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Abstract

Attenuationof thermoacoustioscillationsby active control
has lately receved considerableattention. In the present
work, we identify the averageddynamicsor the dynamics
of the amplitudeof a controlledthermoacoustiinstability.
Theidentificationis performedon a leanpremixed comhus-
tor which hasfeedbackcontrolincorporatedo attenuatehe
amplitudeof thethermoacoustioscillation. For the purpose
of control,acousticpressuren the comhustoris sensednd
fuel flow actuatedy aphase-shiftegersionof themeasured
pressuresignal. This controlstratey, usedby severalauthors
in the literature, is motivatedby the famousRayleighcri-
terionfor growth/attenuatiorof thermoacoustioscillations.
The averagedmodelwe identify consistsof a mapof equi-
librium amplitudesparametrizedy the control phaseshift,
to which all theamplitudessettleexponentiallyfastfrom all
initial conditions.An equilibriummapis obtainedby fitting
acurvethroughthe equilibriafoundfrom steadystateexper
iments,anddecayratesatthesesquilibriaareestimatedrom
cumulative averagingof severalstepresponsefthestepsare
in thecontrollerparameterjo eliminatenoise.Theidentified
closed-loopmodelcanbe usedto optimizefeedbackandfor
simulationstudies.

1 Intr oduction

It is recognizedhatthermoacoustimstabilitiesposeseveral
problemsto the achiezementof lean-turn low NOy emis-
sioncomhustion. Theseproblemsncludehigh-cyclefatigue,
increasedvall heat-transfeandpossibilitiesof flamerever-
sals[6, 12, 13]. Theacutenessf the problemin the specific
caseof leanpremixed comhustionwasobsenredin [5, 19].
Thatagooddesigncanonly ensureadequat@erformancet
a single operatingpoint only, is well recognized13]. Fur
ther, passve methodssacrificeefficiency [7, 13]. Also, ad
hoc designmodificationgo alterthefluid dynamiccharacter
istics of the comlustorarecostly andtime-consuming14].
Thus, the dynamicnatureof the problempresentsan effec-
tive casefor active control. The applicationof well-known
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Figure 1: Typical powerspectrablensityof acoustiqressure

controltechniquesequiressuficiently accurateeducedor-

dermodelsof the comple processeswvolved,capturingthe
essentiatlynamics.Thoughthereexist severaleffortsin this

direction,andevenin thespecificcaseof leanpremixedcom-
bustion[17] whichis dealtwith here,thereis no modelyet,

which inspiresa confidencesufficient for its generalaccep-
tance.Whatis, however known from experimentakffortsin

several conditionsis that the oscillationis dominatedby a
singlefrequeng (for example,seeFig. 1),

p = po+ Asin(Qt) + h.o.t, Q)

where p denotesthe pressure,pp the static pressure,and
Asin(Qt) denotesthe dominantmode of oscillation. The
generallyadoptedqualitatve understandingf the instabil-
ity is throughtheRayleighcriterion[18], which statesessen-
tially thatthe oscillationsgrow/decaydependingon whether
theheatreleaseindtheacousticsarein/outof phase Several
control stratgjies have beenappliedto suppresghermoa-
cousticinstabilities, somemodel-basedsuchasin [8, 11,
15, 20]), andsomeempirical(suchasin [5, 12, 13, 14, 21)).
All the control stratgies sensethe pressurefluctuationin
the comlustor andfeedit backthroughactuationby loud-
spealer, by an auxiliary fuel source,or by modulatingthe
main fuel supply Most of them have beenappliedto the
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Figure 2: Schematiof a singlenozzlecomhustor

casewheretheacousticaredominatedy asingleharmonic,
andthe control objective is thento reducethe amplitudeA.
Many of the controls,that actuatethe fuel flow with time-
delayed/phase-shiftedeasuregressurdluctuation(suchas
in [2, 5, 13, 14, 16, 21] andin the presentwork) have been
motivatedby the Rayleighcriterion.

Section2 describeghe experimentalsetupof a comtustor
with a feedbackcontrollerto attenuateA, alreadyreported
in [2]. Section3 present®urwork onidentification.

2 FeedbackControl in an Experimental Combustor

Our work builds uponthe experimentalsetupanda control
designreportedn [2]. Figure2 shavsasimplifiedschematic
of a single nozzlecomhustorwhich hasbeenfabricatedby
United TechnologiesResearctCenter(UTRC) for investi-
gatingcomtustionproblems.Researcherat UTRC have in-
vestigatecemissionsandactive attenuatiorof thermoacous-
tic oscillationson the comhustor[2, 3]. The comhustoris a
cylindrical, single-chambegas-fueledpremixedcomtustor
with anoutputof around500kW atfull power. Thefuel used
washaturalgas.Thefuel andair arepremixedin thetangen-
tial entry nozzle,and additionalair entersfrom aroundthe
nozzle. The swirl in the fluid dueto tangentialentry helps
to stabilizethe flame. For the purposeof control, sensings
throughthe acousticpressurep(t) in the chamberand ac-
tuationthroughthe fuel-injectors. A static pressuresensor
measureshe meanpressuran the chamberandthe acous-
tic oscillationaboutthe meanis measuredby a piezo-electric
sensor Up to athird of the total fuel flow-rate throughthe
fuelinjectorsin thenozzleis utilized for the purposeof con-
trol. The static pressurdn the setupis in the vicinity of
200 psi, and the acousticoscillationshave an amplitudeof
up to 20 psi. In the comhustion systemanalyzedhere, a
phase-shiftingcontroller motivated by Rayleighs criterion
reportedin [2] hasalreadybeenincorporatedto attenuate
the amplitudeA of the dominantharmonic. This controller
canbe approximatedy a simpledelaywhenthe oscillation
is completelydominatedby the fundamentaharmonic,as
shavnin Fig. 3. Otherwiseanonlinefrequeng-tracker (ex-
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Figure 3: Phaseshifting controllerfor thermoacoustimsta-
bilities

tendedKalmanfilter) is usedto trackthedominantharmonic,
which is then phase-shiftechnd fed back with appropriate
gainthroughthefuel-injectors,

M = kAsin(Qt —8), 2)

where M is the actuated/controlleduel massflow-rate, k
is the gain in the feedbackloop, and 6 is the phaseshift
used. Experimentsshowv that a stableoscillationis main-
tainedfor all 8 € [0, 2], with amplitudethatdependsn 6.
Theuseof anonlinefrequeng tracker eliminatesthelimita-
tion facedby feedbackusing simpleband-pas#iltering and
atime delaywhentherearesignificantchangesn thefunda-
mentalfrequeng of the system[21]. In experimentscarried
outonthe UTRCrrig, theclosedloop frequeng variedfrom
150— 250Hz, andsamplingof signalswasdoneat 2 kHz.

In the controller (2) one needsto tunethe phaseshift 6 to
ensurethe minimum possibleoscillationamplitudeA. This
online optimizationcanbe performedby extremumseeking
(presentedfor example,in [9]).

3 Ildentification

Sincethe systemshaws a clearseparatiorof time scalesde-
tweenthefrequeng of theoscillationsQ andthevariationin
A causedy variationin controlparameteB, wetry to iden-
tify only the dynamicsof the amplitude,i.e., the averaged
dynamics.A local modelstructurefor the averageddynam-
icsis

A =
y:

—a()(A-9(9) 3)
A+w, (4)

wherea(8) € IR arethetime constantof the exponential
relaxationprocesseattheequilibriaA = g(0), y is themea-
suredoutput,andw is noise.Henceforthwe identify respec-
tively the equilibriag(6), andthe decayratesa(6) at those
equilibria.
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Figure 4: Phaserampinput for identifying the equilibrium
map

3.1 Equilibrium Map ID

An experimentalequilibrium mapis obtainedby varying 6
in a phaseramp/staircasef discretestepsfrom 0° to 360°
while runningthe comtustorat 80% full power. In Fig. 4,
stepsof 15° areused,

B(t) = Bslt],

where[t] denotesthe greatesinteger lessthantime t, and
04 = 15° is thediscreteéncremenin 6 in eachstep.Thedu-
rationof stepds sufficiently long (1 sec)to allow for thetran-
sientsin oscillationamplitudeto settledown. Theresulting
amplitudevaluesareshavn in Fig. 5 in crossesThe ampli-
tudedataareobtainedromtheexperimentapressurelataby
band-pasf§iltering andamplitudedetection. Thesteady-state
valuesare estimateceitherby low-passfiltering or by aver
agingthetime-serieamplitudedataafterthe systemsettles.
From experimentaldatain Fig. 5, theredoesseemto be a
smoothvariationof the steady-stateamplitudesof thermoa-
cousticinstability with 6 alonga single curve, andthereis
a definiteminimum oscillationamplitudeat a certainphase.
It canbe notedthatthe ratio of maximumto minimumam-
plitudesin the staticmapis about1.5. Larger ratioswere
obtainedn experimentsat otherpower levels.

A parametrizationfor the static map, motivated in part
by previous work on averagingof a model developedat
UTRC[17] by Banaszul1], andin partby the experimental
staticmapitself, is:

(®)

9(0) = I'{ 1+ Lsin(6+ @) },

1+Msin(6+ @)
wheref is thephaseof the phaseshifting controller andg(6)

is the steady-statescillationamplitude.Theform of the nu-
meratoris motivatedby modelanalysisandthedenominator
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Figure5: Staticmapfrom controlphased to oscillationam-
plitude A

by data,to capturethe mapin a minimumnumberof param-
eters.Thephaseapis setto bethesamen the numeratoand
denominatgron obsenationof symmetryin thedata. Thus,
we geta parametrizationvith only four parameters.

The parametersre obtainedby fitting the parametrization
to the experimentaldataby a leastsquaredit. Sincethe
parametrizationis nonlinear nonlinear least squaresop-
timization by the Gauss-N&iton or Levenbeg-Marquarlt
methodis donein MATLAB. Sincethesetechniquesonly
ensurelocal corvergence,a goodinitial conditionneedsto
be chosenfor the optimizationroutine. It is easyin the
presensituationto obsene the experimentaktaticmap,and
guessa goodinitial condition. The parameter®btainedas
aresult, for examplel’ = 0.1246,L = .7659,M = 0.6286,
¢ = —0.9614in thefit (continuouscurwve) in Fig. 5, canbe
usedfor simulationstudies.

3.2 DecayRatesID
Experimentallytheamplitudetransientareobtainedoy per
forming a large squarewave variationin the control phase
of the phaseshifting controllerasin Fig. 6. The durationof
thepulsess longenough(2 sec)to allow settlingof thetran-
sientsof eachstep,andtheupperandlowervaluesof 8 in the
pulsesarechosersoasto ensureanobsenabledifferencen
equilibriumamplitudeg(0).

To eliminatenoisein the transientmeasurements, cumula-
tive averagingof thevariousstepresponsem agivensquare
wave responsas performed.In this instancetaking an av-
erageis the bestthat we can do sincewe have no a priori
knowledgeof the noise. Time tracesof transientresponses
areaveragedcumulatiely to obtainthe N estimateof the
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Figure 6: Largesquarewvave variationin controlphased
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Figure 7: Cumulatve averageof the pressureamplitude

amplitudetime-trace:

_ Lowm
Alt) = UT+1 i; y(t—iT), (6)

wherey(t) isthemeasurementf amplitudeasin theprevious
section,T = 2 secis thetime periodof thepulsesand|t/T]
denoteshegreatestntegerlessthant /T.

The transientsdue to the upward and downward stepsare
averagedseparatelysincethey representransientsat differ-

entequilibria. The processs shovn graphicallyin Figures?

and 8, in the top half of the figuresfor the upward steps,
andthelower half of the figuresfor the downward steps.In

the successie cumulative averagesasanadditionalstepre-

sponsés addednto the cumulative total, anda new average
taken,thereseemgo beaclearcorvergenceo alinearexpo-

nentiallystableprocess.
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Figure 8: Cumulatve averageof the pressureamplitude

It canbe mentionedherethat the purposeof obtainingthe
transientsis two-fold. Firstly, to verify that the equilibria
areindeedlocally exponentiallystable(LES), satisfyingthe
conditionimplicit in themodelstructurein Eqn.(3), andsec-
ondly, to identify the correspondindime constants.Hence,
fromthesuccessie cumulatve averagesn thegraph,we can
find out if the equilibria are LES. The correspondindinal
averagesareshavn in Figures9 and10 respectiely. In the
figures,the smoothcurvesof the exponentialfits are super
imposedover the roughcurvesfrom data. The assumptions
implicit are

1. Thenoiseis uncorrelatedn time.

2. Thenoise,or unmodeledlynamicsn thedatahaszero
mean.

3. Thetransientsettlewithin T secondsfterthe stepin-
stant. This time intenal is obtainedfrom obsenation
of experimentabata.

In the casewherewe can measurghe amplitudeperfectly
without noise directintegrationof Eqn.(3) yieldsa(6+in) as
Alt) —A(t+s)
JiT°A(0)do — sg(B1in)
Vt st [E] = [Z(H_S)] , and Vs<T/2, (8)

a(Bfin) = (1)

T T

where 0+, is the final phaseof the phasestep. This inte-
grationto identify the exponentis identical to the method
of modulatingfunctions[4], with a modulatingfunction of
unity. However, sincewe do not have noise-freadata,we es-
timatethe exponentfrom the N cumulative averageof the
measuredransientgEqn.(6)) asfollows:

. ANT)—A(NT +1)
an(Bfin) = f'\ll\l_;'+TA_(0-)do'—Tg(efin)’ ®
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Figure 10: Estimateof thedecayrate

Here, we approximateA(NT) = g(6in), and A(NT + 1) ~

0(B+in), whereb, is the startingphaseof the phasestep,NT

is a steptime instant,andt mentionedn the third assump-
tion above is suchthat the transientssettle within it. The
exponentsi(B) (0 in degrees)thuscalculatedareindicated
on Figures9 and10. Clearly, thereis a discrepang between
the valuesof a(—45°) in the two figures. This canbe ex-

plainedby the presencef noise,andthe problemof the fit

in Egn.(5) not beingperfectatall points.

Steadystatetransferfunctionso‘(g’;jm from controlphase
to oscillation amplitudewere also obtainedby small sinu-
soidalvariationin controlphaseaboutvariouscontrolphases
8o, andthey gave valuesof a(6) consistentvith thosefrom
transientata.But, thismethodbeingmoresensitve to noise

wasusedonly asa consisteng check.

The assumptiorthat the noisehaszeromeanis not restric-
tive, sincethe meanonly shifts the equilibrium map by a
constantvalue, and doesnot affect the differencesetween

theestimate®f theequilibria.

4 Conclusions

In the procesf identifying theequilibriumamplitudesgy(6)
andthetime constantsi(0) atvariousvaluesof thecontroller
parameteB, we find thatthe controlledcomtustionprocess
hasa uniguesmoothequilibriummap,with locally exponen-
tially stableequilibria,andwith a minimum. The identifica-
tion of averageddynamicsdoesnotimposeary assumptions
uponthe noiseotherthanthatit is uncorrelatedn time. The
identificationof local dynamicsof the closedloop comtus-
tion systemprovidesus the meango optimizethe feedback
to reduceoscillationamplitude.Further theidentifiedmodel
canbeusedin simulationstudies.
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