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Abstract

The category of affine connection control systems is one
whose objects are control systems whose drift vector field

is the geodesic spray of an affine connection, and whose

control vector fields are vertical lifts to the tangent bundle
of vector fields on configuration space. We initiate an in-
vestigation of morphisms (feedback transformations) in this
category, including the study of subsystems and factor sys-
tems.

1 Introduction

It is apparent that the study of what we will in this pa-
per call “affine connection control systems” has a significant
rble to play in the field of mechanical control systems. In

the dynamics of a given affine connection control systems
are “contained in” the controlled dynamics of another. For

factor systems, one wishes to project the dynamics of an
affine connection control system onto another affine con-

nection control system. Scenarios such as this arise, for ex-
ample, when one is dealing with systems with symmetry

and can perform a reduction of some sort.

The matters we address in this paper are technically chal-
lenging ones in practice. For example, the matter of equiv-
alence typically produces a set of overdetermined nonlin-
ear partial differential equations [6] which one must solve.
However, we hope that by illuminating some of the spe-
cial structure in the class of affine connection control sys-
tems, we can point the way for certain profitable lines of
investigation. An unfortunate byproduct of publishing a pa-

a series of papers, e.g., [11, 12, 10, 4], the author and vari- per which is technical in nature in such a restricted length

ous coauthors have shown how the affine connection frame-

work is useful in looking at mechanical systems whose La-
grangian is the kinetic energy with respect to a Riemannian
metric, possibly in the presence of constraints linear in ve-
locity e.g., [10, 9]. In such an investigation, there appears to
be no particular advantage to work with affine connections
which come from physics, i.e., from the Riemannian metric
and the constraints. Therefore, in this paper we deal with
general affine connections.

The emphasis here is to lay a groundwork for the inves-
tigation of ways in which one can simplify or alter affine
connection control systems by using feedback transforma-
tions. That simplification of these systems is important
can be seen in the work of the author [9] where even sim-
ple physical systems yield rather complicated expressions
for the system’s affine connection. Apart from the matter
of simplification, one might also wish to use feedback to

format is that one cannot, without seriously impairing the
paper’s scientific content, include examples which illustrate
the theory. Indeed, to get the paper within page limits, many
interesting existing results have also been omitted. In a sub-
sequent paper of greater length, examples will be provided
which might better illustrate the concepts we discuss here,
and further results will be proved.

2 Relevant affine differential geometry

We refer the reader to [7] for details of our following brief
discussion of affine differential geometry. The intent here is
mainly to introduce notation. The reader is expected to be
familiar with basic concepts related to affine connections.

Let Q be a finite-dimensional manifold and letbe an
affine connection oQ. The curves for whichly «,c'(t) =0
are calledgeodesics. The geodesic equations are second-
order and so give rise to a second-order vector field @n

change the system into one whose characteristics are morenich we denote by and which is called theeodesic

desirable. The idea of restricting the types of feedback so
that one remains in a certain class of systems is not new.
Bloch, et al., [1] retain the Hamiltonian structure of their
system through feedback, and in work initiated in [2] (see
also [6]), the emphasis is on retaining the Riemannian struc-
ture through “kinetic shaping.” Our focus in this work is
on equivalence which maintains the affine connection struc-

ture. For general control affine systems, the issues we ad-

dress here are reviewed in the paper of Elkin [5].
Besides introducing the basic notion of equivalence, we

spray. An affine connectioid is completeif its correspond-
ing geodesic spray is a complete vector field.
A mapping®: Q — Qs totally geodesic if
To®(OxX)q = (OgX)g(q)
where X is a vector field onQ which is @-related toX.
Clearly a totally geodesic mapping has the property that it
maps geodesics af to geodesics dfl. The converse is also

true.
The interaction of submanifolds and distributions with

also look at how one may investigate subsystems and factor affine connections will arise when we talk about restrict-
systems. In the former case, one wishes to determine when ing affine connection control systems. Let us introduce here
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the necessary terminology. We l&tbe a manifold with
an affine connectiofl. A submanifoldN C Q is totally
geodesicif for ageodesic: | — Q, ¢'(to) € Te,)N for some

to € | implies thatc/(t) € Te)N for everyt € I. Thus a sub-
manifoldN is totally geodesic if geodesics which start tan-
genttoN remain tangent tdl. In like manner, an integrable
distributionD is totally geodesic if for a geodesic: | — Q,
C'(to) € D¢, for sometg € | implies thatc'(t) € D) for
everyt € 1. Lewis [10] proposes the related, but weaker
notion of ageodesically invariant distribution, whose def-
inition reads just like that for a totally geodesic distribu-
tion, but the condition on integrability is not present. Lewis
proves the following result.

2.1 ProrosiTION: Adistribution D isgeodesically in-
variant under an affine connection O if and only if it is
closed under the symmetric product which is defined by
(X 1Y) = OxY + Oy X.

Our final preliminary matter to deal with concerns what
we will have to do to “factor” affine connection control sys-
tems. Here we consider affine connections on a manfjold

in the presence of a totally geodesic surjective submersion

@: Q — Q. Although this subject has been one of consider-
able research energy wheéhis the Levi-Civita connection
associated with a Riemannian metric e.g., [14], the situation
for an arbitrary connectionis not well studied. Nevertheless,
we have the following result which gives a property of affine
connections in the current context.

2.2 ProposITION: Let O and 0 be affine connec-
tions on manifolds Q and Q. If ¢: Q — Q is a totally
geodesic surjective submersion, then each of the subman-
ifolds @ 1(q), § € Q, istotally geodesic.

Proof: If @is totally geodesic, the geodesic @fwith ini-
tial conditionvg € TQ is mapped to the geodesic @fwith
initial condition Tq@(vg). In particular, ifTq@(vq) = 0, the
geodesic with initial conditiorvy is mapped to the trivial
geodesic fixing the poirg = ¢(q) € Q. But this is precisely
the statement that geodesicsi]n\?vith initial velocities tan-
gent to the submanifolg—2(§) will evolve in that same sub-
manifold. |

Finally, we say that an affine connectidah on Q is
geodesically @-projectable if for geodesicscy,cz: | — Q
with initial conditionsvl = ¢}(0) andv, = ¢,(0), the con-
dition Te, )@(V1) = Te,(0)@(v2) implies thatgecy = @oc,.
One may verlfy that the projected geodesics(foare then
the geodesics of an affine connectionnQ, and, if spec-
ified to have zero torsion, is uniquely defined. Furthermore,
with £ so defined, the mappingis a totally geodesic map-
ping from to 0.

3 The category of affine connection control systems

Now we can properly discuss the actual subject of the pa-
per. What we consider in this section is a special class of

control affine systems. We use category theoretic language

as it effectively organises what we wish to say. Let us begin
with a discussion of the objects in our category, and note

that it is precisely the systems described here which form
the basis for the work of the author and coauthors on “sim-
ple mechanical control systems.”

3.1 Objectsin ACCS

We shall denote bACCS thecategory of affine connec-
tion control systems. An object in this category is a triple
Zarr = (Q,0,%) whereQ is a finite-dimensional manifold,

O is an affine connection o, and% = {Y1,...,Ym} is a
collection of vector fields o®.
To an affine connection control systeéfgs = (Q, 0, %)

we associate a control system given by

6y Do )€ (t) = u?(t)Ya(c(t)).

A controlled trajectory for Za5 = (Q, 0, %) is a pair(c,u)

with ¢: | — Q having the property that its derivatite—

c/(t) is an absolutely continuous curve @, andu: | —

IR™M is a measurable essentially bounded control such that
togetherc and u satisfy (1). IfU C Q is an open sub-
manifold, we may define theestricted object Z /U =
(U,0u,#U).

3.2 Morphismsin ACCS

Now let us look at morphisms in the categokyCS.
Thus we need to specify a way to send an affine connection
control system to another affine connection control system.
We letZ(TQ) denote the bundle of symmetr(0,2) ten-
sors onQ, and we denote biRS the trivial vector bundle
QxRMoverQ. If Se Rg® 2(TQ) thenfora=1,...,m
we defines? € Z5(TQ) by (X,Y) = S(ea® (X,Y)) where
€, is theath standard basis vector fiR™. If U andV arelR-
vector spaced,(U;V) denotes the set of linear maps from
UtoV.

We consider affine connection control systems de-
noted 2 = (Q,0,%) and Zaff = (Q,D @) with & =
{M,...,.Ym} and % = {Yl, Ym} An ACCS morphism
sendmgzaﬁ to Sa is @ tr|ple (9,S,\) with the following
properties:

1. ¢: Q — Qis a smooth mapping;

2. Sis a smooth section dRY ® Z2(TQ) andA: Q —
L(R™ R™) is a smooth map which together satisfy the
following conditions:

(@) Ta@(Ya(a)) = AZ(a)Va (9(0));

(b) To®OxX)g= (D5X)gig+
S (X(a),X(a))Ya(9(q)) whereX is a vector field
on Q which is@-related to the vector field onQ.

Theidentity morphism which send2¢ = (Q,0, %) to it-
self is defined byidg,0,q+— idgm). If

Ta@(span{Y1(a),...,Ym(a)}) =
spad{Y1(@(q)), - -, Ym(®(a))}

for all g € Q, the ACCS morphism(@, S /A) is calledcom-
plete. An ACCS isomorphism is a morphism(@, S A\) for
which @is a diffeomorphism.

Let us now give an essential property fA€CCS mor-
phisms. We introduce the notatiag = @-c wherec is a
curve onQ, andg: Q — 0.
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3.1 ProposITION: If (9, SA) is an ACCS morphism
sending Za¢ = (Q, 0, @) 10 Sa = (Q,D @) and if (c,u)
is a controlled trajectory for X, then (ce,d) is a con-
trolled trajectory for Za¢ where Gi(t) = A(c(t))u(t) —
(¢ (1), (1)) Ya Colt)- ]

Conversely, supposethat @: Q — Q isa smooth mapping
with the property that if (c,u) is a controlled trajectory for
> aff, then there exists an admissible input i for 24 so that
(g, 0i) isa controlled trajectory for .. Thenthereexistsa
smooth section S of R ® Z»(TQ) and a smooth mapping
A: Q— L(R™RM) sothat (¢, S A) isan ACCS morphism
sending X5 t0 245

Proof: We are giverily)c/(t) = u?(t)Ya(c(t)). Using the
properties oACCS morphisms we compute

Tery@(Oo ) € (t) — Ua(t)Ya(C(E)))
D (1) Colt) — 0"Ya (Colt))
whereu(t) = A(c(t))u(t) — S*(c/(t),c (t))Ya(Co(t)), as de-
sired.

For the converse, we first look at the case of the zero input
for Zo#. Inthis case, giveng € TQ, we letc be the geodesic
which passes througly att = 0. Our hypotheses guarantee
the existence of an admissible inpugtfor iaff so that

Oy ) Co(t) = 3 (1) Ve (Colt))-
Sincec is a geodesic, we may write
2 E|c'q)(t)Cip(t) — Tey® e )€ (1)) = T () Ya (Co(t)).

The expression on the left-hand side is bilinear in
(c(t),c/(t)), being essentially the difference of two covari-
ant derivatives. Therefore, since the right-hand side is a vec-
tor field alongc, taking values in spam g, {¥1, .., Ym},
there exists a tensﬁt ceR™® Z2(Ter) Q) so that

S (g )Y (Co(t)) = 0 (t)Ya (Co(t))-
In part|cular, at = 0 we have

S (Va, Vo) Ya (9(0)) = 05 (0) Y (9(a))-

Since the terms in (2) vary smoothly as we vagy the
mappingg — &, defines a smooth section B@@ (TQ).
Next we look at the situation when the input by is the
constant inpuu(t) = e;. In this case we have a curee
throughvg € TQ satisfyingOy )€ (t) = Ya(c(t)). Our hy-
potheses assert the existence of an admissible unpfar ~
S aff SO that

(1 C(t) = 0 (1) Y (C(1))
( (1), ¢/(1)Ya(Col(t)) + Tog
0 (1) ¥a (Co(t))-
Evaluating this at = 0 gives
S (va, Vo) Ya (9(0)) + To@(Ya(@)) = T3 (0) Yo (@(a)-
Sincevy can be selected as an arbitrary vectold@Q, this
implies thatuz(0) is a sum of two components, one which is

bilinear in(vq, vq) (let us denote this bya{vqy)) and another
which is independent of the velocity;, and only depends

®(Ya(ce(t))) =

on the configuration (let us denote this bw,(q)). The bi-
linear component must then big(Vy) = S (vq, Vq) Yo (¥(Q)),
leaving the term independent of velocity to satisfy

Tq@(Ya(q)) = W5 (0) Yo (@(0))-
Let us defineA(g) € L(R™R™) by AS(q) = WE(g). As
usual, we may choosk so thatq — A(q) is smooth. With
the Sand A we have defined, one then easily verifies that
(9, S,A\) is anACCS morphism sendingas to S o |

As we mentioned at the beginning of this section, affine
connection control systems can be regarded as control affine
systems, and the corresponding first-order equations evolve
on the tangent bundl@Q. Elkin [5] studies morphisms
of control affine systems. It may be shown that there are
control affine morphisms but which amt ACCS mor-
phisms. Nevertheless, Proposition 3.1 suggestsAQ&S
morphisms are the natural ones to study as they arise from
maps between configuration spaces.

3.3 Compositions and special classes of ACCS mor-
phisms

One often wishes to write ahCCS morphism as a prod-
uct of two simplerACCS morphisms. Theproduct of
ACCS morphismg@r, Si,A1) from Za1 = (QL, 0%, %) to
Safr2 = (Q%,02,%2) and(g2, S, \2) from Sag 2 10 Sar 3 =
(Q3,03%,%73) is given by
1. @1=@eq,

2. $5,(X(a),Y(0)) = S (Tqer(X(a)), Ty@r(Y(@)))+
ST (X(9). Y (@) (A2)g ((9)), and
3. (A20)3(a9) = (A1) (a)(A2)g (@u(@)).

Now let us define the special classe\GfCS morphisms
one may consider. AMCCS morphism(@,SA) which
mapsZai = (Q,0,%) to S = (Q,D @) is amorphism
over controls if Q C Q and if @: Q — Q is the inclusion
map. The category whose objects are affine connection con-
trol systems and whose morphisms &€CS morphisms
which are morphisms over controls we denoted#®CCS.

The idea is that a morphism over controls does essentially
nothing to the system'’s states, and alters only the controls,
and these in an algebraic manner.

An ACCS morphism(@, S,A\) is amorphism over config-
urationsif §; = 0 andA(q) = idgm for eachg € Q. We de-
note byQACCS the category whose objects are affine con-
nection control systems and whose morphisms/At€S
morphisms which are morphisms over configurations. The
idea here is that one leaves the controls alone, and alters
only the configuration spaces. The following resultis clear.

3.2 PrROPOSITION: Atriple (¢, SA)isa QACCS mor-
phism mapping Za = (Q,0, %) to X% = (Q,D @) if and
only if the following two conditions hold:
(i) ¢: Q— Q is a totally geodesic mapping between [
and [J;
(i) each control vector field Y, on Q is ¢-related to the
control vector field Y; on Q.

3.3 REMARK: Often one wishes to decompose a given
ACCS morphism into the product of GACCS morphism

p. 3



and aQACCS morphism. In this way, one can isolate the
“hard” part of the problem which typically involves the co-
ordinate changes involved with QACCS morphism. We
shall see in the remaining two sections how this is done for
special classes #CCS morphisms. O

4 Restricted systems

Let us now turn to the question of describiAGCS mor-
phisms(@, S,A\) for which the mapp has certain properties.
We begin with a description of the situation when the dy-
namics of one affine connection control system are “con-
tained in” the dynamics of another.

An affine connection control systeffi, = (Q,0,%)
is a subsystem in the categoryACCS of another affine
connection control systet; = (Q, 0, @) if there is an
ACCS morphism(@,S/A) for which @: Q — Qis an em-
bedding. We say the affine connection control systam=
(4, 0,%) regtricts in the categonACCS to a submanifold
N C Q if there exists an affine connection control system
Zar = (Q,0,%) which is anACCS subsystem ok and
whereN = imag€@). The idea is that the controlled dy-
namics of a subsystem can be contained in that of the full
system.

In the categorfQACCS, subsystems have a very particu-
lar structure.

4.1 PROPOSITION: An affineconnection control system
Zat = (Q,0,%) redrictsin the category QACCS to a sub-
manifold N C Q if and only if the following two conditions
are satisfied:

(i) Nisatotally geodesic submanifold of (5;
(i) the vector fieldsin % are all tangent to N.

Proof: First suppose thak 4 restricts inQACCS to a sub-
systemZ,¢ via the QACCS morphism (@,0,q — idgm).
Then all geodesics dil must be mapped to geodesics of
0 by @. Sinceg is a diffeomorphism onto its image, this
implies that all geodesics aff which are somewhere tan-
gent toN are everywhere tangent b Thus (i) holds. By
the definition of aQACCS morphism we must also have
Ya(6) = T(p—l(q)(p(Ya((p_l(q))), from which follows (ii).

For the converse, suppose thak satisfies (i) and (ii).
In this case we can defin@ = N and we note that (i)
and (i) imply thatd = D|Q and¥ = @|N are well-defined.
Then it is easy to see that if one takesN — Q to be
inclusion, theQACCS morphism(g,0,q — idgm) renders
Yot = (Q,00,%) a subsystem of . [

_Note that if an affine connection control systéiy =
(Q,0,%) admits a restriction tdl C Q in either of the cate-
goriesACCS or CACCS, this does notimply that the control
systerm 4 leaves invariant the submanifold image C Q.
Indeed, it is easy to construct examples of systégys=
(Q, 0 @) which possesaCCS or QACCS subsystems on
a submanifold oN c @, but where the dynamics of the
affine connection control systemg do not leaveN invari-
ant. Thus we introduce the notion of invariance. For an
affine connection control systeﬁhﬁ = (Q,D @) a sub-

manifoldN C (5 is invariant if the properties (i) and (ii) of
Proposition 4.1 are satisfied.

The following result indicates that the term “invariant” is
justified as we have used it.

4.2 ProposITION: A manifold N isan invariant man-
ifold for $a¢ = (§,0,%) if and only if any controlled tra-
jectory (c,u) for % Which has the property that ¢/ (to) €

Te(to)N for someto on the domain of definition of ¢ also has
the property that c'(t) € TN for every t in the domain of
definition of c.

Proof: If (i) holds, then this implies thalN C TQis an in-
variant manifold for the geodesic spray for Condition (ii)

on the other hand implies that the vertical lift, ve(i), of

Yy is tangent toT N. ThusTN is an invariant manifold for
the first-order control affine system arQ associated with
2.%. This means thall is invariant under all curves which
are projections fronT N to N of controlled trajectories for
i|TN. However, these projected curves are precisely the
controlled trajectories foiaff whose initial conditions are
tangent toN. Thus we have shown that any controlled tra-
jectory of 24 which starts tangent th remains tangent to
N.

Now suppose that every controlled trajectory which starts
tangent toN_remains tangent t?N. In particular, every
geodesic of] which starts tangent tdl remains tangent
to N. ThusN is totally geodesic. By Proposition 2.1 this
implies that Oy« C'(t) € Ter)N for every curvec which
is tangent toN. This also means that fax = 1,.

DC,( )e(t) — Ya(c(t)) € TewyN for any curvec which is tan-
genttoN, which implies tha¥a(c(t)) € T;)N for any curve
cwhichis tangentt?N. This meansthat far=1,...,mthe
vector fieldY, is tangent td\, and saN is then an invariant
manifold for S . [

Let us determine the manner in which we can factor mor-
phisms which give rise to restrictions ACCS.

4.3 PROPOSITION: Let Zap = (Q,0,%) and Sq =
(Q, D @ ) be affine connection control systems with Za1 @
subsystem of Sa via the ACCS morphism (. SA). Then
there exists a neighbourhood U of N = image ) in Q and
a CACCS subsystem 3/, = (Q, 1, %) of Zax|U with the
property that thereisa QACCS morphism (¢, 0,q > idgm)
which renders > a QACCS subsystem of /.

Proof: Ifwe letU be atubular neighbourhoodif we may
regardJ as an open subset of the zero section of a vector
bundlert: E — N. We make this identification, and write
points inU aseg for someq’e N. We alsoleHE C TE be a
linear connection om: E — N which allows us to define a
complement to keffe, 1) for eaches € E. Recall that such
connections always exist, and that they have the property
thatHE|N = TN [8, §11.10]. We call vectorsertical which

are in ke(Te, 1) andhorizontal which are inHe,E.

To prove the result, it suffices to find the following ob-
jects: (1) an affine connectidd onU; (2) a family 2" =
{Y),....Yq m} Of vector fields orJ; (3) asmooth sectio§ of
IRm®Zz(TU) (4) asmooth mapr: U — L(R™;R™) with
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the properties: (5334 = 4,0,2")is aCACCS subsystem
of Zaﬁ|U via the CACCS morph|sm((p,SA) wheregis the
inclusion ofU in §; (6) N is an invariant manifold fOR .

To this end, foreg € U we deﬂne%q to beT, nsg 1 ON

pairs of horizontal vectors, and zero otherwise. Sifte
is symmetric, this suffices to define it for general vectors.
We also definé\(e5) = A(¢1(g) andY;(eq) = Ya(@ 1(d)).
The affine connectionl’ we define by
(DY )ey = (Og¥)eg + 5 (X (), ¥ (e9)) Ya ().

(In writing this equation we are identifying pointsthwith
their image inQ underq.)

With these definitions, let us check that condition (5) is

satisfied. Sincepis the inclusion otJ in Q, it is obvious
that

Teg @05 V)eg = (Ox¥)eq + 5 (X (eg), ¥ (eg))Va (eq).
We also can verify that
Tea®(Y4(eq)) = A (€g)Ya(€g)

using the definition of\ and the fact thatg, S, \) mapss
to 24. Thus (5) holds.

Now we verify that condition (6) holds with the defini-
tions we have given. By Propositions 2.1 and 4.1 we first
need to show that the vector fieﬂﬂ&)? is tangent taN for
any vector fieldX which is tangent tdN. This follows from
the definition of Y, the definition ofS, and the fact that
(@, S,A) rendersZq a subsystem ofq¢|U. To complete
the proof we note that the vector field§ a=1,...,m, are
tangent ta\. |

The idea here is that by a change of controls one arrives at
the systenk’; which possessagQ) as an invariant mani-
fold.

5 Factor systems

In the previous section we looked at how the controlled
dynamics of an affine connection control system can be em-
bedded into the dynamics of another affine connection con-
trol system. Now we project the controlled dynamics of

an affine connection onto those of another. Scenarios such 2aff =

as this arise, for example, when talking about reduction of
affine connection control system. This is something for
which a completely satisfactory theory does not yet exist,
but we refer to the work of Ostrowski [13] for a discussion
of reduction for control systems with nonholonomic con-
straints. L

If o = (Q,0,%) and3a = (§,0,%) are affine con-
nection control systemsiaﬁ is afactor system of 2y if
there exists a compleeCCS morphism(g, S, A) for which
¢: Q — Qis asurjective submersion. As usual, we may talk
aboutACCS, CACCS, or QACCS factor systems, depending
on the character of the morphigig, S A\). We say that an
affine connection control systekys = (Q,[,%2/) admits a
factorisation to Q via @in the categonACCS (resp.CACCS
or QACCS) if there exists anACCS (resp. CACCS or
QACCS) factor systent 4 = (Q, D @ ) of Za with a mor-
phism of the form(q, S A).

We have the usual terminology associated with a surjec-
tive submersion. That is, a vectog € TqQ is vertical if
Tq®(vq) = 0. We denote the subbundle of vertical vectors by
VQ. The setp () is called theibre overg e Q. A vector
field X on Q is ¢-projectable if ¢(q1) = @(qgz) implies that
Ta (X (c)) = T X (a2))-

Let us begin our discussion of factor systems by indi-
cating thatACCS morphisms which factor can indeed be
thought of as epimorphisms BCCS. The following result
relies on a result of Blumenthal [3] which states that a sur-
jective submersiop: Q — Q has the path lifting property
provided thafQ andQ are connected and th@tpossesses a
complete affine connection.

5.1 PROPOSITION: Let X = (Q,0,%) and iaﬁ =
(Q, D % ) be affine connection control systems with Q and
o] connected and O complete. If (¢, S,A) isan ACCS mor-
phism which makes iaﬁ a factor system of X, then for
every controlled trajectory (&, 0) for ¥4 there exists a con-
trolled trajectory (c, u) for X so that € = Cq.

Proof: Let (€,0) be a controlled trajectory foX . defined
onl C R, and letc be a lift of &thusc is a curve with
the property that = cy. Since(@,S,A\) is complete, we can
define a bounded, essentially measurable omap— R™
with the property

V() T@(Ya(Clt))) = 0"Va(E(1)),
for allt € R. To obtain a controlled trajectoifg, u) for Zas

with the property that = ¢y, we use the time-dependent
second-order differential equation

O )¢ (t) = u(t)Ya(c(t))
with initial conditionc’(0) = ¢(0) to derive the motion of
the system in the direction of the fibres@fSince the time-

dependence is throughand ¢, it follows that the curve so
obtained will have the property that="cq. |

Let us begin by providing a description QACCS factor
systems.

5.2 PROPOSITION: An affineconnection control system
(Q,0,%) admitsa QACCS factorisation if and only
if there exists a manifold O and a surjective submersion
¢:Q— Q so that the two conditions

(i) Oisgeodesically @-projectable and
(ii) thevector fieldsin % are @-projectable
are satisfied.

Proof: Suppose thaf . is a QACCS factor system oF
via (¢,0,q — idgm). Since @ maps geodesics dfl to
geodesics of], itis true thafle) @Oy ) c(t)) =0y /At )c’( )
for any curvec on Q. Thus[l is geodesmallwprOJectable.
Also, if iaff is aQACCS factor system ok, this implies
that Te@(Ya(q)) = Ya(9(q)), a=1,...,m, forallg € Q. This
clearly implies that, is @-projectable foa=1,...,m

For the converse, suppose that we h&vend a sur-
jective submersiorp: Q — Q so that (i) and (ii) hold.
Since @-projectability of the vector field¥, implies that
Tq@(Ya(q)) = Ya(®(q)), a=1,...,m, for all g € Q, we need
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only show thatp maps geodesics af to geodesics of some
affine connectiori] on Q. However, this follows directly
from the fact thatd is geodesicallyp-projectable, and that
the projected geodesics of are geodesics of some affine
connection. [ |

Let us investigate the manner in which we can decompose
morphisms which give rise to factor objects in the category
ACCS. As was the case with our factorisation result for sub-
systems, the result here is local.

5.3 PROPOSITION: Let @: Q — Q be a surjective sub-
mersion, and let T = (Q,0,%) and Sar = (Q,0, %) be
affine connection control systemswith 3¢ a factor system of
Za Viaan ACCS morphism (¢, S,A). Then for each q € Q
there exists a neighbourhood U of g and a CACCS factor
system Zo¢ = (Q, 00, %) of Zax|U with the property that
there isa QACCS morphism (¢,0,q — idgm) which makes
St @ QACCS factor system of /.

Proof: Since the morphisrfp, S,A) is complete, in a neigh-
bourhoodU of eachqp € Q it is possible to define a map
0: U — L(R™ R™) with the property that

Q3(q)AE(q) =85, qeU.

So forgp € Q, letU be such a neighbourhood. @ndefine
an affine connectiol’ by

(OxY)q = (OxY)q — S (X(a),Y ()O3 () Ya(a),
and define a family of vector field®’ = {Y;,..., Y3} onU
by

Ya(9) = ©G(a)Ya(0).
Let 9= @lU. One then verifies that
Ta®(4X)q = (0gX)g, @€V,

whereX is @-related to thep-projectable vector fielX. In
particular, it follows from this thafl’ is geodesicallyp-
projectable. We also note that

Ta@(Yg(0) = Ya(®(@)), qeU.

Therefore the vector fields fro@r’ arefpprojectable which
shows, by Proposition 5.2 thats is a QACCS factor sys-
tem of Z¢|U. [ ]

Note that the idea here is quite similar to the decomposition
we saw for subsystems.

6 Closing remarks

In this paper we have given a brief glimpse at some of
the basic results one can obtain when thinking about the
“category” of affine connection control systems. There is
a great deal of work to do in this area, and we can only
scratch the surface here. Examples of problems which one
might study include the characterisation of “normal forms”
in the category of affine connection control systems. Thus,
given a system witlm inputs on am-dimensional config-
uration manifold, is it possible to classify the possible type
of control systems one can encounter. One might also wish
to attempt a simplification of systems based upon their pos-
session of certain types of subsystems or factor systems.

In any case, there is clearly a great deal of room for fur-
ther work in this area, and we hope here to have provided
an organising framework from which to launch such work.
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