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Abstract

In this paper we derive the almost sure rate of con-
vergence of the Maximum Likelihood estimator of the
parameters of a Hidden Markov Model with continu-
ous observations and finite state space. The analysis
is based on the geometric ergodicity properties of the
prediction filter and its derivatives. As an example of
application of these results we prove that, also in this
context, the likelihood ratio is a consistent statistic for
model selection.

1 Introduction

In this paper we consider the problem of the identifi-
cation of a partially observed finite state Markov chain
(or Hidden Markov Model, HMM), with observations
in R?. Maximum Likelihood (ML) is the most popular
approach to parameter estimation for this class of mod-
els. The asymptotic properties of the ML estimator (M-
LE) have already been investigated under a variety of
conditions. Under the assumption of stationarity, Ler-
oux [6] has proved the almost sure consistency of the
MLE, and Bickel, Ritov and Ryden [10] have proved
its asymptotic normality. More general results, encom-
passing both previous ones, have been given by Mevel
in [4], where a new technique for the study of the con-
vergence of HMM’s is developed. The new technique is
based on geometric ergodicity properties of the predic-
tion filter and its derivatives [3], derived via results for
products of random matrices [2]. The main advantage
is that convergence results for Hidden Markov Models
can now be reduced to the analysis of a Markov pro-
cess, with a properly defined state space. In this paper
we apply the new technique to derive the almost sure
rate of convergence of the MLE and give an example of
application in the context of the model selection prob-
lem. As will be mentioned in the paper, these results
extend easily to conditional least squares estimators.
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2 Statistical model

The statistical model is a parametric class of HMM’s
defined as follows. Let {X,,n > 0} and {Y,,,n >
0} be two sequences, defined on the probability space
(Q,F,P), with values in the finite set S = {1,---,N}
and R? respectively. On the space (2, F) we consider
a family (P?, § € ©) of probability measures, with ©
compact subset of RP, such that under P? :

e The unobserved state sequence {X,,, n >0} is a
Markov chain with transition probability matrix
Qo = (gp”?), i.e. for any i,j € S

qu = Pe[XrH-l =j | Xn=1],
and initial probability distribution mp = (7f) in-

dependent of 8 € O, and possibly different of the

true initial probability distribution w4 = (7%) of
X, i.e. for any i € S

m 2 PYX, =i] £ P[Xo =i] = 7! .

e For any n > 0, and ¢ € S, the conditional prob-
ability distribution of the observation Y, given
{X,, = i} is absolutely continuous with respect
to a unique o-finite measure \, positive on R?,
ie. forany i € S,

PV, € dy | X, = i] = by(y) Aldy) ,
with b} (y) a A-a.e. positive density .

e The observations {Y,,, n > 0} are mutually in-
dependent given the sequence of states of the
Markov chain.

For future reference, for any y € R%, define

bo(y) = [bh(y),- 0 ()],

By(y) = diagbh(y),---,b) ()] -

Here and in the sequel * denotes the transpose operator.



Example 2.1 [Conditionally Gaussian observations]
Assume that for any 6 € O, n > 0, the observations are
of the form

Yo = he(Xpn) +Vy

where {V,? | n > 0} is a Gaussian white noise sequence,
under P?, with identity covariance matrix. The map-
ping hy from S to R? is equivalently defined hy = (hj})
where hj) € R? for all i € S. In this case, the mutual
independence condition is satisfied.

The following set of regularity assumptions on the tran-
sition probability matrix and the observation densities
will be required :

Assumption A : For the true value a € O, the tran-
sition probability matrix Qo = (¢¥) is positive.

Hence, it exists € > 0, possibly unknown, such that
gu? > ¢, foralli,j € S. Define

0.=1{0¢€0,d6,00)>c).

Assumption A’ : The mapping § — (g, and its first
four derivatives are Lipschitz continuous.

Assumption B : For the true value « of the parameter,
for any k,l=1,---,p,and any ¢ € S

[ ot =0, [ 0 bw) A =0,
R R

Assumption B’ : For any y € R?, the mapping 6 —
bo(y) is four times differentiable.

Remark 2.2 Consider the model of Example 2.1, then
Assumption B is satisfied.

Define now some quantities that will be needed later.

Definition 2.3 For any y € R%, and € O, define

o8 b
o) P )
% (¥) = min b’ (y)
ies 0

Foranyp>1,s>0, let

(s) — (5) (o V1P pi
Ap max |, e % W) ba(y) Aldy)
— J 13X
Ty max max /R J[max |log by () [1°ba (v) A(dy) -

3 Consistency of the MLE

We collect here some results of [4], on the consistency
of the MLE, which will be used later. For all n > 1,

let p% = (p’,) denote the prediction filter, i.e. the condi-
tional probability distribution under P, characterized
by (Qa,ba, ), the true measure, of the state X,, given
the observations (Yp, -+, Y,—1) :

Ph=P[Xn=i|Yo, -+, Yno1].

The random sequence {p?, , n > 0} takes values in the
set P(S) of probability distributions over the finite set
S, and satisfies the forward Baum equation

o _ QaBa(Yn) ph

for all n > 0, with p§ the initial probability distribution
of Xy. We also define, for any 6 € ©, and n > 0, the
approzimate prediction filter,

o Q;Bs(Yy) Pl o 0
Pp+1 = B = f0 YTHpn ) 2

where Qy = (q;’j ) is the stochastic matrix generated by
f. The first and second derivatives of the approximate
prediction filter (2) w.r.t. 8 are defined next.

akpft-l—l = (I’H[Yn,pfl]akpfl + ulg[YnapZ] )

aIil pf)r‘rl = (I)e[yn;pfz]alz,l pfl + Uokyl[yn,pf“apfl] )
We also denote 8 pf, = (9 pf) and 8° pf, = (87, pf).

Remark 3.1 The terms uf[y,p] and Uek’l[Y,p, w) are
assumed to be Lipschitz continuous w.r.t. (p, w).

Let A
Z8 = (X, Yo, 0%, 00%,0° pl} .

The process {Z? , n > 0} is an extended Markov chain

with values in T 2 S x R? x P(S) x TP x ¥P*P_ where
Y={weRN:e'w=0}and e=(1,---,1)".

Definition 3.2 Let L denote the set of functions g =
(g,i’l) defined on T such that for any i € S, any

k.l =1,---.p, and any y € R?, the partial mapping
(p,w,W) — g,’;vl(y,p,w,W) is locally Lipschitz contin-
uous, i.e. if u= (w, W),
gk 1 (v, s u) — ghy(y, P u')| <
< Lip(g",y) [llu = w'[[(1 + [Jull + [lu"[])
+p =1L+ [lull + [lu'[))?]
such that

|9k, p,u)|l <K(g',y) [+ [[w])* + W],
and such that

Lip(g) = max / Lip(g', y) b, (y) A(dy) < oo ,

K(g) = max [ K(g'.9) b, (o) Ady) < 0



Following LeGland and Mevel [3], the paper will be
based on the following geometric ergodicity result :

Proposition 3.3 Under Assumptions A, A’, B, B’, if
Aéo), AS), and Ag) are finite, then, under the true
probability measure P, {Z% ' n > 0} has a unique in-
variant probability distribution pg = (u4) on T. In par-
ticular, there exists some finite constants C, 0 < p < 1,
such that, for any function g = (g,i“) in L, any 0 € O,
any z € T, and any k,l = 1,---,p, we prove the ge-
ometric convergence of the n—th transition probability
matriz/kernel of Z? under P

Y3

p
1-p’

0§ gk, (2) — Al < C[Lip(g) + K(g) ]

where the constant \ is defined
A= 3 [ Gk, W) iy, dp, s, )
€S

and there exists a unique solution Vy, defined on T, of
the Poisson equation

[1—Ty] Va(z) = gru(z) — A -

By definition, the log-likelihood function (suitably nor-
malized) based on observations (Y, --,Y},) is

gn(g) = logpe[Yn,---,YO] )

T n+1

Notice that the log—likelihood function can be expressed
a sum of terms depending on the observations and the
prediction filter: for any 6 € ©

ln(0) =

log[b:(Y3) p? 1.
] kz:% Og[be( k)pk]

The following strong law of large numbers holds :

Proposition 3.4 Under Assumption A, if Ago) and I'y
are finite, then for any 0 € © there exists a finite con-
stant £(0) such that

,(0) — £(0) , P-a.s.

as n — oo, where
€Oy = [ 1oglbiu)p] valdy.dp)
P(S) xR
and vy denotes the marginal of ug on R? x P(S).
Define the maximum likelihood estimator as

b, € argmax £,,(9) ,
PEO,.

its properties have been investigated, via the Poisson
equation approach, in Mevel [4]. Let

M(a) {0 €0, : () =L(a)},
be the set of global maxima of the function £(-).

The main consistency result for the MLE is

Theorem 3.5 [4] Under Assumptions A, A’, B’, if
Ago)’ Agl), I'y, and T's are finite, then any MLE se-
quence 8,, converges P—almost surely to M(a), as n —
00 .

To further the investigation of the asymptotic proper-
ties of the MLE, we need to introduce some form of
identifiability for the class of HMM’s as follows. We
say that a point € in ©. is identifiable modulo permu-
tations (i.m.p.) if the only points 6’ in ©. with Py
equivalent to Py are obtained by simultaneous permu-
tations of the rows and columns of the )y matrix and
of the elements of the family bg(-) (corresponding to a
renaming of the states of the Markov chain X,,).

Remark 3.6 A generic set (i.e. open, dense and of
full measure) of i.m.p. points has been described in
[7, page 99] in the case of discrete observations. For
continuous observations, see Leroux [6].

4 Higher order asymptotics

We collect here some results of [4], on the normality of
the score function and of the estimation error, which
will be used later to derive the rate of convergence.

4.1 Asymptotics of the score function
For any (y,p,w = (w,)) in R x P(S) x ¥P, any 0 € O,
and any k =1,---,p, define the score function by

by(y) wr, | Okby(y)p
Hk ,P,Ww) = [ : [ .
0 (v:pw) by (y)p by(y) p

Define, for any n > 1, any § € ©, and any k =1,---,p,
hk(6) = Z/Hé“(y,p,w) Xy (dy, dp, dw) ,
i€S
where Ag = (\)) denotes the marginal of pg on S x
R? x P(S) x ¥P. Also define, for k,l =1,---,p,
15 = [ w)” [ (., w)] X, (. dpy o)
€S
Introduce the following assumptions

Assumption I : I, is an invertible matrix.



Assumption R : M(a) is a set of isolated points. If
in addition identifiability holds, then these points are
all equal, up to a permutation of S, hence any MLE
sequence 6, converges to .

The geometric ergodicity of the approzimate prediction
filter yields the following

Theorem 4.1 [}] Under Assumptions A, A’, B, B’, R,
and I, if Ago)’ Afll), Agz)’ and A§3) are finite, we have
that h(a) =0 and

lim 0,0, (0) = h*(6) = 0xl(8) P-a.s. (3)

n—oo

Moreover the following CLT holds

Vnol,(a) = N(0,1,)

One important point is that this result holds for any
derivatives of the likelihood, for any 7 = 0, 1, 2,

Vn (074, (a) — 0'4(a)) = N(0,CL) .

4.2 Asymptotic normality of the MLE
Using Theorem 4.1, and Proposition 3.3, we prove

Proposition 4.2 Under the assumptions of Theo-
rem 4.1, for any 0 € O,

020,(0) — 82¢(6) , P-a.s.,

and
*l(a) — —1,, P-as.

Under the identifiability assumption R and invertibility
of the Fisher matrix (assumption I), the following CLT
for the estimation error holds.

Theorem 4.3 [/] Under the assumptions of Theo-
rem 4.1, 0, is asymptotically normal, i.e.

Vi (8, —a) = N (0,1, 1)

Remark 4.4 Invertibility of the Fisher matrix is not
required for the convergence of the MLE. In case the
Fisher matrix is not invertible, which can happen when
the true parameter generates a primitive matrix @,
both Proposition 4.2 and Theorem 4.1 are still valid. It
is then possible to prove, that

n(0n — a)Rp (0, — )" = x;

where ¢ is the dimension of ® minus the number of zero
eigenvalues of I, and R,, stands for the pseudo-inverse

of 82,,(6,,).

5 The law of the iterated logarithm

Here and in the following sections, we present the main
results of the paper. From now on Assumptions A, A’,
B, B’, R and I will always be in effect, moreover we
assume that there exist large enough pg,p1,p2,Ps3, D4
such that

Al) <00, i=0,1,2,3,4.

This section is devoted to establish that

Lemma 5.1 Fori=0,1,2, for n large enough

Vloglogn

9, (a) = () + O,s.( N

).

Remark 5.1 The proof will be presented for i = 0.
The extension to higher derivatives follows along the
same lines. The result is valid also for values of 6 # «
and it can be extended to mispecified cases where the
true model does not belong to the HMM class, provided
identifiability holds. In that case, @ should be replaced
by 6 wich minimizes

f = argmax lim (l logP[Y1, -, Y] — £,.(9)) ,

pce., "X n

where P is the true measure generating the observa-
tions.

Proof: Recall that

fale) = 00) = =3I~ T Vi(Zi(0)

k=1

1 n
— E Wi+ Z,, ,
n

k=1

with Z,, going to zero as O,.5.(L) and W, being a mar-

tingale increment sequence. Call S, = Y}, W}, and
2

U2 =54, WZand s? =%, E[W?]. Then % is a

uniformly integrable random variable. Almost surely,

the following limits hold

2 2 2
o = lim 2= lim E-2 = lim 2 =
n—oo N n— oo n n—oo N

ﬁmmwﬁmw@wmw2

Now we check the tail condition of Corollary 4.2 of Hall
and Heyde [9].

E[|Wiljwy|>e )] < E[IWi ] 2P[[Wi| > € 5]"/

1/2
B !
SQ(MMM> .

Eﬁsf - 35/2



Hence, provided 3 > 2, since lim,, ., s2/n = 3,
1
> ;EHWku[kabssk]] < o0,
k

verifying the tail assumption. It follows that

S
lim n

n—oo /252 loglog s2

thus £, (a) — £(a) = Og.5.(

€ {_17 1} )

\/loglogn)
Voo

since s2 /n has a positive limit when n goes to infinity.

6 Almost sure rate of convergence of the MLE

The following uniform convergence lemma will be need-
ed.

Lemma 6.1

max |0%0,(0) —9*¢(#)| -0, P-as. .
€O,

Proof: Using the same approach of Section 2, we can
introduce

AN
Wg = (Xn7 Ynapfu Tty aBPZ) )

and show that W/ is a geometrically ergodic Markov
process. The third derivative can be dealt with the
technique developed in [4] since it follows the recursion
rule

a3pft+1 = ¢)9 [YnapZ]aBPZ + RZ[Ynapr; Ty azpfz,] }

with R, [- - -] Lipschitz-continous w.r.t. the filter deriva-
tives. This recursion is analog to that of the second
derivative therefore allowing a relatively easy extension
of the method. From these considerations one can prove
the first part of the Theorem i.e.

1 n
a3€n(0) = E I; F9 [Ykaploca ) 63PZ] - a3€(9) 7P73"S' .

The uniform convergence is extended from a result
proved in Mevel and Finesso [5].

Theorem 6.1 Under the previous assumptions, we

have
é\n e Oa.s.(\/loglogn
N

Proof: We only sketch the proof. The ideas behind it
are quite well-known, and only their application to the
HMM model is new. By Section 4, we have

Vloglogn

— )

Vloglogn
Vn

) .

0l (a) = Ogs.(

62€n(a) =1+ Oa.s.( ) ’

Under Assumption I, 8%¢,,(a) is positive definite for n
large enough, and

O = o+ 0% () (Buln(a) + 1) .
Lemma 6.1 leads to
P = B — )00 () B — )" = Oy (|80 — o) -
From the previous results, we conclude that

b, —a= Oa,s.(ivk*sflf”

Then, by a Taylor expansion procedure, we prove that

).

Corollary 6.1

0a(By) — o) = Oa.s.(bgﬂ%)
@) — 0(a) = Oa.s.(i“lmf/i_fw)-

The last result gives us the rate of convergence of the
likelihood ratio.

Remark 6.2 In case of multiple maxima, the MLE is
a mutivalued function. For n large enough, all these
points are isolated and have the same convergence rate.

Remark 6.3 Straight application of the method gives
us the rate of convergence for the conditional least
squares estimator [4]

1 n
6, = argmax — Yy — EY[Vi|Yo, -, Yot ? -
n=argmaxgn 3 i~ B I

7 Likelihood ratio asymptotics

We consider here the problem of testing between two
different models. The test statistic is the likelihood
ratio defined as

A, 2050 - 2(62)

where ¢J (-) is the likelihood corresponding to the j-th
model, j € {1,2}, and

0], = argmax (},(9) .
gcol

Define, for j € {1, 2},

0(9) = lim E(6) = / log{b; plu;(dy, dp) ,

n—oo



where v; (-, -) is the marginal on R?x P(S) of the invari-
ant measure of {Y,,p%}, p!, being defined with respect
to model j. Define

o’ = argmax /() ,
fees

then, under identifiability assumptions, we have that
0J — o P-a.s., and the following holds
Theorem 7.1

Ap = App 2 Moty - (a?), P-as.,
and

vn—1 (An — ALQ) = ./\/(0, 2172) s
where 31 2 is well defined as
2

A b

S [ (l"g[bZZEz;S ]) v1a(dy,dp, dg) = (A12)"

and v1 » is the joint density, with marginals v;(-,-).

Proof: The proof is based on both Lemma 6.1 and
Lemma 4.1 applied to the likelihood. First use a Taylor
expansion to write
6.65) = () + (8], - o?)0t ()
1 . ) o .
50— o) 0°0 (@) +1)
with e/ — 0, P—a.s. by Lemma 6.1. Then, remark that
: . logl
Vi (0], = 7) = Ous (25

by Theorem 6.1, and, using Lemma 5.1,
. : S loglogn
Vi (65— oF) 0 (o) = oa_s_(%) .
Finally, by Theorem 4.1 applied to the likelihood,
\/ﬁ(ﬁi(al) — E%(O&Q) — ALQ) = N(O, 2172) .

Following the same lines of Nishii [8], Theorem 1, where
the independent case was studied, we can now prove
that

Corollary 7.2 The likelihood ratio test A, is a con-
sistent statistic for deciding between two models.

8 Conclusions

In this paper we have derived the rate of almost sure
convergence of the MLE of general Hidden Markov
Models and used the result to prove that the likeli-
hood ratio is a consistent statistic for the model se-
lection problem. The assumption of positivity of the
true transition probability matrix @), can be relaxed to
primitivity. The investigation of the mispecified case
needs also to be furthered. This will appear in a forth-
coming paper as well as all technical details, and other
possible model selection applications.
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