
Convergence Rates of the Maximum Likelihood Estimator

of Hidden Markov Models

Laurent Mevel
IRISA / INRIA

Campus de Beaulieu
35042 Rennes C�edex, France
e{mail : lmevel@irisa.fr

Lorenzo Finesso
Inst. of Systems Science and Biomed. Eng.

LADSEB-CNR
Corso Stati Uniti, 4, 35127 Padova, Italy
e{mail : finesso@ladseb.pd.cnr.it

Abstract

In this paper we derive the almost sure rate of con-
vergence of the Maximum Likelihood estimator of the
parameters of a Hidden Markov Model with continu-
ous observations and �nite state space. The analysis
is based on the geometric ergodicity properties of the
prediction �lter and its derivatives. As an example of
application of these results we prove that, also in this
context, the likelihood ratio is a consistent statistic for
model selection.

1 Introduction

In this paper we consider the problem of the identi�-
cation of a partially observed �nite state Markov chain
(or Hidden Markov Model, HMM), with observations
in Rd. Maximum Likelihood (ML) is the most popular
approach to parameter estimation for this class of mod-
els. The asymptotic properties of the ML estimator (M-
LE) have already been investigated under a variety of
conditions. Under the assumption of stationarity, Ler-
oux [6] has proved the almost sure consistency of the
MLE, and Bickel, Ritov and Ryden [10] have proved
its asymptotic normality. More general results, encom-
passing both previous ones, have been given by Mevel
in [4], where a new technique for the study of the con-
vergence of HMM's is developed. The new technique is
based on geometric ergodicity properties of the predic-
tion �lter and its derivatives [3], derived via results for
products of random matrices [2]. The main advantage
is that convergence results for Hidden Markov Models
can now be reduced to the analysis of a Markov pro-
cess, with a properly de�ned state space. In this paper
we apply the new technique to derive the almost sure
rate of convergence of the MLE and give an example of
application in the context of the model selection prob-
lem. As will be mentioned in the paper, these results
extend easily to conditional least squares estimators.

2 Statistical model

The statistical model is a parametric class of HMM's
de�ned as follows. Let fXn ; n � 0g and fYn ; n �
0g be two sequences, de�ned on the probability space
(
;F ;P), with values in the �nite set S = f1; � � � ; Ng
and Rd respectively. On the space (
;F) we consider
a family (P� ; � 2 �) of probability measures, with �
compact subset of Rp, such that under P� :

� The unobserved state sequence fXn ; n � 0g is a
Markov chain with transition probability matrix
Q� = (qi;j� ), i.e. for any i; j 2 S

qi;j� = P�[Xn+1 = j j Xn = i] ;

and initial probability distribution �0 = (�i0) in-
dependent of � 2 �, and possibly di�erent of the
true initial probability distribution �� = (�i�) of
X0, i.e. for any i 2 S

�i0
4
= P�[X0 = i] 6= P[X0 = i] = �i� :

� For any n � 0, and i 2 S, the conditional prob-
ability distribution of the observation Yn given
fXn = ig is absolutely continuous with respect
to a unique �{�nite measure �, positive on Rd,
i.e. for any i 2 S,

P�[Yn 2 dy j Xn = i] = bi�(y) �(dy) ;

with bi�(y) a �{a.e. positive density .

� The observations fYn ; n � 0g are mutually in-
dependent given the sequence of states of the
Markov chain.

For future reference, for any y 2 Rd, de�ne

b�(y)
4
= [ b1�(y); � � � ; bN� (y) ]� ;

B�(y)
4
= diag[b1�(y); � � � ; bN� (y)] :

Here and in the sequel � denotes the transpose operator.



Example 2.1 [Conditionally Gaussian observations]
Assume that for any � 2 �, n � 0, the observations are
of the form

Yn = h�(Xn) + V �
n ;

where fV �
n ; n � 0g is a Gaussian white noise sequence,

under P�, with identity covariance matrix. The map-
ping h� from S to Rd is equivalently de�ned h� = (hi�)
where hi� 2 Rd for all i 2 S. In this case, the mutual
independence condition is satis�ed.

The following set of regularity assumptions on the tran-
sition probability matrix and the observation densities
will be required :

Assumption A : For the true value � 2 �, the tran-
sition probability matrix Q� = (qij� ) is positive.

Hence, it exists " > 0, possibly unknown, such that
qi;j� � ", for all i; j 2 S. De�ne

�" = f� 2 �; d(�; @�) � "g :

Assumption A' : The mapping � ! Q�, and its �rst
four derivatives are Lipschitz continuous.

Assumption B : For the true value � of the parameter,
for any k; l = 1; � � � ; p, and any i 2 SZ
R
d
@k b

i
�(y)�(dy) = 0;

Z
R
d
@2k;l b

i
�(y)�(dy) = 0 ;

Assumption B' : For any y 2 Rd, the mapping � !
b�(y) is four times di�erentiable.

Remark 2.2 Consider the model of Example 2.1, then
Assumption B is satis�ed.

De�ne now some quantities that will be needed later.

De�nition 2.3 For any y 2 Rd, and � 2 �, de�ne

�
(s)
� (y) =

max
i2S

max
k0;���;ks=1;���;p

j@sk0;���;ks bi�(y)j
min
i2S

bi�(y)
:

For any p � 1, s � 0, let

�(s)
p = max

i2S

Z
R
d
max
�2�

[�
(s)
� (y)]p bi�(y)�(dy)

�p = max
i2S

max
�2�

Z
R
d
[max
j2S

j log bj�(y)j]pbi�(y)�(dy) :

3 Consistency of the MLE

We collect here some results of [4], on the consistency
of the MLE, which will be used later. For all n � 1,

let p�n = (pin) denote the prediction �lter, i.e. the condi-
tional probability distribution under P, characterized
by (Q�; b�; ��), the true measure, of the state Xn given
the observations (Y0; � � � ; Yn�1) :

pin = P[Xn = i j Y0; � � � ; Yn�1] :
The random sequence fp�n ; n � 0g takes values in the
set P(S) of probability distributions over the �nite set
S, and satis�es the forward Baum equation

p�n+1 =
Q�
�B�(Yn) p

�
n

b��(Yn) p
�
n

; (1)

for all n � 0, with p�0 the initial probability distribution
of X0. We also de�ne, for any � 2 �, and n � 0, the
approximate prediction �lter,

p�n+1 =
Q�
�B�(Yn) p

�
n

b��(Yn) p
�
n

4
= f�[Yn; p

�
n] ; (2)

where Q� = (qi;j� ) is the stochastic matrix generated by
�. The �rst and second derivatives of the approximate
prediction �lter (2) w.r.t. � are de�ned next.

@kp
�
n+1 = ��[Yn; p

�
n]@kp

�
n + uk� [Yn; p

�
n] ;

@2k;l p
�
n+1 = ��[Yn; p

�
n]@

2
k;l p

�
n + Uk;l

� [Yn; p
�
n; @ p

�
n] ;

We also denote @ p�n = (@k p
�
n) and @2 p�n = (@2k;l p

�
n).

Remark 3.1 The terms uk� [y; p] and Uk;l
� [Y; p; w] are

assumed to be Lipschitz continuous w.r.t. (p; w).

Let

Z�
n
4
= fXn; Yn; p

�
n; @ p

�
n; @

2 p�ng :
The process fZ�

n ; n � 0g is an extended Markov chain

with values in T
4
= S �Rd�P(S)��p ��p�p, where

� = fw 2 RN : e�w = 0g and e = (1; � � � ; 1)�.

De�nition 3.2 Let L denote the set of functions g =
(gik;l) de�ned on T such that for any i 2 S, any

k; l = 1; � � � ; p, and any y 2 Rd, the partial mapping
(p; w;W ) 7! gik;l(y; p; w;W ) is locally Lipschitz contin-
uous, i.e. if u = (w;W ),

jgik;l(y; p; u)� gik;l(y; p
0; u0)j �

� Lip(gi; y) [ ku� u0k(1 + kuk+ ku0k)
+kp� p0k[ (1 + kuk+ ku0k)2 ]

such that

jgik;l(y; p; u)j � K(gi; y) [ (1 + kwk)2 + kWk ] ;
and such that

Lip(g) = max
i2S

Z
Lip(gi; y) bi�(y)�(dy) <1 ;

K(g) = max
i2S

Z
K(gi; y) bi�(y)�(dy) <1 :



Following LeGland and Mevel [3], the paper will be
based on the following geometric ergodicity result :

Proposition 3.3 Under Assumptions A, A', B, B', if

�
(0)
6 , �

(1)
4 , and �

(2)
2 are �nite, then, under the true

probability measure P, fZ�
n ; n � 0g has a unique in-

variant probability distribution �� = (�i�) on T . In par-
ticular, there exists some �nite constants C, 0 < � < 1,
such that, for any function g = (gik;l) in L, any � 2 �",
any z 2 T , and any k; l = 1; � � � ; p, we prove the ge-
ometric convergence of the n{th transition probability
matrix/kernel of Z�

n under P

j�n
� gk;l(z)� �j � C[ Lip(g) + K(g) ]

�n

1� �
;

where the constant � is de�ned

� =
X
i2S

Z
gik;l(y; p; w;W )�i�(dy; dp; dw; dW ) ;

and there exists a unique solution V�, de�ned on T , of
the Poisson equation

[ I ��� ] V�(z) = gk;l(z)� � :

By de�nition, the log{likelihood function (suitably nor-
malized) based on observations (Y0; � � � ; Yn) is

`n(�) =
1

n+ 1
log p�[Yn; � � � ; Y0] ;

Notice that the log{likelihood function can be expressed
a sum of terms depending on the observations and the
prediction �lter: for any � 2 �

`n(�) =
1

n+ 1

nX
k=0

log[ b��(Yk) p
�
k ]:

The following strong law of large numbers holds :

Proposition 3.4 Under Assumption A, if �
(0)
1 and �1

are �nite, then for any � 2 � there exists a �nite con-
stant `(�) such that

`n(�) �! `(�) ; P{a.s.

as n!1, where

`(�) =

Z
P(S)�R

d
log[ b��(y) p ] ��(dy; dp) ;

and �� denotes the marginal of �� on Rd �P(S).

De�ne the maximum likelihood estimator as

b�n 2 argmax
�2�"

`n(�) ;

its properties have been investigated, via the Poisson
equation approach, in Mevel [4]. Let

M(�)
4
= f� 2 �" : `(�) = `(�)g ;

be the set of global maxima of the function `(�).

The main consistency result for the MLE is

Theorem 3.5 [4] Under Assumptions A, A', B', if

�
(0)
2 , �

(1)
1 , �1, and �2 are �nite, then any MLE se-

quence b�n converges P{almost surely to M(�), as n!
1 .

To further the investigation of the asymptotic proper-
ties of the MLE, we need to introduce some form of
identi�ability for the class of HMM's as follows. We
say that a point � in �" is identi�able modulo permu-
tations (i.m.p.) if the only points �0 in �" with P�
equivalent to P�0 are obtained by simultaneous permu-
tations of the rows and columns of the Q� matrix and
of the elements of the family b�(�) (corresponding to a
renaming of the states of the Markov chain Xn).

Remark 3.6 A generic set (i.e. open, dense and of
full measure) of i.m.p. points has been described in
[7, page 99] in the case of discrete observations. For
continuous observations, see Leroux [6].

4 Higher order asymptotics

We collect here some results of [4], on the normality of
the score function and of the estimation error, which
will be used later to derive the rate of convergence.

4.1 Asymptotics of the score function

For any (y; p; w = (wk)) in R
d�P(S)��p, any � 2 �,

and any k = 1; � � � ; p, de�ne the score function by

Hk
� (y; p; w) =

b��(y)wk

b��(y)p
+

@kb
�
�(y) p

b��(y) p
:

De�ne, for any n � 1, any � 2 �, and any k = 1; � � � ; p,

hk(�) =
X
i2S

Z
Hk
� (y; p; w) �

i
�(dy; dp; dw) ;

where �� = (�i�) denotes the marginal of �� on S �
Rd �P(S)� �p. Also de�ne, for k; l = 1; � � � ; p,

Ik;l� =
X
i2S

Z
[Hk

�(y; p; w)]
� [H l

�(y; p; w)]�
i
�(dy; dp; dw) :

Introduce the following assumptions

Assumption I : I� is an invertible matrix.



Assumption R : M(�) is a set of isolated points. If
in addition identi�ability holds, then these points are
all equal, up to a permutation of S, hence any MLE
sequence b�n converges to �.

The geometric ergodicity of the approximate prediction
�lter yields the following

Theorem 4.1 [4] Under Assumptions A, A', B, B', R,

and I, if �
(0)
8 , �

(1)
4 , �

(2)
2 , and �

(3)
1 are �nite, we have

that h(�) = 0 and

lim
n!1

@k`n(�) = hk(�) = @k`(�) P{a.s. (3)

Moreover the following CLT holds

p
n@`n(�) =) N (0; I�)

One important point is that this result holds for any
derivatives of the likelihood, for any i = 0; 1; 2,

p
n
�
@i`n(�) � @i`(�)

�
=) N (0; Ci

�) :

4.2 Asymptotic normality of the MLE

Using Theorem 4.1, and Proposition 3.3, we prove

Proposition 4.2 Under the assumptions of Theo-
rem 4.1, for any � 2 �",

@2`n(�) �! @2`(�) ; P{a.s.;

and
@2`n(�) �! � I� ; P{a.s.

Under the identi�ability assumption R and invertibility
of the Fisher matrix (assumption I), the following CLT
for the estimation error holds.

Theorem 4.3 [4] Under the assumptions of Theo-

rem 4.1, b�n is asymptotically normal, i.e.

p
n (b�n � �) =) N �0; I�1�

�
Remark 4.4 Invertibility of the Fisher matrix is not
required for the convergence of the MLE. In case the
Fisher matrix is not invertible, which can happen when
the true parameter generates a primitive matrix Q�,
both Proposition 4.2 and Theorem 4.1 are still valid. It
is then possible to prove, that

n(�n � �)Rn(�n � �)� ) �2q

where q is the dimension of � minus the number of zero
eigenvalues of IF , and Rn stands for the pseudo-inverse
of @2`n(�n).

5 The law of the iterated logarithm

Here and in the following sections, we present the main
results of the paper. From now on Assumptions A, A',
B, B', R and I will always be in e�ect, moreover we
assume that there exist large enough p0; p1; p2; p3; p4
such that

�(i)
pi <1 ; i = 0; 1; 2; 3; 4 :

This section is devoted to establish that

Lemma 5.1 For i = 0; 1; 2, for n large enough

@i`n(�) = @i`(�) +Oa:s:(

p
log lognp

n
) :

Remark 5.1 The proof will be presented for i = 0.
The extension to higher derivatives follows along the
same lines. The result is valid also for values of � 6= �
and it can be extended to mispeci�ed cases where the
true model does not belong to the HMM class, provided
identi�ability holds. In that case, � should be replaced
by ~� wich minimizes

~� = argmax
�2�"

lim
n!1

(
1

n
logP[Y1; � � � ; Yn]� `n(�)) ;

where P is the true measure generating the observa-
tions.

Proof: Recall that

`n(�) � `(�) =
1

n

nX
k=1

[I ���]Vk(Zk(�))

=
1

n

nX
k=1

Wk + Zn ;

with Zn going to zero as Oa:s:(
1
n ) and Wk being a mar-

tingale increment sequence. Call Sn =
Pn

k=1Wk and

U2
n =

Pn
k=1W

2
k and s2n =

Pn
k=1 E[W

2
k ]. Then

U2

n

n is a
uniformly integrable random variable. Almost surely,
the following limits hold

�� = lim
n!1

U2
n

n
= lim

n!1
E
U2
n

n
= lim

n!1

s2n
n

=

=

Z
[log[b�(y) p]

2��(dy; dp)� [`(�)]2

Now we check the tail condition of Corollary 4.2 of Hall
and Heyde [9].

E[jWkjI[jWk j>" sk ]] � E[jWkj2]1=2P[jWk j > " sk]
1=2

� C"

 
E[jWkj]�
"�s�k

!1=2

� C 0"

s
�=2
k



Hence, provided � > 2, since limn!1 s2n=n = ��,X
k

1

sk
E[jWkjI[jWkj>" sk ]] <1 ;

verifying the tail assumption. It follows that

lim
n!1

Snp
2s2n log log s

2
n

2 f�1; 1g ;

thus `n(�)� `(�) = Oa:s:(

p
log lognp

n
) ;

since s2n=n has a positive limit when n goes to in�nity.

6 Almost sure rate of convergence of the MLE

The following uniform convergence lemma will be need-
ed.

Lemma 6.1

max
�2�"

j@3`n(�)� @3`(�)j ! 0 ; P{a.s. :

Proof: Using the same approach of Section 2, we can
introduce

W �
n
4
= (Xn; Yn; p

�
n; � � � ; @3p�n) ;

and show that W �
n is a geometrically ergodic Markov

process. The third derivative can be dealt with the
technique developed in [4] since it follows the recursion
rule

@3p�n+1 = ��[Yn; p
�
n]@

3p�n +R�
n[Yn; p

�
n; � � � ; @2p�n] ;

with Rn[� � �] Lipschitz-continous w.r.t. the �lter deriva-
tives. This recursion is analog to that of the second
derivative therefore allowing a relatively easy extension
of the method. From these considerations one can prove
the �rst part of the Theorem i.e.

@3`n(�) =
1

n

nX
k=1

F�[Yk; p
�
k; � � � ; @3p�k]! @3`(�) ;P{a.s. :

The uniform convergence is extended from a result
proved in Mevel and Finesso [5].

Theorem 6.1 Under the previous assumptions, we
have b�n � � = Oa:s:(

p
log lognp

n
) :

Proof: We only sketch the proof. The ideas behind it
are quite well-known, and only their application to the
HMM model is new. By Section 4, we have

@`n(�) = Oa:s:(

p
log lognp

n
) :

@2`n(�) = I� +Oa:s:(

p
log lognp

n
) ;

Under Assumption I, @2`n(�) is positive de�nite for n
large enough, and

b�n = �+ @2`n(�)
�1 (@n`n(�) + rn) :

Lemma 6.1 leads to

rn = (b�n � �)@3`n(~�)(b�n � �)� = Oa:s:(kb�n � �k2) :

From the previous results, we conclude that

b�n � � = Oa:s:(

p
log lognp

n
) :

Then, by a Taylor expansion procedure, we prove that

Corollary 6.1

`n(b�n)� `n(�) = Oa:s:(
log logn

n
)

`n(b�n)� `(�) = Oa:s:(

p
log lognp

n
) :

The last result gives us the rate of convergence of the
likelihood ratio.

Remark 6.2 In case of multiple maxima, the MLE is
a mutivalued function. For n large enough, all these
points are isolated and have the same convergence rate.

Remark 6.3 Straight application of the method gives
us the rate of convergence for the conditional least
squares estimator [4]

�n = argmax
�2�"

1

2n

nX
k=1

jYk �E�[YkjY0; � � � ; Yk�1]j2 :

7 Likelihood ratio asymptotics

We consider here the problem of testing between two
di�erent models. The test statistic is the likelihood
ratio de�ned as

�n
4
= `1n(�

1
n)� `2n(�

2
n) ;

where `jn(�) is the likelihood corresponding to the j-th
model, j 2 f1; 2g, and

�jn = argmax
�2�j

"

`jn(�) :

De�ne, for j 2 f1; 2g,

`j(�) = lim
n!1

`jn(�) =

Z
log[b�� p]�j(dy; dp) ;



where �j(�; �) is the marginal onRd�P(S) of the invari-
ant measure of fYn; p�ng, p�n being de�ned with respect
to model j. De�ne

�j = argmax
�2�j

`j(�) ;

then, under identi�ability assumptions, we have that
�jn ! �j P{a.s., and the following holds

Theorem 7.1

�n ! �1;2
4
= `1(�1)� `2(�2) ; P{a.s. ;

and p
n�1 (�n ��1;2)) N (0;�1;2) ;

where �1;2 is well de�ned as

�1;2
4
=

Z �
log[

b�1(y)p

b�2(y)q
]

�2

�1;2(dy; dp; dq)� (�1;2)
2
;

and �1;2 is the joint density, with marginals �j(�; �).

Proof: The proof is based on both Lemma 6.1 and
Lemma 4.1 applied to the likelihood. First use a Taylor
expansion to write

`jn(�
j
n) = `jn(�

j) + (�jn � �j)@`jn(�
j)

+
1

2
(�jn � �j)2[@2`j(�j) + "jn] ;

with "jn ! 0 ;P{a.s. by Lemma 6.1. Then, remark that

p
n
�
�jn � �j

�
= Oa:s:(

log lognp
n

)

by Theorem 6.1, and, using Lemma 5.1,

p
n
�
�jn � �j

�
@`jn(�

j) = Oa:s:(
log lognp

n
) :

Finally, by Theorem 4.1 applied to the likelihood,
p
n(`1n(�

1)� `2n(�
2)��1;2)) N (0;�1;2) :

Following the same lines of Nishii [8], Theorem 1, where
the independent case was studied, we can now prove
that

Corollary 7.2 The likelihood ratio test �n is a con-
sistent statistic for deciding between two models.

8 Conclusions

In this paper we have derived the rate of almost sure
convergence of the MLE of general Hidden Markov
Models and used the result to prove that the likeli-
hood ratio is a consistent statistic for the model se-
lection problem. The assumption of positivity of the
true transition probability matrix Q� can be relaxed to
primitivity. The investigation of the mispeci�ed case
needs also to be furthered. This will appear in a forth-
coming paper as well as all technical details, and other
possible model selection applications.
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