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Abstract: Some of the theoretical properties of predictive-pole-placement control
(a form of model-based predictive control) are given a practical interpretation and

corresponding design rules suggested.
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1. INTRODUCTION

Most work on stabilising Model-based Predictive
Control (MPC) can be seen as the approximation
of infinite horizon linear quadratic control using a
finite horizon optimisation with constraints. Sta-
bility results (for example (Clarke and Scattolin-
i, 1991; Muske and Rawlings, 1993; Rawlings and
Muske, 1993; Chen and Allgéwer, 1998)) are based
on the idea of showing that, with suitable termi-
nal constraints, this approximation is equivalent
to the solution of a related infinite horizon cost
function.

The paper of Gawthrop and Ronco (1999 sub-
mitted) (upon which this paper is based) takes
a different approach. Although optimisation via
model-based prediction is used, it is not as an
approximation to a linear-quadratic cost function
but rather as a means of solving linear constrained
problems by approximating the behavior of the
classical linear state feedback control of a linear
system with chosen closed-loop pole locations.
These pole locations can be determined by any
linear design method (including linear-quadratic).
For this reason, the algorithm is named Pre-
dictive Pole Placement (PPP). In common with
many other MPC papers (Muske and Rawlings,
1993; Rawlings and Muske, 1993; Gawthrop et
al., 1998; Chen and Allgéwer, 1998), a state (as
opposed to output) feedback approach is used;

thus the method can be categorised as manipulat-
ing input-output behavior using state feedback. In
the linear context of this paper, output feedback
may be readily accomplished using standard ob-
server techniques.

Within a continuous-time setting, the basic algo-
rithm for a linear unconstrained system has the
following features:

(1) The open-loop control signal (within the
moving horizon) is constrained to be the lin-
ear sum of prespecified basis functions.

(2) Optimisation is used to make the open-loop
output response become nearly constant at
the end of the optimisation horizon.

(3) A particular choice of basis functions, corre-
sponding to the transient response of a sta-
ble linear dynamic system, leads to approx-
imately equal open-loop (within the mov-
ing horizon) and closed-loop responses both
corresponding to the regulator and tracking
response of a stable closed-loop system with
prespecified stable poles.

Feature 1 is not new. The usual discrete-time
choice of the control (or control move) at each
sample time can be viewed as one such choice
(Rawlings and Muske, 1993). A polynomial (in
time) set of basis functions has been used in the
continuous context ((Demircioglu and Gawthrop,



1991; Gawthrop et al., 1998) and Laguerre func-
tions have also been used.

Feature 2 can be viewed as an output-orientated
version of the terminal state constraint shown
in a number of papers to be important for sta-
bility (Clarke and Scattolini, 1991; Muske and
Rawlings, 1993; Rawlings and Muske, 1993; Chen
and Allgower, 1998); we believe that this output-
orientated approach is appropriate given the
input-output focus of the paper. Not surprising-
ly, it is likewise important in creating a stable
moving-horizon controller.

Scokaert and Rawlings (Scokaert and Rawlings,
1998) show that (discrete-time) “Constrained Lin-
ear Quadratic Regulation” has the property that
nominal closed-loop performance is identical to
the open-loop predictions and thus shares fea-
ture 3 with the (continuous-time) PPP algorithm
(Gawthrop and Ronco, 1999 submitted).

Of course, standard techniques are available to de-
sign controllers for the linear unconstrained case
and, in this case, the PPP algorithm would be yet
another way of achieving the same result. Howev-
er, the strength of the method is in its extension
to constrained systems; the linear unconstrained
case representing an ideal situation with the corre-
sponding nice properties listed above. The paper
also provides this extension to the constrained
case. Although outside the scope of this paper,
we note that the method extends in principle to
the nonlinear case and some preliminary results
are available elsewhere (Ronco et al., 1999).

This paper takes a closer look at the asymptotic
results of Gawthrop and Ronco (1999 submitted)
to give practical design guidelines for predictive
pole placement control and provide further illus-
tration of its properties.

The paper is organised as follows. Section 2 gives a
brief overview of the unconstrained optimisation
problem (based on (Gawthrop and Ronco, 1999
submitted)) and Section 3 reviews the conditions
under which open and closed loop control are the
same and gives the main asymptotic results. Sec-
tion 4 contains an investigation of the asymptotic
properties of PPP. Section 5 concludes the paper.

2. PREDICTIVE POLE-PLACEMENT
CONTROL

Following Gawthrop and Ronco (1999 submitted),
this section introduces the class of systems con-
sidered in this paper, the corresponding uncon-
strained optimisation problem and gives an ex-
plicit formula for its solution.

The linear systems considered in this paper are
described by:

d
Ew(t) = Az(t) + Bu(t) (1)
y(t)  =Cux(t)

where x € R", y € R™ and u € R™. Given
the state z(t) at time ¢, we are interested in the
evolution of the moving horizon state z*(t,7) and
output y*(¢,7) where

d * — * *
s (t,7) = Ax*(t,7) + Bu*(t,7) @)
y*(t,T) = Cx*(t,7)

The differential equations 1 and 2 are related
by having the same state space matrices and by
imposing the cross-coupling conditions:

{w*(t, 0) =zt
u(t)

= u*(t,0)
In this paper, the mowving horizon control signal
u*(t,7) is linearly parameterised by the ny com-
ponents of the column vector U(t) so that:

w*(t,7) = UX(T)U(1) (4)

where U*(7) is a n, X ny matrix of functions of
7. The components of U*(7) can be regarded as a
set of basis functions for the control signal u*(t, )
and the components of U(t) the corresponding
weights. The mowving horizon setpoint w*(¢,7) is
linearly parameterised similarly.

(3)

The vector U(t) is to be chosen to minimise (at a
given time t) the (unconstrained) quadratic cost
function:

J(U(t), (1), W(t))

=3 [ 0o —weny
Q) (1,7) — w1, 7)dr )

where Q(7) is an n, x n, positive-definite output
weighting matrix which is possibly a function of
T.

The derivatives of this cost function are de-
noted by Jy = £ JU(D),2(2),W(1), Jov =

2 IU),x(t), W), Jux = s JU ), z(t), W(t)

and Jyw = aim J (U (8), 2(2), W (1)).

With this notation, Lemma 1 gives the solution of
this optimisation problem.

Lemma 1. (Explicit solution of unconstrained problem).

When the system (within the moving horizon) is
given by Equation 2, the cost function J has a
global minimum with respect to U(t) if Jyy is
not singular. The corresponding minimising U (t)
is then given by:

U(t) = KuW(t) — Kya(t) (6)

where
Ky = I35 Jow (7)
K, = J55dus (8)



and the derivatives are given by

Jou = / S Qi (r)dr (9)

Joe = /T2 v (1) Q(r)ys (r)dr (10)
Jow = / P OTQmWH(dr (1)

where the ith column yf,;(r) of yjy(7) is the
solution of the ode:

Latalr) = Awpy(r) + BUA(T)
vi(r) = Cafy(r) (12)
z77;(0) =Un

where 0,, is a column vector with all of its n,
elements zero and yX(7) is the solution of:

Lai(r) = Avi(r)
vir)  =0ai(n) (13)
1'; (0) =1p,

where 1,, is a column vector with all of its n,
elements unity.

The closed loop control is given by

u(t) = kpw(t) — kpx(t) (14)

where:
k., = U*(0)K, (15)
kw = U*(0) Ky (16)

PROOF. See Gawthrop and Ronco (1999 sub-
mitted). O

Remark 1. Equation 6, together with Equation 4,
gives the open-loop control signal as a function of
7, the initial state z(t) and the setpoint at time ¢
and the basis functions U*(7) as:

u (t,7) = U(1) K ,W(t) — U*(1)K,z(t) (17)
Remark 2. The open-loop control signal has two
independent terms: a tracking term U* (1) K, W (t)

driven by the setpoint and a regulation term
—U*(7)K,z(t) driven by the initial state (0).

Remark 3. Equation 13 has the explicit solution:

yi(r) = Ce' (18)

It is convenient to choose the following special
form of U*(r):

Ul*(T)T lenzT 01%n,

U*(T) — len1 U;(T) lenn (19)
01><n1 e 01><nn
01><n1 01><n2 . U;;u (T)T

Where U(7) € R™ (the set of functions defining
the ith system input) is generated as the state of
the autonomous system:

Ur = AU;
Z*(T) l* [3 (T) (20)
U; (0) =U; 0
which has the explicit solution:
Ur(r) = eAiTU*O (21)

3. PROPERTIES OF UNCONSTRAINED PPP

This section looks at the basic properties of the
PPP algorithm and gives the fundamental result
on the relationship between the open-loop control
u*(t,7) and the closed-loop control u(t).

Lemma 1 presents a general algorithm parame-
terised by the choice of input functions U*(7) and
setpoint functions W*(7). A key idea in this paper
is to choose the input functions U*(7) to be the
solutions of the autonomous system of Equation
20. It turns out that a suitable combination of
such functions yields an open-loop system that
has the same input, state and output as the cor-
responding closed-loop system. This relationship
between open and closed loop systems is given in
the following lemma:

Lemma 2. (Open and closed-loop response). If

(1) An open-loop controller of the form v*(¢,7) =
kyww(t) — U*(1)Rex(t) is applied to the sys-
tem of Equation 2 where:

(a) U*(r) is generated from Equation 19
where A,; = A, € R"™X"™Vi, U, =
UO\V/i.

(b) [Ayuo] is controllable.

(2) A closed-loop controller of the form of Equa-
tion 14 is applied to the system of Equation
1

(3) The open-loop system matrix A, has the
same n, eigenvalues as the closed-loop sys-
tem matrix A, where A4, is

A, = A — Bk, (22)

Then there exists a unique R, such that the
solution of the open loop system 2 is the same
as the solution of the the closed loop system 1 in
the sense that:
z(t+71)=2*(t,T1)
y(t+7) =y*(t,7) (
u(t+ 1) =u*(t, 1)

~~ ~—~~
NN N
U o W
N’ N N

PROOF. See Gawthrop and Ronco (1999 sub-
mitted). O

Remark 4. This result is independent of the opti-
misation based design of Lemma 1.



Lemma 2 paves the way for showing the proper-
ties of the algorithm contained in the following
Theorem.

Theorem 1. If

(1) The pair [AB] is controllable.
(2) The assumptions of Lemma 2 hold.
(3) The matrix A, is chosen such that 4,—A < 0
(4) The upper horizon 7» is given by
T =71 + AT (26)
where AT > 0
then in the limit as 4 — oo

(1) The solution of the open loop system Equa-
tions 2 and 4 is the same as the solution of
the the closed loop system Equation 1

(2) The closed-loop system poles (eigenvalues of
A. = A — Bk,) are the n, eigenvalues of A,,.

(3) K, = R,

PROOF. See Gawthrop and Ronco (1999 sub-
mitted). O

Remark 5. Choosing this particular horizon to
weight the output is similar to the standard ap-
proach of using terminal state weighting.

Remark 6. To avoid numerical problems in the
solution of Equation 8, 7, and 7» should be chosen
so that e?< is small compared to e? for r; < 7 <
T2.

Remark 7. If A, is chosen to to have strictly
negative-real eigenvalues, this result also implies
stability.

Remark 8. This result can be extended in a num-
ber of ways.

(1) If condition 3 is reversed (A — A, < 0) then
there is no feedback k, = 0.

(2) If U*(7) contains more elements than neces-
sary (that is the dimension of A, is greater
than that of A), the elements with the slowest
time-constants are discarded.

4. INVESTIGATION OF THE ASYMPTOTIC
PROPERTIES

Section 3 gives asymptotic properties of the linear
PPP algorithm. In particular, it gives results in
the limit as 71 — 0o. This Section investigates the
properties of the linear PPP algorithm when 7
is finite. In particular the following features are
investigated:

(1) The closed-loop poles converge toward those
implied by Theorem 1.

(2) As suggested in Remark 8, and unlike stan-
dard pole-placement, PPP never slows down
a system. Thus desired poles slower than
open-loop poles are discarded.

(3) As suggested in Remark 6, numerical prob-
lems are possible for large control horizon ;.

In each of the following examples, closed-loop
poles are determined by computing k, from E-
quations 15 and 8 and finding the eigenvalues of
A — Bk,.

4.1 Simple first-order system

Fig. 1. Simple system: The actual closed-loop
time-constant against the lower horizon Ty.
The actual time-constant is asymptotic to the
desired closed-loop time-constant of T4 = 0.2

Fig. 2. Simple system: actual closed-loop time-
constant against desired time-constant. The
actual time-constant is approrimately equal
to the desired time constant except when
the desired time-constant is longer than the
open-loop time-constant 7, = 1

Consider the first order system with state-space
representation
A=-1,B=1,C=1 (27)
with corresponding transfer function
1
G(s) =
() s+1

This has a single open loop pole at s = 1 with
open-loop time-constant 7, = 1. The input basis

(28)



functions are a unit step function and e~°". The
latter function corresponds to a desired closed-
loop polynomial of

p(s)=s+5 (29)

in other words to a desired closed-loop time-
constant of 74 = % =0.2.

Figure 1 shows the effect of the lower time horizon
71 on the resultant closed-loop time-constant. The
upper horizon 75 = 7 + 1. As can be seen, the
closed loop time-constant is close to the desired
time-constant when 7 > 2. This suggests choos-
ing 71 = 1074 is a good rule-of-thumb for first-
order systems.

Figure 2 shows the effect of the desired closed-
loop time-constant 75 on the actual time constant
T.. The horizon parameters are m, = 107; and
79 = 71 + 1. This demonstrates that

Td
Te N
To

4.2 Unstable and inverse-unstable system

ifrg <, (30)
ifrg >,

A third order unstable system with unstable in-
verse is described by the transfer function

_ 1-0.5s

G(s) = ——— 31
()= =1y (31)
A state-space representation is:
3-31 1
A=1|100];B=10 ;C’:(O—O.Sl)
010 0
(32)

The controller is designed to have three closed
loop poles at a Butterworth configuration with
radius 5. That is the three desired closed-loop
poles are the roots of the polynomial

p(s) = s + 13.66s% + 68.30s + 125.00  (33)
which are at s = —5 and s = —4.33 + 2.57.

Figure 3 shows how the lower horizon r affects
the closed loop poles.

Consider first 71 < 5. As predicted, the closed loop
poles are asymptotic to the desired values. In this
case, the poles have converged after about 7 = 2.
Taking the desired time-constant to be the inverse
pole-radius: 7y = £ = 0.2 This corresponds to
71 & 12.574. Notice that the closed-loop system is

unstable for 1 < 0.8

Consider next 71 > 5. Here, the closed-loop poles
deviate substantially from their desired values.
This is due to the numerical problems associated
with the solution of Equation 8 mentioned in
Remark 6. However, this problem only occurs if
71 > 5074 and is therefore easily avoidable. Once

(a) Real parts

(b) Imaginary parts

Fig. 3. Non-minimum-phase system: The actual
closed-loop poles against the lower horizon
71. The actual poles are asymptotic to the

desired closed-loop poles at s = —5,s =
—4.33 £ 2.505. Numerical problems occur for
T >5

again, this suggests choosing 7 = 107, is a good
rule-of-thumb.

4.3 Turbogenerator system

This example is taken from Maciejowski (1989)
and represents a turbogenerator as a linear, two-
input, two-output, six-state system with the six
open loop poles at:

s =—0.234 (34)
s = —0.349 + 6.34; (35)
s=—1.04 (36)
s =—10.5 (37)
s=-15.9 (38)

This system has two inputs. The basis functions
of each input are chosen to be second-order La-
guerre polynomials. The first input has parameter
2.0 and the second has parameter 4.0. Thus the
desired closed-loop poles are the roots of



(a) Real parts

(b) Imaginary parts

Fig. 4. Turbogenerator system: The actual closed-
loop poles against the lower horizon 1. The
actual poles are asymptotic to the desired
closed-loop poles of s = —2 and s = —4 and
the “fast” open-loop poles at s = —10.4 and
s =-—15.9

p(s) = (s> +4s +4)(s*> + 85 + 16) (39)

two of which are at s = —2 and two of which are at
s = —4. These poles are faster than the four open-
loop poles of Equations 34-36 but slower than the
two open-loop poles of Equations 37 and 38.

Figure 4 one again demonstrates that the closed-
loop poles are close to their asymptotic value for
71 > 1074.

Moreover, the “fast” open-loop poles of Equations
37 and 38 become closed-loop poles: they are
ignored by the PPP algorithm.

5. CONCLUSION

The asymptotic properties of the linear PPP al-
gorithm have been verified using three example
systems, and a rule-of-thumb for choosing the
horizon parameter 7; has been established. Pos-
sible numerical problems have been investigated

and shown to be easily avoidable for the three
systems investigated.
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