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Abstract

In this paper, new matrix inequality conditions on
the terminal weighting matrices are proposed for linear
continuous time-varying systems. Under these condi-
tions, nonincreasing and nondecreasing monotonicities
of the saddle point value of a dynamic game are shown
to be guaranteed. It is proved that the proposed termi-
nal inequality conditions ensure the closed-loop stabil-
ity of the receding horizon H, control (RHHC). The
stabilizing RHHC guarantees an H,, norm bound of
the close-loop system. The proposed terminal inequal-
ity conditions for the monotonicity of the saddle point
value and the closed-loop stability include most well-
known existing terminal conditions as special cases.
The results for time-invariant systems are obtained cor-
respondingly from those in the time-varying case.

1 Introduction

Receding horizon control (RHC) is a closed-loop
strategy, where an optimal decision of the control is
taken at each sample, and thus finite horizons can be
considered. This contrasts with the steady-state linear
quadratic (LQ) control, where the control law is de-
termined at the initial time and only infinite horizons
can be taken into account. For these reasons, the RHC
has been widely investigated as a successful feedback
strategy in [1]-[3].

For the closed-loop stability of the RHC, it is well
known that conditions on terminal weighting matri-
ces as well as state weighting matrices are important.
For finite horizons, one approach to achieve the closed-
loop stability is to impose infinite terminal weighting
which is equivalent to setting a zero terminal weight-
ing matrix for the inverse Riccati equation [1]. This
is referred to as the terminal equality condition. Since
imposing infinite terminal weighting is demanding, use
of finite terminal weighting matrices has been investi-

gated in [3]-[5] for continuous-time systems. Finite ter-
minal weighting matrices have often been represented
by matrix inequality conditions. As an alternative ap-
proach for finite horizons, infinite horizon formulations
have been explored in [2], [3]. However, infinite horizon
formulations in [2], [3] can also be expressed as finite
horizon formulations with appropriate finite terminal
weighting matrices for linear systems, as shown in [3],

[5].

In the proofs of the closed-loop stability of the RHC,
the monotonicity of the optimal cost has been widely
used in recent years since it does not only imply the
monotonicity of the Riccati equations for linear sys-
tems but can also be used for the closed-loop stability of
nonlinear systems. For this reason, the nonincreasing
monotonicity of the optimal cost has often been investi-
gated [2], [3]. However, the nondecreasing monotonic-
ity of the optimal cost has been very recently discussed
in [5] for continuous time-invariant systems.

The terminal inequality conditions in [5] seem to be
the weakest for the cost monotonicity, which include
most previous results of the RHC in [1], [3], [4] for
continuous-time systems. In [5], the well-known ter-
minal equality condition has been extended to the ter-
minal inequality condition for the nondecreasing cost
monotonicity, and the condition on the state weight-
ing matrix has been weakened so as to include the zero
matrix.

This RHC has been applied to Hy, problems recently
in order to combine the practical advantage of the
RHC with the robustness of the H,, control. For the
closed-loop stability of the receding horizon H, control
(RHHC), the terminal equality condition is introduced
in [6] for continuous time-varying systems. The ter-
minal inequality condition for the nonincreasing mono-
tonicity of the Riccati equations is proposed in [7] for
continuous time-varying systems. The saddle point
value in H,, problems corresponds to the optimal cost
in the LQ problems. The terminal inequality conditions



for the nonincreasing monotonicity of the saddle point
value are proposed in [8] for discrete time-varying sys-
tems. However, the nonincreasing monotonicity of the
saddle point value is not fully discussed in [8]. To au-
thors knowledge, in H,, problems, there are no results
corresponding to the inequality conditions for the cost
monotonicity in [5]. Thus, it will be interesting to in-
vestigate the monotonicity of the saddle point value in
detail. In [8], it is not clear if the closed-loop stability
is guaranteed for positive semidefinite state weighing
matrices. Thus, in H,, problems, it will also be inter-
esting to investigate whether the condition on the state
weighting matrix can be weakened so as to include zero
matrices.

In this paper, new terminal inequality conditions are
proposed for linear conditions time-varying systems un-
der which nonincreasing and nondecreasing monotonic-
ities of the saddle point value of a dynamic game hold.
It is shown that the closed-loop stability of the RHHC
is guaranteed under the proposed terminal inequality
conditions. The well known terminal equality condi-
tion is extended to a wider class of matrix inequality
condition under which the closed-loop stability holds.
It is also shown that the state weighting matrix can be
even zero, still guaranteeing the closed-loop stability of
the RHHC.

The rest of this paper is organized as follows. In Section
2, terminal inequality conditions are proposed which
guarantee the monotonicity of the saddle point value.
In Section 3, under the proposed terminal inequality
conditions, the closed-loop stability of the RHHC is
shown. Finally, conclusions are presented in Section 4.

2 Monotonicity of the saddle point value

Consider a linear continuous time-varying system

#(t) = A@)z(t) + Bi(Hw(t) + Ba()u(t) (1)
At = C(t)z(t) + D(t)ul?)

where z(t) € R™ is the state, u(t) € R™ the control,
w(t) € R' the disturbance, z(t) € RP the controlled
output, CT(t)D(t) = 0, and DT (t)D(t) = I. Through-
out the rest of this paper, the time index (t) is of-
ten omitted for simplicity. For this system, consider
the following dynamic game problem with a finite cost
horizon

min max J(to,ty) (2)
where J(to,ts) ft [T Qr + uTu — Y2wlw]dt +

el (t7)Qy(ty)x(t f) Here, @ = CTC > 0, Q; > 0,
and -y is the disturbance attenuation level. The matri-
ces A, B, B, Q, and Qy are assumed to be bounded.

Define B, as B, =+ !By, Q as Q = B, B — B, BT
and the threshold value 4%
4L = inf{y>0: K(r,0) does not have a

conjugate point for allr < o} (3)
where K (7, 0) satisfies

_0K(r,0)

- AT(r)K (r,0) + K(r,0) A(7) + Q(7)

—K(1,0)Q(1)K(1,0), <o  (4)
with the boundary condition

K(o,0) = Qo). ()

Then, the dynamic game theory described by (1) and
(2) [9] admits a unique feedback saddle-point solution,
if and only if v > 4“F with o = t;. In this case, the
unique feedback saddle point solution for the dynamic
game problem (2) is given by

w(t) = -BIOK(tt)e() (6)
w(t) = ' BIOK(Lt)a(t), to<t<t; (7)

and the saddle point value of the dynamic game of (2)
with (6) is given by

T(tt;) = T (K, t)z(t). (8)

For simplicity, K(7,0) is often denoted as K (7) with

K(o) = Qy(0).

Now, we give a sufficient condition for the nonincreas-
ing monotonicity of the saddle point value.

THEOREM 1 Assume that Q¢(o) satisfies

(A(0) — B2(0)H(0))" Qs (0) + Qs (0)(A(0) — Ba(0)
H(0)) + Qo) + H (0)H (o) + Q¢(0)By(0) BY (0)
Qs(0) +Qs(0) <0 for some H(s) € R™ ™. (9)

The saddle point value J*(t,ty) in (8) then satisfies:
0J*(r,0)

50 < 0, 7<0o (10)
and thus 2 (TJ)<0 T<o0.
proof:
% - EEO—{J*(T o+ A)—J(r,0)}
= i“lloz{/ {@m i

—y*wiw]dt + J* (0,0 + A)
—/ [a:QTng + uQTU2 — 'yszng]dt

—23 (0)Qy (0)x2(0)



where the pair (u;,w;) is a saddle point solution for
J(7,0 + A) and the pair (us,w2) is for J(r,0). If we

replace u; and ws by us and w; up to o, then
oJ*(r,0) 1 T
Z0 < tim < {T (0,0 + A) — 27 (0)Q4(0)a(0)}

where z(o) is the state at o due to z(7), u=2(t), and
wy (t) for t € [1,0).

Here, if we replace ui(t) by wy(t) = —H(t)z(t) for t >
o, then w*(t) for t € [0,0 + A), which maximizes the
cost J(o,0 + A), is given by

w*(t) = vy 'BI(t)Ky(t,o+A)z(t) (11)
where Ky (t,0 + A)(= Kg(t)) satisfies

_O0KHu(t)

5 = (A= BoH)T Ky (t) + K (t)(A — BoH)

+Q+H"H + Ky (t)ByB] Kg(t) (12)
with Kg(o + A0+ A) = Qy(o + A).

Note that by classical analysis, there exists a bounded
solution to this equation for 0 <t <o+ Aif A >0 is
sufficiently small.

In this case W < 0 by (9). From (8), we have

9K(r.o) <, O

In (9), if H(o) is replaced by an optimal gain
H(o)=Bf(0)Q; (o), then we have

ATQr + QA+ Q- QsQQs +Qp < 0. (13)

Note that under this well-known inequality condition,
the monotonicity of Riccati equation is shown in [7]
where Q (o) > 0.

Consider a cost function with an infinite horizon. If the
pair (A, Bs) is uniformly stabilizable and the system is
uniformly asymptotically stable with u(t) = —H (t)z(t)
and w(t) = v 'BI(t)K(t,00)x(t) for t > o > 7, then
J = [FlTQr+uTu—~y*wTwldt = [T[2TQz+uTu—
V2wl w]dt + 27 (0)Q (o) (o) where Qs(c) is bounded
and satisfies

~Q; = (A-B:H)TQ; +Qs(A—B:H)+Q
+H"H + QsB,BlQ; (14)
which is a special case of (9).

Consider another cost function with an infinite horizon.
If the system is uniformly asymptotically stable with
w(t) =0 and w(t) = vy~ 2B] (t)K (t,00)z(t) for t > o >
7, then Qf(o) is bounded and satisfies

—Qr = ATQ;+QrA+Q+QB,BIQ; (15)

which is also a special case of (9).

In the following, the nondecreasing monotonicity of the
saddle point value is studied.

THEOREM 2 Assume that Q¢(o) in (5) satisfies

ATQ; + QA+ Q - QsQQ;+Q; > 0. (16)

The saddle point value J*(t,ty) in (8) then satisfies

oJ*(r,0)

<
% > 0, 7<0 (17)

and thus 29 >0 7 < g,

oo

proof: In the same way as the proof of Theorem 1,
if we replace us and w; by u; and ws up to o, then
W > 0 where z(0) is the trajectory at o due to
z(7), u1(t), and wa(t) for t € [1,0). The monotonicity
of the Riccati equations follows from (8). O

The following result, which is based on the optimality,
shows that when the monotonicity of the saddle point
value or the Riccati equations holds once, it holds for
all prior times.

THEOREM 3 1) If W <0 (or >0) for some

T then W <0 (or>0) where o <7 <71.2)

K(T’

Ifw <0 (or > 0) for some T thenaaia’”) <0

(or > 0) where 19 < r<r.

proof: It can be easily proved in the same way as in
Theorems 1 and 2. O

Now, we introduce the inverse form of (4), which is
used in the next section. If K(7,0) is nonsingular at
T > to, there exists K ~1(r,0) = P(r,0) which satisfies

OO~ Pr,0)A" () + A(W)P(r,0) + Plr,0)

Q(r)P(r,0) = Q(). (18)

In the next section, we also consider a little differ-
ent approach. We assume that P(r,0) in (18) is
given from the beginning with a terminal constraint
P(o,0) = Pf(o) and some v > 0 rather than the one
obtained from inverting (4). Note that P¢(c) = 0 cor-
responds to the case Qf(c) = ool (ie., Q;l(o) =0)
even if it is mathematically not rigorous. In fact, the
Riccati equation (18) with the condition P;(o) > 0 can



be obtained from the following problem. Consider the
following adjoint system of the system (1)

z(t) = —AT(®() +CT(t)a(t) (19)

with the cost function

Jtosts) = [167Qa + e + 7 (1)) Pyt )it

to

where Q(t) > 0 for all ¢ and some 7 > 0.

Corollary 1 Assume that Q(t) > 0 for all ¢t and
Py (ty) satisfies

—AP; — P;AT —PiQP; +Q+P; < 0. (20)

The optimal cost f*(t,tf) for (19) then satisfies
W >0, 7 <o, and thus

0, 7<o. (21)

The proof procedure follows that of Theorem 9. Note
that Py(o) can be singular.

Since Py(o) = 0 satisfies (20), the well-known terminal
equality condition in [6] is a special case of (20) for
guaranteeing (21).

In the following section, stabilizing receding horizon
H, controls are proposed by using the monotonicity
of the saddle point value or the Riccati equations.

3 Stability of the receding horizon H,, control

The receding horizon Hy, control (RHHC) is obtained
by replacing ty with t + T for 0 < T < oo in (6):

w*(t) = —BI®)K(tt+T)x(t) (22)

where K (t,t+7T) is computed from (4) with K (t+7T,t+
T) = Qs(t +T). Assume that the selected Qf(t + T')
is positive semidefinite and bounded for all ¢, and T is
nonzero and finite.

In this Section, assume that there exists a unique saddle
point solution (6). Definitions of uniform controllabil-
ity and uniform observability with positive integers d.
and d, in [1] are used. Let 6 = maz{d.,d,}.

The following result is needed to show the stabilizing
properties of (22). Denote the transition matrix of f(o)
as ® (o, 7) satisfying M = f(o) ®¢(o,7), 0 > 7
with ®(r,7) = I.

Lemma 1 Assume that the system &(t) = A(t)x(t) is
uniformly attractive where A(t) is bounded for all t.
Then the system is uniformly asymptotically stable.

proof:  If the system #(t) = A(t)z(t) is uniformly at-
tractive over [tg,00) for all € > 0, there exist positive
constants v and N = N(v,¢€) such that [|z(t1)]] < v
implies ||z(t2)]| < € for all t2 > t; + N, independently
of ;. Let us define I' = max, ¢4, ¢+, +n) [|[®a(7,11)]| and
d = min{v,t}. Since A(t) is bounded, I is finite and
thus there exists a positive constant §. For all t5 >
ti + N, ||$(t2)| <e Fort; <ty <ty + N, ||£U(t2)|| <e
since § < § and ||z(t2)|| < [[®a(t2,t1)]|||z(t1)|]. There-
fore, we have ||z(¢1)|| < 0 implies ||z(o)|| < € for all
g Z tl. O

THEOREM 4 Assume that the pair (A,C) is uni-
formly observable. If %L,:H_T <0 for all t, then
the system (1) with the RHHC (22) is uniformly asymp-
totically stable for 0 < T < oo.

proof:  We show that the zero state is uniformly at-
tractive. Since WM:HT < 0 and J*(u*,w) <
J*(u*, w*) < J*(u,w*)), if A > 0 is sufficiently small
J*t,t+T) = ft+A[:rTQa: + uwTu* — 2w Tw*dr +
T+ At +T) > [T Qu + wludr +J(t +
A,t + T) where z2(t) is the state trajectory from

x2(t) = x(t) when w(t +1i) = 0 for ¢ € [0,A) and
(t-{—z) = wji(t+1i) for i € [A,T). Hence, J*(t,t + T)
[T (t) Q() o(t) + () w*(t)] = -[z7() Q(t)
a:(t) uT'(t) u(t)] where u(t) is the RHHC (22) and

w(t) = 0 for all ¢. From this and J*(¢t,t +T) >
0, J*(t,t + T) — c for some nonnegative constant
cast — oo. Thus, as t — oo, u*(t) — 0 and
j;tw 2T Qrdr = 27(t) :H L (1, )Q(T)® A (T, t)dT
z(t) = 2T ()G, (t,t + 0)z(t) — 0 where G,(t,t + )
is an observability Grammian [1]. However, since
the pair (A, C) is uniformly observable, there exists
a positive constant «y satisfying G,(t,t +6) > a1l
for & > 0,. This means that z(t) — 0 as t — oo,
independently of ty. Therefore, the closed-loop sys-
tem is uniformly attractive when w(t) = 0 for all t.
Since Qf(t + T') is bounded, the closed-loop matrix
[A(t) — Bo(t)BT (1)K (t,t + T)] with (22) is bounded.
Therefore, the closed-loop system with w(-) = 0 is uni-
formly asymptotically stable from Lemma 1. O

Next, we suggest a sufficient condition for Theorem 4

Corollary 2 Assume that the pair (A, C) is uniformly
observable. If Qf(t +T) satisfies (9) for all t, the sys-
tem (1) with (22) is uniformly asymptotically stable for
0<T < 0.

Note that there exists a bounded Q (¢t + T') satisfying
(9) if the pair (A, Bs) is uniformly stabilizable. The



condition (13) is shown in [7] for time-varying systems
where it requires Q¢ (t+7") > a»I and asl < K(t,t+T)
< ayl for positive constants az and a4. Therefore, the
results in [7] are special cases of Corollary 2.

In the following, we consider an extended boundary
condition P(t+T,t+T) = P¢(t+T) > 0 which includes
the well-known terminal equality condition Py(t+T) =
0 in [6]. Let us consider another receding horizon He,
control (RHHC)

u*(t) = —BI@t)P (t,t+T)x(t) (23)
where P(t,t 4+ T) is computed from (18) with P(t +
T,t+T)=Pr(t+1T).

From here, we assume that the selected Py(t +T') >
0 is bounded and Q(¢) > 0 for all ¢ unless otherwise
specified. The following results are needed to show the
stabilizing properties of (23).

Lemma 2 There exists a positive constant s satisfy-
ing P(t,t +T) > asl for T > 0. if the pair (A, B) is
uniformly controllable where B satisfies BBT = Q.

proof: Tt is proved by showing J* (¢, t+T') > as|2(t)])2.
Consider the adjoint system (19) from which P(t,? )
stems. Assume that J*(t,t + T) = 0 for &(t) # 0

Since #7 (1) Q(r) &(r) = a*T(r) a*(r) = 2T (¢ +T)
Pi(t+T) &t +T)=0for7 € [t,t+T), J*(t,t+T) >
ST ETQadr =7 (t) 1T W_a(mt) QU4 (1, t) dr
&(t) = 2T (t)Ge(t,t + T)&(t) where G(t,t +T) is the
controllability Grammian [1]. Since the pair (A, B) is
uniformly controllable, there exists a positive constant
as satisfying J*(t, ¢ +T) > as||#(t)||? for T > 6. This
contradicts J*(t,t + T) = 0. Note that P;(t +T) = 0
is included. O

In [6], they assume that there exists a positive constant
as satisfying P(t,t +T) > asl.

Lemma 3 If the pair (A, B) is uniformly controllable
with B as in Lemma 2, then the pair (A, By) is uni-
formly controllable.

proof: It can be proved directly from [10]. O

Now, we are ready to state the following result.

THEOREM 5 Assume that the pair (A, B) is uni-
formly controllable. If W“:H—T >0 for all t, then
the system (1) with (23) is uniformly asymptotically
stable for 6. < T < co.

proof:  Consider the adjoint system of (1) with the
RHHC (23) when w(t) = 0:

i = —[A-BBIP't)T: = Wi (24)

Then, we define the associated scalar valued function
V(z,t) = 2T (t)P(t,t + T)&(t). P(t,t + T) is bounded
since the system matrices and Py (t + T') are bounded,
and T is finite. Therefore, from Lemma 2, there exist

positive constants as and ag satisfying as||z(t)|]* <
V(z,t) =27 (t)P(t,t + T)2(t) < agl|2(t)]]*.
V(i,t) > 0. (25)

For t; > ty + O, there exists a posmve constant ar
satisfying V(Z(ts),ts) — V(2(to ft t)dt >
2T (t0)Ge(to, ts) 2(to) > az ||a:(tg)||2 where G, (to, s) is
the controllability Grammian [1].This implies that the
closed-loop system (24) is exponentially increasing, i.e.,
the closed-loop system (1) with (22) is exponentially
decreasing when w(t) = 0 for all . O

Next, we suggest a sufficient condition for Theorem 5.

Corollary 3 Assume that the pair (A, B) is uniformly
controllable. If P;(t+T) satisfies (20), or if Py(t+T) =
0 for all t, then the system (1) with (23) is uniformly
asymptotically stable for 6. < T < 0.

Note that there exists a bounded Py (t + T') satisfying
(20) if the pair (A,C) is uniformly detectable. The
results in Corollary 2 and 3 are different in that the
former is applied to the condition (9), while the latter
o (20).

Remark 1 Note that if P¢(t +T) = 0, Corollary 3
holds for arbitrary Q(t) > 0 including the zero matriz
which is different from Corollary 2. Corollary 3 is an
extension from the well-known results in [6] which re-
quire Py (t+T) = 0. When Q(t) =0 for allt, P(t,t+T)
can be expressed as P(t,t +T) = ftHT da(t,7) Q
®L(t,7) dr + ®a(t,t + T) Pp(t +T) 4 (t,t + T).
Note that P(t,t +T) > asI for §. <T < oo if the pair
(A, B) is uniformly controllable. In the above equation,
P;(t+T) can be zero. This may be the simplest RHHC.

In the following, the state weighting matrix is also
weakened so as to include even the zero matrix for guar-
anteeing the closed-loop stability of the RHHC.

Lemma 4 If there exists a positive constant ag satis-
fying Qs (t +T) > asl, then J*(t,t +T) > as||z(t)]?,
and thus K(t,t +T) > agl for allt and T > 0.

proof:  Assume that J*(t,t + T) = 0 for z(t) # 0.
Since J*(u*,w*) > J(u*,w = 0), z7(1)Q(r ):r(T)
wT(ru(r) = 2Tt + T)Qs(t + T)x(t + T) = 0

€ [t,t +T). Since a7 (t + T)Q(t + T)x(t + T) =
et ()T (t+T,)Qs(t+T)Pa(t+T,t)z(t) and ®4(t +



T,t) is nonsingular, z(t) = 0. This contradicts z(t) #
0. Note that 7" can be 0. O

Now, we introduce our last main result.

THEOREM 6 Assume that the pair (A, B) is uni-
formly controllable. If Qy(t + T') satisfies Qp(t+T) >
agl for a positive constant ag and %Lﬁﬂq <0
for all t, then the system (1) with (22) is uniformly
asymptotically stable for 6. <T < oo.

proof:  From Lemma 4, there exist positive constants
as and ag satisfying agl < K(t,t+ T) < agl. There-
fore, it can be proved in the same way as Theorem 5
by replacing P(t,t +T) by K~'(t,t + T). O

Corollary 4 Assume that the pair (A, B) is uniformly
controllable. If Q¢(t +T) satisfies (9) for all t and the
pair (A — BoH, H) is uniformly observable, then the
system (1) with (22) is uniformly asymptotically stable
for d. <T < 0.

proof: From (9), Qf(t+T) > :;Tj; Y gy (t+T,7)
[Q+HT H + Qf BV B}f Qf] @A,BZH(t-f-T,T) dr +
Pa gt +T+s,t+T)Qp(t+T) 4 _p yt+T +
s,t +T). Therefore, Q;(t +T) > asl for s > 0, if
Qs (t + T) satisfies (9) and the pair (A — BoH, H) is
uniformly observable. WM:HT < 0 follows from
Theorem 1. O

For any Q(t) > 0, Q(t+T) > asl if Q(t+T) satisfies
(9) and the pair (A — BoH, H) is uniformly observable.
In this case, Q(t) can be zero. This case is different
from Corollary 2 since uniform observability in Corol-
lary 2 is not satisfied when Q(t) is zero.

By using the method of [7], we can show that the stabi-
lizing receding horizon H., controls guarantee the H,
norm bound of the closed-loop system.

It is obvious that the whole results obtained here ap-
ply to the case of time-invariant systems. In this case,
the controllability and observability can be replaced by
the stabilizability as in Proposition 3.1 of [1] and by de-
tectability as in Remark 8 of [5], respectively.

4 Conclusion

In this paper, new matrix inequality conditions on
terminal weighting matrices are proposed which guar-
antee the monotonicity of the saddle point value for
linear continuous time-varying systems. Under these
conditions, it is shown that the closed-loop stability of
the receding horizon Hy, control (RHHC) is guaran-
teed for continuous time-varying systems. Compared

to the existing requirements available in the literature,
this paper presents the weakest conditions, still guar-
anteeing the closed-loop stability of the RHHC for con-
tinuous time-varying systems.

The proposed terminal inequality conditions extend the
existing class of terminal weighting matrices in [6], [7].
Thus, previous results for the stability of the RHHC
[6], [7] are obtained as special cases of the results in
this paper. The monotonicity of the saddle point value
obtained in this paper will be useful for the closed-loop
stability of constrained, delayed linear systems, and/or
nonlinear systems with the RHHC.
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