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Abstract

Attenuationof thermoacousticoscillationsby active control
has lately received considerableattention. In the present
work, we identify the averageddynamicsor the dynamics
of the amplitudeof a controlledthermoacousticinstability.
Theidentificationis performedon a leanpremixedcombus-
tor which hasfeedbackcontrol incorporatedto attenuatethe
amplitudeof thethermoacousticoscillation.For thepurpose
of control,acousticpressurein thecombustoris sensedand
fuel flow actuatedby aphase-shiftedversionof themeasured
pressuresignal.Thiscontrolstrategy, usedby severalauthors
in the literature, is motivatedby the famousRayleighcri-
terionfor growth/attenuationof thermoacousticoscillations.
The averagedmodelwe identify consistsof a mapof equi-
librium amplitudesparametrizedby the control phaseshift,
to which all theamplitudessettleexponentiallyfastfrom all
initial conditions.An equilibriummapis obtainedby fitting
acurvethroughtheequilibriafoundfrom steadystateexper-
iments,anddecayratesat theseequilibriaareestimatedfrom
cumulativeaveragingof severalstepresponses(thestepsare
in thecontrollerparameter)to eliminatenoise.Theidentified
closed-loopmodelcanbeusedto optimizefeedbackandfor
simulationstudies.

1 Intr oduction

It is recognizedthatthermoacousticinstabilitiesposeseveral
problemsto the achievementof lean-burn low NOx emis-
sioncombustion.Theseproblemsincludehigh-cyclefatigue,
increasedwall heat-transferandpossibilitiesof flamerever-
sals[6, 12, 13]. Theacutenessof theproblemin thespecific
caseof leanpremixed combustionwasobserved in [5, 19].
Thatagooddesigncanonly ensureadequateperformanceat
a singleoperatingpoint only, is well recognized[13]. Fur-
ther, passive methodssacrificeefficiency [7, 13]. Also, ad
hoc designmodificationsto alterthefluid dynamiccharacter-
isticsof thecombustorarecostlyandtime-consuming[14].
Thus,thedynamicnatureof the problempresentsan effec-
tive casefor active control. The applicationof well-known
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Figure1: Typicalpowerspectraldensityof acousticpressure

control techniquesrequiressufficiently accuratereducedor-
dermodelsof thecomplex processesinvolved,capturingthe
essentialdynamics.Thoughthereexist severalefforts in this
direction,andevenin thespecificcaseof leanpremixedcom-
bustion[17] which is dealtwith here,thereis no modelyet,
which inspiresa confidencesufficient for its generalaccep-
tance.Whatis, howeverknown from experimentalefforts in
several conditionsis that the oscillation is dominatedby a
singlefrequency (for example,seeFig. 1),

p � p0
�

Asin� Ωt � � h � o � t � (1)

where p denotesthe pressure,p0 the static pressure,and
Asin� Ωt � denotesthe dominantmodeof oscillation. The
generallyadoptedqualitative understandingof the instabil-
ity is throughtheRayleighcriterion[18], whichstatesessen-
tially thattheoscillationsgrow/decaydependingon whether
theheatreleaseandtheacousticsarein/outof phase.Several
control strategies have beenapplied to suppressthermoa-
coustic instabilities,somemodel-based(suchas in [8, 11,
15, 20]), andsomeempirical(suchasin [5, 12, 13, 14, 21]).
All the control strategies sensethe pressurefluctuation in
the combustor, andfeedit backthroughactuationby loud-
speaker, by an auxiliary fuel source,or by modulatingthe
main fuel supply. Most of them have beenappliedto the
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Figure2: Schematicof a singlenozzlecombustor

casewheretheacousticsaredominatedby asingleharmonic,
andthe control objective is thento reducethe amplitudeA.
Many of the controls,that actuatethe fuel flow with time-
delayed/phase-shiftedmeasuredpressurefluctuation(suchas
in [2, 5, 13, 14, 16, 21] andin thepresentwork) have been
motivatedby theRayleighcriterion.

Section2 describesthe experimentalsetupof a combustor
with a feedbackcontroller to attenuateA, alreadyreported
in [2]. Section3 presentsourwork on identification.

2 FeedbackControl in an Experimental Combustor

Our work builds uponthe experimentalsetupanda control
designreportedin [2]. Figure2 showsasimplifiedschematic
of a singlenozzlecombustorwhich hasbeenfabricatedby
United TechnologiesResearchCenter(UTRC) for investi-
gatingcombustionproblems.Researchersat UTRChave in-
vestigatedemissionsandactive attenuationof thermoacous-
tic oscillationson thecombustor[2, 3]. Thecombustoris a
cylindrical, single-chamber, gas-fueled,premixedcombustor
with anoutputof around500kW atfull power. Thefuel used
wasnaturalgas.Thefuel andair arepremixedin thetangen-
tial entry nozzle,andadditionalair entersfrom aroundthe
nozzle. The swirl in the fluid dueto tangentialentry helps
to stabilizetheflame. For thepurposeof control,sensingis
throughthe acousticpressurep � t � in the chamber, andac-
tuation throughthe fuel-injectors. A staticpressuresensor
measuresthemeanpressurein thechamber, andtheacous-
tic oscillationaboutthemeanis measuredby apiezo-electric
sensor. Up to a third of the total fuel flow-ratethroughthe
fuel injectorsin thenozzleis utilized for thepurposeof con-
trol. The static pressurein the setupis in the vicinity of
200 psi, andthe acousticoscillationshave an amplitudeof
up to 20 psi. In the combustion systemanalyzedhere,a
phase-shiftingcontroller motivatedby Rayleigh’s criterion
reportedin [2] hasalreadybeenincorporatedto attenuate
the amplitudeA of the dominantharmonic. This controller
canbeapproximatedby a simpledelaywhentheoscillation
is completelydominatedby the fundamentalharmonic,as
shown in Fig. 3. Otherwise,anonlinefrequency-tracker(ex-
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Figure3: Phaseshiftingcontrollerfor thermoacousticinsta-
bilities

tendedKalmanfilter) is usedto trackthedominantharmonic,
which is then phase-shiftedand fed back with appropriate
gainthroughthefuel-injectors,

˙̃m f � kAsin� Ωt � θ ��� (2)

where ˙̃m f is the actuated/controlledfuel massflow-rate, k
is the gain in the feedbackloop, and θ is the phaseshift
used. Experimentsshow that a stableoscillation is main-
tainedfor all θ ��� 0 � 2π � , with amplitudethat dependson θ.
Theuseof anonlinefrequency trackereliminatesthelimita-
tion facedby feedbackusingsimpleband-passfiltering and
a timedelaywhentherearesignificantchangesin thefunda-
mentalfrequency of thesystem[21]. In experimentscarried
out on theUTRC rig, theclosedloop frequency variedfrom
150 � 250Hz, andsamplingof signalswasdoneat2 kHz.

In the controller (2) oneneedsto tune the phaseshift θ to
ensurethe minimumpossibleoscillationamplitudeA. This
onlineoptimizationcanbeperformedby extremumseeking
(presented,for example,in [9]).

3 Identification

Sincethesystemshows a clearseparationof time scalesbe-
tweenthefrequency of theoscillationsΩ andthevariationin
A causedby variationin controlparameterθ, we try to iden-
tify only the dynamicsof the amplitude,i.e., the averaged
dynamics.A local modelstructurefor theaverageddynam-
ics is

Ȧ � � α � θ ��� A � g � θ ��� (3)

y � A
�

w� (4)

whereα � θ ��� IR � arethetime constantsof theexponential
relaxationprocessesat theequilibriaA � g � θ � , y is themea-
suredoutput,andw is noise.Henceforth,we identify respec-
tively the equilibria g � θ � , andthe decayratesα � θ � at those
equilibria.
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Figure 4: Phaserampinput for identifying the equilibrium
map

3.1 Equilibrium Map ID
An experimentalequilibrium mapis obtainedby varying θ
in a phaseramp/staircaseof discretestepsfrom 0� to 360�
while runningthe combustorat 80% full power. In Fig. 4,
stepsof 15� areused,

θ � t ��� θst � t ���
where � t � denotesthe greatestinteger lessthan time t, and
θst � 15� is thediscreteincrementin θ in eachstep.Thedu-
rationof stepsis sufficiently long(1 sec)toallow for thetran-
sientsin oscillationamplitudeto settledown. Theresulting
amplitudevaluesareshown in Fig. 5 in crosses.Theampli-
tudedataareobtainedfromtheexperimentalpressuredataby
band-passfiltering andamplitudedetection.Thesteady-state
valuesareestimatedeitherby low-passfiltering or by aver-
agingthetime-seriesamplitudedataafterthesystemsettles.
From experimentaldatain Fig. 5, theredoesseemto be a
smoothvariationof thesteady-stateamplitudesof thermoa-
cousticinstability with θ alonga singlecurve, andthereis
a definiteminimumoscillationamplitudeat a certainphase.
It canbenotedthat the ratio of maximumto minimumam-
plitudesin the staticmap is about1 � 5. Larger ratioswere
obtainedin experimentsatotherpower levels.

A parametrizationfor the static map, motivated in part
by previous work on averagingof a model developedat
UTRC[17] by Banaszuk[1], andin partby theexperimental
staticmapitself, is:

g � θ ��� Γ
 

1
�

Lsin� θ � φ �
1
�

M sin� θ � φ �"! � (5)

whereθ is thephaseof thephaseshiftingcontroller, andg � θ �
is thesteady-stateoscillationamplitude.Theform of thenu-
meratoris motivatedby modelanalysis,andthedenominator
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Figure5: Staticmapfrom controlphaseθ to oscillationam-
plitudeA

by data,to capturethemapin a minimumnumberof param-
eters.Thephaseφ is setto bethesamein thenumeratorand
denominator, on observationof symmetryin thedata.Thus,
wegetaparametrizationwith only four parameters.

The parametersare obtainedby fitting the parametrization
to the experimentaldataby a leastsquaresfit. Since the
parametrizationis nonlinear, nonlinear least squaresop-
timization by the Gauss-Newton or Levenberg-Marquandt
methodis donein MATLAB. Sincethesetechniquesonly
ensurelocal convergence,a goodinitial conditionneedsto
be chosenfor the optimization routine. It is easyin the
presentsituationto observetheexperimentalstaticmap,and
guessa goodinitial condition. The parametersobtainedas
a result, for exampleΓ � 0 � 1246,L �#� 7659,M � 0 � 6286,
φ �#� 0 � 9614in the fit (continuouscurve) in Fig. 5, canbe
usedfor simulationstudies.

3.2 DecayRatesID
Experimentally, theamplitudetransientsareobtainedby per-
forming a large squarewave variation in the control phase
of thephaseshifting controllerasin Fig. 6. Thedurationof
thepulsesis longenough(2 sec)to allow settlingof thetran-
sientsof eachstep,andtheupperandlowervaluesof θ in the
pulsesarechosensoasto ensureanobservabledifferencein
equilibriumamplitudeg � θ � .
To eliminatenoisein thetransientmeasurements,a cumula-
tiveaveragingof thevariousstepresponsesin agivensquare
wave responseis performed.In this instance,taking an av-
erageis the bestthat we cando sincewe have no a priori
knowledgeof the noise. Time tracesof transientresponses
areaveragedcumulatively to obtainthe Nth estimateof the
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Figure6: Largesquarewavevariationin controlphaseθ
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Figure7: Cumulativeaverageof thepressureamplitude

amplitudetime-trace:

Ā � t �'� 1� t ( T � � 1 ) t * T +∑
i , 0

y � t � iT ��� (6)

wherey � t � is themeasurementof amplitudeasin theprevious
section,T � 2 secis thetime periodof thepulses,and � t ( T �
denotesthegreatestintegerlessthant ( T .

The transientsdue to the upward and downward stepsare
averagedseparately, sincethey representtransientsat differ-
entequilibria.Theprocessis shown graphicallyin Figures7
and 8, in the top half of the figuresfor the upward steps,
andthelower half of thefiguresfor thedownwardsteps.In
thesuccessive cumulativeaverages,asanadditionalstepre-
sponseis addedinto thecumulative total,anda new average
taken,thereseemsto beaclearconvergenceto a linearexpo-
nentiallystableprocess.
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Figure8: Cumulativeaverageof thepressureamplitude

It canbe mentionedherethat the purposeof obtainingthe
transientsis two-fold. Firstly, to verify that the equilibria
areindeedlocally exponentiallystable(LES), satisfyingthe
conditionimplicit in themodelstructurein Eqn.(3),andsec-
ondly, to identify thecorrespondingtime constants.Hence,
from thesuccessivecumulativeaveragesin thegraph,wecan
find out if the equilibria are LES. The correspondingfinal
averagesareshown in Figures9 and10 respectively. In the
figures,the smoothcurvesof the exponentialfits aresuper-
imposedover the roughcurvesfrom data. Theassumptions
implicit are

1. Thenoiseis uncorrelatedin time.

2. Thenoise,or unmodeleddynamicsin thedatahaszero
mean.

3. Thetransientssettlewithin τ secondsafterthestepin-
stant. This time interval is obtainedfrom observation
of experimentaldata.

In the casewherewe can measurethe amplitudeperfectly
withoutnoise,directintegrationof Eqn.(3) yieldsα � θ f in � as

α � θ f in �/� A � t �0� A � t � s �1 t � s
t A � σ � dσ � sg � θ f in � (7)2

t s� t �43 2t
T 5 �63 2 � t � s �

T 5 � and
2

s 7 T ( 2 � (8)

whereθ f in is the final phaseof the phasestep. This inte-
gration to identify the exponentis identical to the method
of modulatingfunctions[4], with a modulatingfunction of
unity. However, sincewedonothavenoise-freedata,wees-
timatetheexponentfrom the Nth cumulative averageof the
measuredtransients(Eqn.(6)) asfollows:

α̂N � θ f in ��� Ā � NT �0� Ā � NT
� τ �1 NT � τ

NT Ā � σ � dσ � τg � θ f in � � (9)
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Here, we approximateĀ � NT �=< g � θin � , and Ā � NT
� τ �><

g � θ f in � , whereθin is thestartingphaseof thephasestep,NT
is a steptime instant,andτ mentionedin the third assump-
tion above is suchthat the transientssettlewithin it. The
exponentsα̂ � θ � (θ in degrees)thuscalculatedareindicated
on Figures9 and10. Clearly, thereis a discrepancy between
the valuesof α �:� 45��� in the two figures. This canbe ex-
plainedby the presenceof noise,andtheproblemof the fit
in Eqn.(5) notbeingperfectatall points.

Steadystatetransferfunctionsα ? θ0 @ g AB? θ0 @? s � α ? θ0 @C@ from controlphase
to oscillation amplitudewere also obtainedby small sinu-
soidalvariationin controlphaseaboutvariouscontrolphases
θ0, andthey gave valuesof α � θ � consistentwith thosefrom
transientdata.But, thismethodbeingmoresensitiveto noise
wasusedonly asa consistency check.

The assumptionthat the noisehaszeromeanis not restric-
tive, sincethe meanonly shifts the equilibrium map by a
constantvalue,anddoesnot affect the differencesbetween

theestimatesof theequilibria.

4 Conclusions

In theprocessof identifyingtheequilibriumamplitudesg � θ �
andthetimeconstantsα � θ � atvariousvaluesof thecontroller
parameterθ, we find that thecontrolledcombustionprocess
hasauniquesmoothequilibriummap,with locally exponen-
tially stableequilibria,andwith a minimum. Theidentifica-
tion of averageddynamicsdoesnot imposeany assumptions
uponthenoiseotherthanthatit is uncorrelatedin time. The
identificationof local dynamicsof the closedloop combus-
tion systemprovidesus themeansto optimizethe feedback
to reduceoscillationamplitude.Further, theidentifiedmodel
canbeusedin simulationstudies.
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