable, then, if V is locally Lipschitz in (¢, x), one
can defined the generalized gradient (see [4]) by
AoV (t,x) = con {lim(, ».y¢a—(ta) VV (Ei, i)},
also called Clarke’s gradient for finite dimensional
Banach space in short generalized gradient.

4. pal@) = [2]* sign(a).

3 Problem formulation

Consider systems of the form

&= f(t,z,u), (1)

where t € R,z € X,u € U, f is defined for almost
every x € X, this is (1) holds for every x in X\ M
where X C R" is a manifold and M is a set of zero
Lebesgue measure. Sometimes will also be considered
the free system (without control)

= f(t,x),t e Rz € X. (2)

We are interested in the study of the finite time sta-
bilization of (1), for this the two following cases will
considered: n =1 and the general case : n > 1.



The notion of finite time stabilization to a set is a spe-
cial case of the notion of practical stability with settling
time (see [9] and references herein). From the engineer-
ing point of view, it is important to know if starting
from an initial time ¢¢ € 7y and from an initial state in
D; C X, solutions:

1. are at least defined over [to,to + T}],
2. stay in D, C & during that time,

3. reach A a compact set and stay in this set for
t € [to+Ts,to+ Tf].

Moreover, as we will see later, solutions to (2) can be
non unique. So we can summarize these remarks in the
following

Definition 1 The compact set A is practically sta-
ble with respect to {To,Ts,Tf,D;i, Do} iff Yoo €
Di,Vte € 1o any solution of (2) denoted by
z(t, to, 20)| (o) is defined over [to, to + Ty] and satisfies

:L‘(t,to,.%’o)|(2) € Dg,Vt € [to, to + T¥), (3)
x(t,to, x0)|p) € AVEE[to+Tsto+Ty]. (4)

The compact set A is finite time practically sta-
ble with respect to {7y, Ts, Di, Do} iff it is practically
stable with respect to {7y, Ts,00,D;, Dy }.

Note, that from definition 1: A C D, € D;. In a
similar way, one can define the notion of practical sta-
bilization if there exists u € U such that the solutions
x(t, to, o, up, ) are satisfying (3) and (4). One may
also be interested in the Lyapunov-like version of this
last definition (see [3] for autonomous system)

Definition 2 The compact set A is locally finite
time stable with respect to {7y, D;} iff

1. Yty € 1y,Vxg € D; : all m(t,to,xo)\(z) are defined
for all t > ty,

2. A is locally stable with respect to {7y, D;} ; this
is : Vtg € Ty, Ve > 0,36(to,¢) : xo € Bs(A) = all
z(t,to, To)| (o) remain in Be(A) for all t > to,

3. all trajectories starting from ty € 1y and any
giwen point in the domain of stability converge
n finite time to A ; this is : Vtg € To,Vg €
D;, AT (to, zp) < 00 : :L’(t,t(),xo)|(2) € ANt > Ts.

In these definitions, when D; is X, the property is said
to be global. For autonomous systems 75 does not
play any role and is set to R.

4 Sufficient Condition for finite time stability

In this section, we give sufficient conditions for finite
time stability: for this we start from some scalar cri-
terions (section 4.1) which are extended to the general
case using Lyapunov functions (section 4.2).

4.1 Scalar case

Solutions of & = —y.(z),a €]0,1[, are z(t) =
. (1-a) _ 1 _ \p1/(1—a) |2/ )
sign(xo)(|zo| (1—a)t) 0 <t < S
and zero after this time ; thus they converge to zero in

| (1—a)
finite time t = I”L(Ol‘fa) . This fact is used in [3] to derive

a finite time continuous stabilizing controller. In fact,
the right hand side of the ODE should be a contracting
vector field for which locally at the origin a finite time
caracterization relies upon the following result:

Lemma 3 Let us consider
&= f(z),r €R, (5)

where f is continuous in x. Suppose that there exists
N(0), an open connected neigbourhood of the origin,
such that:

1. [t e NO)A f(z)=0] < [z =0],
2. Vz e N(O\{0} : z=f(x) <O,

3. | f(x)] ~ |z|* with a €]0,1],

then for any xo € N(0), there exists at least one so-
lution ; every solution converges to zero in finite time
Ts(zg) and if N(0) is bounded there exists a finite pos-
itive real Ts such that the origin is finite time stable
with respect to {Ts, N'(0), N'(0)}. [ ]

One can obviously extend this lemma for a compact set

A.

Proof : » Condition 2 implies that A/(0) is positively
invariant thus solutions are forward-complete (defined
for ¢ > 0). If in addition Condition 1 holds, then
such solutions converge to zero in a time T'(zg) < oo.
Moreover, for a given € > 0 such that the compact set
B.(0) = {z: |z| <&} € N(0), and a point o in N'(0),
there exists a finite time T (xg) < oo such that trajecto-
ries starting from x reach and stay in B. (because the
origin is attractive). Thus T'(z) < T:(zo) + [y |f‘é—i)‘,
this integral is definite (finite) if condition 3 holds. Ob-
viously Ts(x¢) is continuous with respect to 2y and thus
the last assertion results form the existence of maximun
of a continuous real valued function over compact set

(take cl(N(0))). <



Remark 4 In the above result, condition 8 may be re-

placed by a weaker one: fOE ‘fdﬁ < oo for some € > 0.

Example 5 Consider the following system & = wu.
First let u = —pq(x),a €]0,1], then hypothesis of
lemma (38) are satisfied. Thus, for any real xo, solu-
tions to the associated Cauchy problem converge to zero

1—a
in finite time T} (xg) = O‘IO‘ |gfa = wal_a . One can
note that the control w = —p,(x) — bx,a €]0,1[,b >

0 accelerates the convergence: any solution starting
from the initial condition xy converges in finite time

Ts(zo) = W < TX(xg) (if 2o # 0), note that

limp— oo W = 0. This fact can be used for

example in sliding mode control (see [13]).

Lemma 6 Let us consider
= f(t,x),t e R,x € R, (6)

where f is measurable in t and continuous in x. Sup-
pose that there exists N'(0), an open connected neig-
bourhood of the origin, such that:

1.YteR: [z e NO)A f(t,x) =0] & [z =0],
2.Vt € R,Vx € N(0)\{0} : zf(t,z) <O,

3. |f(t, )] ~ h(t) |x|" with a €]0,1[ and h(t) > 0
fort > T,

4. for any fized x sufficiently small, there ezists a
function m Lebesgue integrable: | f(t,x)| < m(t),

then for any xo € N(0) and any to > Ty, there exists
at least one solution passing through (tg,zo) defined for
t > tg, every solution converges to zero in finite time,
the origin is locally finite time stable. |

Proof : » Using Lyapunov’s theorem one obtains the
forward-completness of solutions and that for a given
€ > 0 such that the compact set B.(0) = {z : x| < e} C
N(0), there exists a finite time 7. (to,z09) < oo such
that trajectories starting in A(0) reach and stay in
B.(0) (because the origin is atractive). Shrinking ¢ if
necessary : |f(t,x)| = Bh(t)|z|* (1 +r(t,z)) (condition
3) and as f is Lebesgue integrable with respect to time,
one obtains: 0 < r1(t) < r(t,x) < rat), with A(7)(1 +
r1(7)) integrable (due to measurablity in ¢t of f and
condition 4). Thus,

F(Ty-Tv) :/0 o M) (1471 (7))dT < /O8 % < 00,

F' is continuous strictly increasing which leads to T —
T: < 0. |

Example 7 Consider & = f(t,z) = —(2+ g(t))pa(x),
with a €]0,1[ and g(t) = sin(¢) if t € Q, g(t) = cos(t)
if t € R\Q. The function f(t,x) is continuous in x
and measurable in t, as vf(t,x) < —|z|*, |f(t, )| ~
12+ g(t)||x|" and the measurable function 2 + g(t) is
bounded above by 3 and below by 1. Thus conditions 1
to 4 hold. Using the previous result, one obtains that
for any t € R,z € R, the solutions are defined for any
time, bounded and converge in finite time to zero.

Let us consider

T = f(tvx)v (7)

a.e

defined for almost every ¢t € R,z € R, where f is mea-
surable in ¢ and continuous for (t,2) € R*\ M where
M is a set of zero Lebesgue measure. The solutions
of this equation are to be understood in the sense of
differential inclusions (see [1, 5, 7]). For this, change
(7) into a differential inclusion

€ F(t,x), (8)

letting F'(t, x) = (.5, conv(f(t, B-(x)\M)), then a so-
lution to the associate Cauchy problem (z(tg) = xg) is
an absolutely continuous® function ¢ defined on a non
empty set Z(to,zp) C R which contains ¢, such that

@(to) = o and d?;(f) € F(t,6(t)),Vt € I(to, o).

First we give sufficient conditions for finite time sta-
bilization of (8) from which a corollary is derived to
obtain sufficient conditions for (7).

Theorem 8 Suppose that F' is measurable in t, upper-
semi continuous in x, closed, convex and that there ex-
ists N'(0), an open connected neigbourhood of the ori-
gin, such that:

I.YteR: [z e NO)AO € F(t,z)] < [z =0],
2. Vt € R,V € N(0)\{0},Vy € F(t,x) : xy <O,
3. for any fized x sufficiently small and for t > Ty

: graph ([F|) C {(t,z,y) : h(t) lz|* (1 + r(t, 7)) <
y < h(@®)(1+7(t, )} with a €]0,1], h(t) > 0 and

h(t) >0,

4. for any fized x sufficiently small, there exists a
function m Lebesgue integrable
SUF()IE(t) 2] (1 +(t,2)) |, [R(6)(1 +T(t,2))]) <
m(t),

5.Vt € R,V € N(0),Vy € F(t,x), there exists a
function m Lebesgue integrable : |y| < m(t),

Lo : [, B] — R™ is absolutely continuous if Ve > 0,36(¢) >
05 V{Jis Billieqa.my +Jois BIC [ Bl S0y (B — i) < 8(e) =
i1 [18(8i) — d(ai)ll <e.



then for any w9 € N(0) and any to > Ty, there exists
at least one solution passing trough (to,xo) defined for
t > tyg and every solution converges to zero in finite
time. |

Proof (sketch) : »We just prove the result for any
initial positive condition 0 < zy < a (a is the upper-
bound of A/(0)). The prove is similar when xy < 0.

Fact 1 (first let us note that the construction of the
multifunction F' implies that F is measurable in ¢,
upper-semi continuous (u.s.c.) in z, convex and com-
pact: from a well known theorem for differential inclu-
sions (see [1, 7]), this implies the existence of solutions
at least locally). For a general differential inclusion,
Hypothesis 5 and the fact that F' is measurable in ¢,
upper-semi continuous in x, closed, convex can be used
to prove local existence of solutions.

Fact 2 Take any solution to (8) starting from ¢
and xyp > 0 : z(t). Since F is us.c. an inte-
gral representation of solution exists: z(t) € zp +
ft ))ds. Thus, using Hypothesis 2, we have
[0, x( )] [0 x(t)] C [0, zo] for any s >t > to.

Fact 2 implies that the set [0, 2] is invariant (thus Li-
apunov stability of the origin is deduced) which com-
bined to Fact 1 imply that solutions are defined over
[to, +00[. Now, from Fact 2 and using the property
of non-empty decreasing sequence of compact sets,
there exists a non-empty compact set [0,!] such that
1imtﬁoo[0 x( )] = [0,1]. If I # 0 (positive), we have
0 € ft (s,0)ds in contradiction with Hypothesis 2
since Vt € R,Yy € F(t,1) : ly < 0 implies that
ftto F(s,l)ds < 0. From this, one deduces that for every
positive € such that 0 < € < xq, there exists a time
T.(to, o) such that ty < Te(to, o) < oo and such that
0 < x(t) < e,Vit > T.(to, ). Now for 0 < = < ¢ suf-
ficiently small, Vy € F(¢,x), hypothesis 2 implies that
y < 0 and Hypothesis 4 leads to

—h(t)(1+7(t,2)) <y < ~h(t)a(1 +r(t,2)).  (9)

Take any solution to (8) starting from e. Integral rep-
resentation of solutions 0 < z.(t) € E—l—fot F(s,z:(s))ds
combined with (9) imply that solution lies between the
solutions of

& =—h()(1+7(tx)), (10)

and

&= —h(t)x*(1+r(t,x)), (11)

with initial condition €. Solutions of (11) reach the ori-
gin in finite time (using lemma 6 and Hypothesis 3
(h(t) > 0) and 4). For sufficiently small ¢, solutions of
(10) due to Hypothesis 3 (E( ) > O) and 4, decrease to

zero in time Ty: F fo Y1+ ri(r))dr < o0,

leading to the conclusion since F'(T¥) is strictly increas-
ing. <

Corollary 9 Consider system (7). Suppose that there
exists N'(0), an open connected neigbourhood of the ori-
gin, such that:

I.YteR: [z e NO)A f(t,z) =0] & [z =0],
2. Vt e R,Vx € N(0O)\{0} : zf(¢,x) < 0,

3. for any fized x sufficiently small and fort > Tj :
ht) lxt* (1+z(t, @) < f(t,2) < h(t)(1+7(t, 7))}
with a €]0,1[, h(t) > 0 and h(t) > 0,

4. for any fized x sufficiently small, there exists a

function m Lebesgue integrable :
sup(|(t) |=[* (1 +z(t,2))|, [A(t) (1 +7(t,2))]) <
m(t),

then for any xo € N(0) and any to > Ty, there exists
at least one solution passing trough (to,zo) defined for
t > to and every solution converges to zero in finite
time. ]

Proof : »Apply the result of theorem 8. <

4.2 n—dimensional case
There is a simple sufficient criteria for the autonomous
case

z = f(x), (12)
defined for z € R™:

Lemma 10 Suppose that the origin of (12) is locally
asymptotically stable. Using v = rvT M (), where r =
llz]| ;v is a given constant row-vector and M(0) is a
rotation matriz, 6 is a vector of (n —1) componants if
‘Z?:l MT(H)UJC(WTM(HM > W(r) with fo \I/(T) < 00
(for some £ > 0) then the origin is finite time stable.l

Example 11 Consider a €]0,1[ and system

i1 = —pa(r1) — 2} + 22,
Ty = *QDQ(JZQ)*IE;))*iEl.

*

Taking V(z) = “12 , one obtains V = —2_ (x4 +
l2;|°T") < 0. And letting z7 = r(cos(0),sin(0)) leads
to |So0  MT(O)vf(rvT M(0))| > r*. Thus the origin

18 finite time stable.

From the first section, the obtained results can be
adapted to the n—dimensional case. For example:



Let us consider

jz;f(tﬂx)a (13)
defined for almost every ¢t € R,z € R™, where f is
measurable in ¢ and continuous for (t,z) € R**1\ M
where M is a set of zero Lebesgue measure. As, for
the scalar case, this equation is turned into (7) for
which now x € R". Take a Lipschitz (continuous) Lya-
punov function V(¢,z) for which d‘git) € G(t,z) =
{g:FvedcV(t,x),3f € F(t,z):g=(v,(1,/)T)}.
Thus if this set is included in a set Gsup(t, V'), we have
% € Ggup(t, V) for which using Corollary 9 leads to

Theorem 12 Suppose that there exists N'(0), an open
connected neigbourhood of the origin, such that:

1. Vt € R,Yz € N(0) : F(t,x) is upper-semi contin-
uous and convex,

2.VteR:[0€G(t,x)] & [x=0],

3. VteR, Vg e Ggyp - g<0,

4. for any fized V sufficiently small and fort > Ty :
graph () C {6, V) < B(6) V]2 (142(1,V)) <
y < h(t)(14+7(t, V))} with a €]0,1[, h(t) > 0 and
h(t) > 0,

5. for any fized x sufficiently small, there ex-

ists a function m Lebesque integrable: Yy €
F(t, ), [yl < m(1),

then for any o € N(0) and any to > Ty, there exists
at least one solution passing trough (to,xo) defined for
t > to and every solution converges to zero in finite
time. |

Example 13 Consider

i1 = —sgn(z) — 27 + w2,
iy = —sgn(xg) — 23 — a1,
with sgn the multifunction defined by sgn(x) = 1 if
x > 0, sgn(z) = —1 if x < 0 and sgn(z) = [-1,1]
2 .
if x = 0. Taking V(z) = @, one obtains V. =

— 32 (at  |m]) < —(V2+ V), thus the origin is
finite time stable.

Remark 14 For autonomous ODE, one can derived
other sufficient conditions using Lyapunov function see

[10].

5 Stabilization in finite time

In [10], it is shown that any non-linear system diffeo-
morfic to

T = Pas (.%‘2),
T; = Soai+1(1'i+1)ai:2»”"n_ L, (14)
x.n = u,

with a; €]0, 1], can be stabilized in finite time with con-
trol u = — > bipa, (), with a; €]0, 1] for appropriate
b;.

Now let us consider the following non-linear system:

&= f(z) + g(x)u. (15)

Suppose that, for this system, there exists h(z) such
that (15) is an i/o linearizable system: LyL%h(x) =
0,7 =0,1,...,n — 2, ﬁgﬁ?flh(m) # 0. Now defining
for a given a > 1

21 = h(x),
a
Z2 = 21+ <m> Pn—1/a(Ly21),
a
Zn = Zp—1+t (2a — 1) @271/0,(‘6)“2’”—1)7

thus

-1
Liz1 = —p_a_ <(ma ) (z1 —22)) ,
20 — 1
»sznfl = _SOZaa—l <( aa ) (anl - Zn)) .

€]0, 1], for n > 2):

One obtains (note that

na—1

. na — 1
()
. 2a — 1
Zn—1 — —4,02“’:1 << w ) (Zn—l - Zn)) 3

Z2n = Lfitguzn = a(z) +b(2)u.

Using the control

a(z) + P (2n)
b(z)

leads to a finite time stabilization of z, as soon as z(t)
does not enter the manifold M = {2 : b(z) = 0}. Then,
in1=—p o (212, 1) thus z,_1 converges to zero
in finite time, leading recursively to a finite time sta-
bilization of z to the origin. Concerning the set M,
one can see that if z(¢) lies in M, there exists an in-
dex i < (n — 1) such that 2; = 0. Thus z; = z;41
which implies 2,41 = 2, = 0. Recursively one ob-
tains 2; = 0,2; = 2;,7 < j < n which finally leads

u=—



to a(z) + b(z)u = 0. And from which we can deduce
finite time convergence of the remaining states. How-
ever the control may blow up during that time. This
is the reason why, if z; # 0 and z(t) lies in M, one
must apply a control to leave the set M in finite time
(classic).

Example 15 Consider the following second order sys-
tem:

. 2
TG = ]+ 22,

i’g = u,

setting (a =3) z1 = x1, 20 = 1 + %@g(m% + z2), leads
to

Ho= —pa(5(a — 2)/3),
2
Zy = @+ | + x| (221(2] + 22) + ).

Using the control

u=— |2z (2 +25) +

2 + 1004 (ml + %go%(m% + :vg))

2
|21 + 22|
(16)
leads to the following simulations

x1 and x2

25

2
0 —_
N2 T
4 T~
_
6 \ \ \ \ ~
05 0 05 1 15

x1

In that case, the biggest invariant set in M is the ori-
gin. Thus there is no need to change the control (16).

6 Conclusion

Here, some preliminary results concerning finite time
stability have been provided: first some sufficient
conditions have been derived for scalar systems (au-
tonomous, non autonomous and differential inclusions).

Then, these results are translated to n—dimensional
case via Lyapunov functions. The last section concerns
some of the results about finite time stabilization pro-
vided in [10]. In a future work, such results may be ex-
tended to obtain higher order sliding mode controllers

(18, 6]).
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