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Abstract

An integral inequality is derived, and applied to the sta-
bility problem of time-delay systems using discretized
Lyapunov functional formulation. As the result, a sim-
pler stability criterion is derived.

Notations

wt Transpose of matrix W

W > (<)0 matrix W is positive (negative)
definite

W > (<)0 matrix W is positive (negative)
semi-definite

R, RE, RFxm The set of real numbers, k-vectors
and k£ by m matrices

r Time-delay

n Number of states

C The set of continuous R’ valued
functions on [—r, 0]

N Number of divisions of the inter-
val [—r,0] in discretization

h Length of each division =

I Identity matrix of appropriate
dimensions

Okxm kn by mn dimensional zero
matrix

I, Matrix [Onx1, 1]

Il Matrix [L ON>< 1]

Iy =0n—-1,

1 Introduction

Time-delay systems are frequently encountered in en-
gineering, biology, economy, and other areas [10]. In
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the wake of intensive research on the robust stability
and control theory, the stability and control of time-
delay systems has received renewed interests. The de-
velopment of efficient computational algorithm for non-
smooth convex optimization problem [19], which made
it possible to efficiently solve Linear Matrix Inequali-
ties (LMI) [1] [4], inspired intensive activities to formu-
late such problems in a LMI form. We will only men-
tion some more recent activities in the time-domain ap-
proaches using Lyapunov-Krasovskii and Razumikhim
methods. For a more comprehensive survey, see [20]
[14] [13].

For systems with small coefficient matrix for the de-
layed term, a delay-independent stability criterion,
based on a rather simple Lyapunov-Krasovskii func-
tional argument, is often sufficient in practice. There
are still some recent research on the design synthe-
sis techniques , tracking and model following [16] [21].
This formulation consider the delayed term of the sys-
tem as always detrimental to stability. For many prac-
tical systems, the delayed inputs are often needed to
stabilize the system. Obviously, the delay independent
stability would be inappropriate in such situations.

For systems with small delay, a model transformation
technique is often used to transform the point-wise de-
lay system into a distributed delay system, and Razu-
mikhin stability criterion is used to the resulting sys-
tem. There are still a relatively large number of new
publications in this approach, see, for example, [3][18].
The resulting stability criterion explicitly depends on
the delay (delay-dependent), and often reflects the re-
ality better. For relatively large delay, however, this
method can be rather conservative. One source of con-
servatism is due to the application of Razumikhin the-
ory as numerical examples show [5]. The other conser-
vatism is due to the fact that the model transformation
may introduce additional poles which are not present
in the original system, and one of these additional poles
may cross the imaginary axis before any of the poles



of the original system do as the delay increases from
zero [9] [12]. However, for systems where the time-
delay may be fast time-varying, Razumikhin approach
remains the only method available.

Recently, there are a number of interesting new ideas
on the Lyapunov-Krasovskii methods with improved
results on delay-dependent stability [22] [15] and mixed
delay-independent and delay-dependent result [17].

For linear systems with constant time-delays, the ex-
istence of a quadratic Lyapunov-Krasovskii functional
is a necessary and sufficient condition [11]. A piece-
wise linear discretization proposed in [5] enables one to
write the stability criterion in LMI form. Even with
the most coarse discretization of N = 1, the result
shows significant improvements over many stability re-
sults using time-domain approach. The analytical re-
sult can be approached as the discretization becomes
finer. The convergence and the result for uncertain
system are further improved by using a more general
Lyapunov functional [6]. The result has been further
improved by allowing some parameters to depend on
uncertainties, with the resulting formulation no more
complicated since it is possible to eliminate some vari-
ables in the resulting LMI [7].

In this article, an integral inequality will be used in the
discretized Lyapunov functional and its derivative, re-
sulting in a alternative stability criterion which requires
less computation than [6] and [7].

2 An integral inequality

The following integral inequality plays a central role for
the result of the paper.

Lemma 1 For any constant matric M € R™*™, M =
M7 > 0, scalar v > 0, vector function w : [0,7] —
R™ such that the integrations in the following are well

defined, then
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Proof: It is easy to see, using Shur’s complement,

e BOMu(B) W (5)
W (BMw(B) (3
< w(8) M- ) 20

for any 0 < 8 < . Integration of the above inequality
from 0 to ~y yields
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Use Shur’s complement. ]

For the scalar case (m = 1), the results is well known
in calculus. A simple extension of the above lemma is
the following.

Lemma 2 For any constant matriz M € R™*"™, M =
M?T > 0 and vector function w,wy,ws : [0,a] — R™,
such that the integrations in the following are well de-
fined, then

/0 [(1— a)w{(a)]ﬂwl(a) + aw%(a)]ﬂwg(a)}da

T

> /01 </Oaw1(ﬂ)dﬂ+/alw2(ﬂ)dﬂ> M

( /0 "o (B)5 + / 1 wz(ﬂ)dﬂ> do (2)
/ (1 ) (o) Mes(a)da

> [ 1 ( / aw(ﬂ)dﬂ>TM ( / aw(ﬂ)dﬂ> do. (3)
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Proof: Use Lemma 1 for the case v =1, and

@), #0<B<a
”(ﬂ)—{wi(ﬂ), fa<f<1

w(ﬂ)dﬂ> des (4)

to obtain
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Integrate the above from o« = 0 to « = 1, and exchange
the order of integration of the left hand side to arrive at
inequality (2). Inequality (3) can be arrived by setting
w1 = w and we = 0 in (2). Similarly, setting w; = 0
and wy = w yields (4). m

3 Lyapunov functional

Consider the stability problem of time-delay system
(t) = A(t)x(t) + B(t)x(t — ), (5)



with initial condition

x(t) = ¢(t), te [_Ta 0}7

where x(t) € R™ is the state; A(t) € R™*™ and B(t) €
R™ ™ are uncertain matrices, which are unknown and
possibly time-varying, but are known to be bounded
by some compact set §2, i.e.,

(A(t),B(t)) € Q C R™?",  for all t € (0,00). (6)
Define C as the set of R™ valued continuous function
in the interval [—r, 0], and let x; € C be a segment of
system trajectory defined as

z(0) =a(t+6), —r<0<0

Choose a Lyapunov functional V(z;) of a quadratic
form:

V : C—R,
Vi) = 56" 0PH0)
0
+0"(0) [ QO)H(E)de

—r

0
% / de ¢» (€)R(E, m)(n)dn

/ o7 (6)S(€)p(€)de (7)

where P = PT ¢ R™" Q(¢) € R™™ R(&,n) =
RT(n,&) € R™m, 5(€) = ST(&) € R™ ™. For systems
without uncertainty, the existence of such a quadratic
Lyapunov functional is necessary and sufficient[11].
Choose @, R and S as continuous piecewise linear, i.e.,

Qi1 +ah) = QY (a) (8)
= (1-a)Qi1+aQ;
S(0;_1 +ah) = S'(a) 9)

= (1—«a)Si—1 +as;

R(0i—1 + ah,0;_1 + ph) = Rij(aaﬂ) (10)
(I —)Ri1,j-1+ Ry + (a — B)Ry 51,
a>p
- (1—=B)Ri—1,j—1+ aRij + (6 —a)R;—1 5,
a<pf

for0<a<1,0<p0<1, where

01' = 77"+Z.h,
h = r/N,

i.e., N is the number of divisions of the interval [—r, 0],
and h is the length of each division. As a result, similar

to [6], the Lyapunov functional can be written as

1 T

Vo) = 5 [ @O 05 -0 @)

(P Q)(%L%w() 1o >]>d°‘

/ o7 (6)S(€)p(€)de (11)

and its derivative

. d
Vi(p) = EV(xt)|mt=¢
along the system trajectory can be written as
. 1 1
V(6) = =3 [ 670,67 (). (@)
All —A12 (1 — OZ)DO — aDl
AQQ —(1 — Oz)DO — aDl
symmetric %
q5(~—r) do — — daRd/ (;S
hé(a)
where
Roo Ror ... Ron
- Ry Ri1 ... Rin
R = ) ) . )
Ryo Rni1 ... Rnn
W = (Wo, Wi,..., Wy),
Q - (QOana"'aQN)a
Ay = —PA-A'P-Qn - Q% — Sw,
A = PB—Qo,
Ay = Sp,
Sq = diag(Sai1, Saz, -, San).
1
Sai = E(Si—siq%
Rgin Raiz ... Rain
Rgo1 Raze ... Ran
Rd - . . . )
Ran1 Ran2 ... Rann
1
Ryi; = E(Rij*Ri—Lj—ﬂ,
Déc = (Djl’D D;'CN)’
Dy, = ATQi_1qn— E(Qz —Qi—1) + Ry v
Dy, = BTQi14x — R 14r0s
and
Ha) = (@) 6 (@), ()T,
Ba) = @), v (@) ™ ()T,
() = ¢(0i—1 +ah)
Pa) = ¢'(7)dr,



4 Stability conditions

In this section, the integral inequality will be used to
find the alternative conditions for Lyapunov functional
to be “positive” and its derivative to be “negative”,
thus arriving at the stability condition of the system.

Proposition 3 (Alternative Lyapunov positive
condition) There exists an ¢ > 0 such that the Lya-
punov functional (7) satisfies

V(p) > ¢ (0)¢(0)

if
S>0 (12)
and .
P Q
(G Fgs)>0
where

Proof: In view of (11), it is sufficient to prove

0
V) = 5 [ "©SEnede

Y

2 J
S[IF (1) — I3 d(e)]dey (13)

With the piecewise expression of .S,
-5y [o7

(1 —)S;_1 + aS;) d)i(a)da

or

Vo) = 5 [ (-0 @)sht)

+a¢NT(a)SN¢N(a)
N-—1

+ Z ((1

+ad (2)Sig(0)) ) da

Use (3) in the first term, (4) for the second term, and
(2) for the remaining terms within the summation, one

obtains
([ ()
N </: qu(ﬂ)dB)T S (/: ¢N(ﬁ)dﬂ>

a)¢i+1T(a)Si¢i+1 (a)

Vs(¢) >
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([ o [ 400) )

= 2 [ (T @st@

(e

(V) - >)TSN (¥ (1) — ™ (@)
+N21( o) + 9 (@)
S; (¥i(1) a) + v (@))) da

which is (13). ]

Compare the above result with Corollary 5 of [7], the
matrix R is no longer required to be positive definite,
which tends to make the result less conservative. On
the other hand, S here differs from S in Corollary 5
of [7] in the first and last entries, which tends to make
the result more conservative. The computation here is
less demanding, since one no longer needs to check the
positive definiteness of R.

The Lyapunov derivative condition can also have al-
ternative condition using the integral inequality. For
the sake of convenience, the following notations will be

introduced
Ann A
A f—
< —Afy Axp )
ps_ L( DY+ Dy
~ 2\ DY+ D}
a __ 1 D? - Dil
pt=35 ( DY — D}
and 0
_( ¢
= (5 )
Then
. 1
V(d)) = _§¢07‘A¢07‘

ety [ (D" (1= 20)D)i(o)do

2 1 N
f% ¢T(a)lsd¢(a)da
0
h2
5 |, ' (@daky / dla)da.  (14)

Proposition 4 There exists an € > 0 such that the
dertvative of Lyapunov functional satisfies

V(p) < —ep” (0)p(0) (15)



if there exist U = UL € R™" and W = W1 €
RMNXN such that

A-U D¢ .
< DT R,4W ) > 0 (16)
U D
< paT %Sd*W ) > 0 (17)

W o> 0 (18)

Proof: Equation (14) can be rewritten as

@) (50" Trw)
/0 (b @)

(
(s 4520 ) (B )=

The last term is non-positive if (18) is satisfied accord-
ing to Lemma 1. Therefore, (15) is satisfied if (18),
(16) and

( U (1 —2a)D*

(1-20)DT Lg,—Ww >>0 (19)

are satisfied for all 0 < « < 1. But since « appears
linearly, (19) is satisfied for 0 < « < 1 if and only if it
is satisfied for « = 0 and o = 1, which is (17) and

U —D* -0
—DT 18, —W
but the above is equivalent to (17). ]

In practice, W can be chosen as block-diagonal, result-
ing in a significant savings of computational as com-
pared to the corresponding conditions in [6] and [7].

For large N, the computation can be rather demand-
ing. However, it turns out the convergence to analyti-
cal solution can be accelerated by refining the bounding
using a combination of the integral inequality and elim-
ination of variables. This will allow estimate of stability
bounds very close to the analytical solution with very
small N, and therefore, requiring computation which
is comparable to most other methods. The details will
be discussed in [§].

5 Conclusions

An integral inequality is used to derive the stability
results of time-delay systems based on discretized Lya-

punov functional method. The resulting stability crite-
rion can be verified with significantly less computation.
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