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Abstract

In this paper, global output regulation problem using
state-feedback for nonlinear systems with no relative
degree is concidered. We introduce an invariant mani-
fold on which tracking error tends to zero, and through
which we derive a coordinate transformation of state.
By means of the forwarding design method, it is shown
that a simple feedback on the new coordinate attains
the global output regulation through singularities.

1 Introduction

In this paper, we present a new method of the global
output regulation through singularities.

Tracking control for nonlinear systems that have no
relative degree has been addressed by the approxi-
mating method[1] and the switching method, but the
exact tracking problem for such systems has been a
very difficult problem. On the other hand, these sys-
tems may be stabilized to an equilibrium point using
forwarding[4, 5, 6] or backstepping. In this work, we
convert the tracking problem to a stabilization prob-
lem, in the framework of output regulation.

Output regulation of nonlinear systems has been stud-
ied actively in recent years. The reference signals to
be tracked are generated by a stable autonomous sys-
tem, so called exo-system. The first paper[7] to ex-
amine the nonlinear output-regulation problem consid-
ers local stability alone. Global or semi-global stability
for minimum-phase systems was considered in following
papers[8, 9, 10]. These studies assumed the system is
minimum-phase, thus needing a relative degree.

We extend the target systems of global output regula-
tion using state feedback to the system with no relative
degree. We introduce new sort of PDE that defines
an invariant manifold on which tracking error tends to
zero. Using linear-growth conditions and some assump-
tions, it is proven that a use of feedback such that the
state tends to the manifold attains the global output
regulation for such a system, by means of the forward-

ing method.

2 Problem statements

We consider a tracking problem in a single-input single-
output affine system in the following form:

ẋ1 = x2

...
ẋρ = xρ+1 + φ0(x, ξ)u

ẋρ+1 = ψ(x, ξ) + φ1(x, ξ)u

ξ̇ = η(x, ξ)

(1)

y = h(x) = x1 (2)

where (x1, . . . , xρ+1, ξ
T )T ∈ �n denotes a state vector,

u ∈ � an input, and y ∈ � an output. The system has
an equilibrium point x = 0, ξ = 0 such that ψ(0, 0) = 0
and η(0, 0) = 0. Note that we do not assume that
φ0(x, ξ) is nonzero for all x, ξ, which means the relative
degree of the system may not exist. We rewrite the
system (1) shortly as

d

dt

(
x
ξ

)
= f(x, ξ) + g(x, ξ)u. (3)

The reference signal is generated by an exo-system

ẇ = s(w) (4)
yd = γ(w). (5)

The exo-system has an equilibrium point w = 0 which
satisfies s(0) = 0 and γ(0) = 0. The exo-system is
assumed to be Lyapunov stable, i.e. there exists U(w)
such that

U(w) > 0 (w �= 0), U(0) = 0
∂U(w)
∂w

γ(w) ≤ 0.
(6)

The purpose of control is to find a controller with which
tracking error e = y − yd converges to zero, and all
state variables of (1) are bounded. The state may pass
through the point such that φ0(x, ξ) = 0, therefore we
address an output regulation problem through singu-
larities.



3 Transformation of system

We make the following assumption that is one of the
solvability conditions for a local version of the tracking
problem.

Assumption 1 There exist functions π(w) ∈ �n and
c(w) which satisfy

f(π(w)) + g(π(w))c(w) =
∂π(w)
∂w

s(w) (7)

π1(w) = γ(w). (8)

Let πA(w) denote (π1(w), . . . , πρ(w))T , πB(w) =
πρ+1(w), and πC(w) = (πρ+2(w), . . . , πn(w))T . More-
over, we assume the existence of another invariant man-
ifold xρ+1 = π′(x1, . . . , xρ, ξ, w) including (xT , ξT )T =
π(w).

Assumption 2 There exist functions π′(x̄, ξ, w) ∈ �
and c′(x̄, ξ, w) ∈ � such that

ψ(x̄, π′(x̄, ξ, w), ξ) + φ1(x̄, π′(x̄, ξ, w), ξ)c′(x̄, ξ, w)

=

(
ρ−1∑
i=1

∂π′

∂xi
xi+1

)
+

∂π′

∂xρ
{π′(x̄, ξ, w)

+ φ0(x̄, π′(x̄, ξ, w), ξ)c′(x̄, ξ, w)}

+
∂π′

∂ξ
η(x̄, π′(x̄, ξ, w), ξ) +

∂π′

∂w
s(w)

(9)

π′(x̄, ξ, w) + φ0(x̄, π′(x̄, ξ, w), ξ)c′(x̄, ξ, w)

− ∂πρ

∂w
s(w) + α0(x1 − π1(w))+

· · ·+ αρ−1(xρ − πρ(w)) = 0

(10)

c′(πA(w), πC(w), w) = c(w) (11)
π′(πA(w), πC(w), w) = πB(w) (12)

φ1(x̄, z, ξ)− ∂π′

∂xρ
φ0(x̄, z, ξ) �= 0 (13)

where x̄ denotes (x1, . . . , xρ)T , and α’s are constants
such that polynomial

sρ + αρ−1s
ρ−1 + · · ·+ α1s+ α0 (14)

is Hurwitz.

Equations (9),(10) mean that xρ+1 − π′(x̄, ξ, w) = 0 is
an invariant manifold under the input u = c′(x̄, ξ, w),
and on the manifold the error dynamics become

dρe

dtρ
+ αρ−1

dρ−1e

dtρ−1
+ · · ·+ α1ė+ α0e = 0. (15)

Under these assumptions, the system (1) can be trans-
formed to

˙̃x1 = x̃2

...
˙̃xρ−1 = x̃ρ

˙̃xρ = −α0x̃1 − · · · − αρ−1x̃ρ + z

+ φ̃0(x̃, z, ξ̃, w)(ũ+ c̃(x̃, ξ̃, w))

− φ̃0(x̃, 0, ξ̃, w)c̃(x̃, ξ̃, w)

ż = ψ̃(x̃, z, ξ̃, w) − ψ̃(x̃, 0, ξ̃, w)

+ φ̃1(x̃, z, ξ̃, w)(ũ+ c̃(x̃, ξ̃, w))

− φ̃1(x̃, 0, ξ̃, w)c̃(x̃, ξ̃, w)

− ∂π′

∂xρ
{z + φ̃0(x̃, z, ξ̃, w)(ũ+ c̃(x̃, ξ̃, w))

− φ̃0(x̃, 0, ξ̃, w)c̃(x̃, ξ̃, w)}

− ∂π′

∂ξ
{η̃(x̃, z, ξ̃, w)− η̃(x̃, 0, ξ̃, w)}

(16)

˙̃
ξ = η̃(x̃, z, ξ̃, w) − η̃(0, 0, 0, w)

where

x̃ = x̄− πA(w) (17)

ξ̃ = ξ − πC(w) (18)

π̃(x̃, ξ̃, w) = π′(x̃+ πA(w), ξ̃ + πC(w), w) (19)

z = xρ+1 − π̃(x̃, ξ̃, w) (20)

φ̃0(x̃, z, ξ̃, w) =

φ0(x̃+ πA(w), z + π̃(x̃, ξ̃, w), ξ̃ + πC(w))
(21)

φ̃1(x̃, z, ξ̃, w) =

φ1(x̃+ πA(w), z + π̃(x̃, ξ̃, w), ξ̃ + πC(w))
(22)

ψ̃(x̃, z, ξ̃, w) =

ψ(x̃+ πA(w), z + π̃(x̃, ξ̃, w), ξ̃ + πC(w))
(23)

η̃(x̃, z, ξ̃, w) =

η(x̃+ πA(w), z + π̃(x̃, ξ̃, w), ξ̃ + πC(w))
(24)

c̃(x̃, ξ̃, w) = c′(x̃ + πA(w), ξ̃ + πC(w), w) (25)

ũ = u− c̃(x̃, ξ̃, w). (26)

By expanding φ̃0, φ̃1, ψ̃, and η̃ as

φ̃0(x̃, z, ξ̃, w) = φ̃0(x̃, 0, ξ̃, w) + P0(x̃, z, ξ̃, w)z (27)

φ̃1(x̃, z, ξ̃, w) = φ̃1(x̃, 0, ξ̃, w) + P1(x̃, z, ξ̃, w)z (28)

ψ̃(x̃, z, ξ̃, w) = ψ̃(x̃, 0, ξ̃, w) + P2(x̃, z, ξ̃, w)z (29)

η̃(x̃, z, ξ̃, w) = η̃(0, 0, 0, w) +E1(ξ̃, w)ξ̃

+E2(x̃, ξ̃, w)x̃ +E3(x̃, z, ξ̃, w)z,
(30)

the system (16) becomes

˙̃x1 = x̃2

...
˙̃xρ−1 = x̃ρ

˙̃xρ = {−α0x̃1 − · · · − αρ−1x̃ρ}+ z

+ φ̃0(x̃, z, ξ̃, w)ũ+ c̃(x̃, ξ̃, w)P0(x̃, z, ξ̃, w)z
(31)



ż = θ(x̃, z, ξ̃, w)z

+
{
φ̃1(x̃, z, ξ̃, w) − ∂π̃

∂x̃ρ
φ̃0(x̃, z, ξ̃, w)

}
ũ

˙̃
ξ = E1(ξ̃, w)ξ̃ +E2(x̃, ξ̃, w)x̃+E3(x̃, z, ξ̃, w)z,

where

θ(x̃, z, ξ̃, w) = P2(x̃, z, ξ̃, w)− ∂π̃

∂x̃ρ
− ∂π̃

∂ξ̃
E3(x̃, z, ξ̃, w)

+ c̃(x̃, ξ̃, w)
{
P1(x̃, z, ξ̃, w)− ∂π̃

∂x̃ρ
P0(x̃, z, ξ̃, w)

}
(32)

If one can stabilize (31) globally, then global output
regulation problem for system (1),(2) is solvable.

By applying a feedback

ũ =
−θ(x̃, z, ξ̃, w)z + v

φ̃1(x̃, z, ξ̃, w)− ∂π̃

∂x̃ρ
φ̃0(x̃, z, ξ̃, w)

(33)

the system (31) is converted to

˙̃ξ = E1(ξ̃, w)ξ̃ +E2(x̃, ξ̃, w)x̃ +E3(x̃, z, ξ̃, w)z (34)

˙̃x =




0 1
. . . . . .

0 1
−α0 · · · · · · −αρ−1


 x̃

+




0
...
0

δ(x̃, z, ξ̃, w)z


+




0
...
0

ζ(x̃, z, ξ̃, w)


 v

(35)

ż = v (36)

where

ζ(x̃, z, ξ̃, w) =
φ̃0(x̃, z, ξ̃, w)

φ̃1(x̃, z, ξ̃, w)− ∂π̃

∂x̃ρ
φ̃0(x̃, z, ξ̃, w)

(37)

δ(x̃, z, ξ̃, w) = 1 + c̃(x̃, ξ̃, w)P0(x̃, z, ξ̃, w)

− ζ(x̃, z, ξ̃, w)θ(x̃, z, ξ̃, w).
(38)

The system (34),(35),(36) is not a feedforward system
because ξ̃ is included in equation (35). However, the
terms including ξ̃ vanish in (35) when z = 0 and v = 0.
Therefore, a method similar to forwarding design can
be applied to this system.

4 Global output regulation with state feedback

In this section, global stabilization of the system (34),
(35),(36) will be discussed, after we prove the following
lemma:

Lemma 3 Consider the system

ẋ = f(x,w) + g(x, z, w)z
ż = q(z)
ẇ = s(w)

(39)

where ẇ = s(w) is stable in the definition of Lyapun-
pov, ẋ = f(x,w) is globally asymptotically stable with a
radially unbounded Lyapunov function W (x,w) which
satisfies

W (x,w) > 0 (x �= 0), W (0, w) = 0, (40)
∂W

∂x
f(x,w) +

∂W

∂w
s(w) < 0 (x �= 0), (41)∥∥∥∥∂W∂x

∥∥∥∥ ‖x‖ ≤ K(w)‖W (x,w)‖,
∃K(w) > 0, for ‖x‖ ≥ ∃M > 0,

(42)

and ż = q(z) is globally asymptotically stable and
locally exponentially stable with a radially unbounded
Lyapunov function U(z). Moreover, g(x, z, w) satis-
fies linear-growth condition with respect to x. Then,
(xT , zT )T converges to the origin.

Proof: First of all, boundedness of x will be shown.
Because g(x, z, w) satisfies linear-growth condition with
respect to x, there exist G0(z, w) ≥ 0 and G1(z, w) ≥ 0
such that

‖g(x, z, w)‖ ≤ G0(z, w) +G1(z, w)‖x‖. (43)

By evaluating the value of W

Ẇ =
∂W

∂x
{f(x,w) + g(x, z, w)z}+ ∂W

∂w
s(w)

≤ ∂W

∂x
g(x, z, w)z

≤
∥∥∥∥∂W∂x

∥∥∥∥ {G0(z, w)‖z‖+G1(z, w)‖x‖‖z‖}

≤ W (x,w)K(w)(G0(z, w) +G1(z, w))‖z‖,
(‖x‖ ≥ max(1,M))

(44)

is obtained. Because of the exponential stability of ż =
q(z) and the stability of ẇ = s(w), there exist functions
γ0(x(0), w(0)) > 0, γ1(x(0), w(0)) > 0, Kmax(w(0)) >
0 and a positive constant α such that

‖K(w)‖ ≤ Kmax(w(0)) (45)
‖G0(z, w)‖‖z‖ ≤ γ0(z(0), w(0)) exp(−αt) (46)
‖G1(z, w)‖‖z‖ ≤ γ1(z(0), w(0)) exp(−αt). (47)

Therefore,

Ẇ ≤ γ2(z(0), w(0)) exp(−αt)W
= Kmax(w(0)){γ0(z(0), w(0)) + γ1(z(0), w(0))}

· exp(−αt)W, (‖x‖ ≥ max(1,M))
(48)



is obtained, which derives

W (x,w)

≤ exp
(∫ t

0

γ2(z(0), w(0)) exp(−ατ)dτ
)

·W (x(0), w(0))

= exp
{
γ2(z(0), w(0))

α
(1− exp(−αt))

}
·W (x(0), w(0))

≤ exp
(
γ2(z(0), w(0))

α

)
W (x(0), w(0)).

(49)

This equation shows that W (x(t), w(t)) is bounded.
The value of x(t) is also bounded because the function
W is radially unbounded.

Secondly, consider the following integral:

Ψ(x(0), z(0), w(0)) =∫ ∞

0

∂W (x(τ), w(τ))
∂x(τ)

g(x(τ), z(τ), w(τ))z(τ) dτ.
(50)

The existence of Ψ(· · · ) can be proved by the bounded-
ness of x(t), w(t) and exponential stability of ż = q(z).
Indeed, there exists γ3(x(0), z(0), w(0)) such that∥∥∥∥∂W∂x

∥∥∥∥ ‖g(x, z, w)‖‖z‖

≤ γ3(x(0), z(0), w(0)) exp(−αt),
(51)

and thus the integral can be evaluated as

Ψ(x(0), z(0), w(0))

≤ γ3(x(0), z(0), w(0))
∫ ∞

0

exp(−ατ) dτ

=
γ3(x(0), z(0), w(0))

α
.

(52)

We will show that the function Ψ(·) belongs to C0-class.
Let (x0(t), z0(t), w0(t)) denote the trajectory of system
(39) for an initial stateX0 = (x0(0)T , z0(0)T , w0(0)T )T .
For given ε > 0, there exists T such that∫ ∞

T

∣∣∣∣∂W∂x g(x, z, w)z
∣∣∣∣ dt < ε

4
,

‖(x(0)T , z(0)T , z(0)T )T −X0‖ < 1
(53)

because the trajectories satisfy (51). Moreover, from
the continuity of the trajectory with respect to the ini-
tial state, we can show the existence of 0 < d ≤ 1 such
that∫ T

0

∣∣∣∣∂W∂x̃ g(x, z, w)z − ∂W (x0, w0)
∂x0

g(x0, z0, w0)z0

∣∣∣∣ dt
<

ε

2
, ‖(x(0)T , z(0)T , z(0)T )T −X0‖ < d.

(54)

Hence, for given ε there exists d such that

∫ ∞

0

∣∣∣∣∂W∂x̃ g(x, z, w)z − ∂W (x0, w0)
∂x0

g(x0, z0, w0)z0

∣∣∣∣ dt
< ε, ‖(x(0)T , z(0)T , z(0)T )T −X0‖ < d,

(55)
which means the continuity of the function Ψ.

Adding the function Ψ(· · · ) to the Lyapunov functions
W and U makes a candidate of the Lyapunov function
for the system (39)

V (x, z, w) = W (x,w) + U(z) + Ψ(x, z, w). (56)

The identical equation

W (x(s), x(s)) = W (x(t), w(t))

+
∫ s

t

Ẇ (x(τ), z(τ), w(τ)) dτ
(57)

implies

W (x,w) + Ψ(x, z, w) = lim
s→∞

{
W (x(s), w(s))

−
∫ s

t

(
∂W

∂x
f(x(τ), w(τ)) +

∂W

∂w
s(w(τ))

)
dτ

}
≥ 0.

(58)
This equation shows that V (x, z, w) ≥ 0. Because (58)
holds, V (x, z, w) = 0 means U(z) = 0 and W (x,w) +
Ψ(x, z, w) = 0. Hence, V (x, z, w) = 0 implies z = 0 and
x = 0 by the definition of Ψ(·). Therefore, V (x, z, w) is
positive definite with respect to x and z.

Let us prove V (x, z, w) is radially unbound with respect
to x and z. It is obvious from (58) that V tends to
infinity when ‖z‖ tends to infinity. So, we only have to
show that W +Ψ → ∞ (‖x‖ → ∞). The derivative of
the right-hand side of (58) can be evaluated as follows:

Ẇ − ∂W

∂x
f(x,w) − ∂W

∂w
s(w) =

∂W

∂x
g(x, z, w)z

≥ −
∥∥∥∥∂W∂x

∥∥∥∥ (G0(x, z, w)‖z‖+G1(x, z, w)‖x‖‖z‖)

≥ −
∥∥∥∥∂W∂x

∥∥∥∥ (γ0(z(0), w(0)) + γ1(z(0), w(0))‖x‖)

· exp(−αt)

= −
∥∥∥∥∂W∂x

∥∥∥∥ [{γ0(z(0), w(0)) + γ1(z(0), w(0))}‖x‖

+ (1− ‖x‖)γ0(z(0), w(0))] exp(−αt)

≥ −
[
(γ0(z(0), w(0)) + γ1(z(0), w(0)))

∥∥∥∥∂W∂x
∥∥∥∥ ‖x‖

+ γ0(z(0), w(0))
(
max
‖x‖≤1

∥∥∥∥∂W∂x
∥∥∥∥
)]

exp(−αt).

(59)



The above inequality becomes

Ẇ − ∂W

∂x
f(x,w)− ∂W

∂w
s(w) ≥


−[γ4(z(0), w(0))W + γ5(z(0), w(0))] exp(−αt)

when ‖x‖ ≥ M

−[γ6(z(0), w(0)) + γ5(z(0), w(0))] exp(−αt)
when ‖x‖ < M

(60)
where

γ4(x(0), z(0)) =
(γ0(z(0), w(0)) + γ1(z(0), w(0)))Kmax(w(0))

(61)

γ5(x(0), z(0)) = γ0(z(0), w(0))
(
max
‖x‖<1

∥∥∥∥∂W∂x
∥∥∥∥
)

(62)

γ6(x(0), z(0)) = (γ0(z(0), w(0)) + γ1(z(0), w(0)))(
sup

‖x‖≤M

∥∥∥∥∂W∂x
∥∥∥∥ ‖x‖

)
.

(63)

We can integrate (60) as

W ≥ exp
(
−γ4

α
(1− exp(αt))

)
W (x(0), w(0))

+
∫ t

0

exp
(
−γ4

α
(exp(ατ) − exp(αt))

)

·
(
−γ5 exp(−ατ) +

∂W

∂x
f(x(τ), w(τ)

+
∂W

∂w
s(w(τ))

)
dτ

≥ exp
(
−γ4

α

)
W (x(0), w(0)) − γ5

α

+
∫ t

0

∂W

∂x
f(x(τ), w(τ)) +

∂W

∂w
s(w(τ))dτ

when ‖x(τ)‖ ≥ M (0 ≤ τ ≤ t),

(64)

W ≥ W (x(0), w(0))

+
∫ t

0

(
−(γ5 + γ6) exp(−ατ)

+
∂W

∂x
f(x(τ), w(τ) +

∂W

∂w
s(w(τ))

)
dτ

≥ W (x(0), w(0)) − γ5

α
− γ6

α

+
∫ t

0

∂W

∂x
f(x(τ), w(τ)) +

∂W

∂w
s(w(τ))dτ

when ‖x(τ)‖ < M (0 ≤ τ ≤ t).

(65)

Combining (64) and (65) generates an inequality

W −
∫ t

0

∂W

∂x
f(x(τ), w(τ)) +

∂W

∂w
s(w(τ))dτ

≥ exp
(
−γ4

α

)
W (x(0), w(0)) − γ5

α
− γ6

α
.

(66)

Therefore,

W (x(0), w(0)) + Ψ(x(0), z(0), w(0))

≥ exp
(
−γ4

α

)
W (x(0), w(0)) − γ5

α
− γ6

α

(67)

is established, which means that W+Ψ tends to infinity
when x tends to infinity. Hence, V (x, z, w) is radially
unbounded with respect to x and z.

Finally, by construction

V̇ =
∂U

∂z
q(z) +

∂W

∂x
f(x,w) +

∂W

∂w
s(w) ≤ 0 (68)

holds, so the system is globally asymptotically stable
with respect to x and z. �

The simple version of this lemma without w is a well-
known theorem.

We apply this lemma to the global stabilization problem
for (34),(35),(36), with several assumptions.

The system dynamics restricted on x̃ = 0, z = 0 is
written as

˙̃
ξ = E1(ξ̃, w)ξ̃. (69)

The above dynamics correspond to the zero-error dy-
namics of I/O-linearizable systems (φ0(· · · ) = 0).

Assumption 4 The system (69) is globally asymptot-
ically stable with a Lyapunov function W (ξ̃, w), i.e.
there exists a Lyapunov function W (ξ̃, w) such that

W (0, w) = 0 (70)

W (ξ̃, w) > 0, ξ̃ �= 0 (71)
∂W

∂ξ̃
E1(ξ̃, w)ξ̃ +

∂W

∂w
s(w) < 0, ξ̃ �= 0. (72)

Moreover, there exists a positive function K0(w) and a
positive constant M such that∥∥∥∥∂W∂ξ̃

∥∥∥∥ ‖ξ̃‖ < K0(w)W, ‖ξ̃‖ ≥ M. (73)

Let us consider the stability of the dynamics restricted
on z ≡ 0

˙̃
ξ = E1(ξ̃, w)ξ̃ +E2(x̃, ξ̃, w)x̃

˙̃x =




0 1
. . . . . .

0 1
−α0 · · · · · · −αρ−1


 x̃ = Ax̃.

(74)

To guarantee the stability of the system (74), we assume
the following linear-growth condition:



Assumption 5 The cross term E2(x̃, ξ̃, w)x̃ satisfies
linear-growth condition with respect to ξ̃, i.e. there exist
positive functions b0(x̃, w), b1(x̃, w) such that

‖E2(x̃, ξ̃, w)‖ ≤ b1(x̃, w)‖ξ̃‖+ b0(x̃, w). (75)

Under these assumptions the following theorem is es-
tablished.

Theorem 6 Under assumptions 1, 2, 4, and 5, the
system (74) is globally asymptotically stable.

Proof: The proof is straightforward from lemma 3.
The Lyapunov function of (74) is

V0(x̃, ξ̃, w) = W (ξ̃, w)

+
∫ ∞

0

∂(E2x̃)
∂ξ̃

E1(ξ̃, w)ξ̃dτ +
1
2
x̃TPx̃

(76)

where P is a matrix satisfying

PA+ATP = −I. (77)

�

To stabilize the dynamics of z, we adopt a feedback
v = −kz where k is a positive constant. Further as-
sumptions are required for global stability.

Assumption 7 There exist M1 and K1(w) such that
the Lyapunov function V0 satisfies∥∥∥∥ ∂V0

∂(x̃, ξ̃)

∥∥∥∥ ·
∥∥∥∥
(
x̃

ξ̃

)∥∥∥∥ ≤ K1(w)V0(x̃, ξ̃, w),

‖(x̃, ξ̃)‖ ≥ M1.

(78)

Assumption 8 The functions ζ, δ and E3 satisfy
linear-growth condition with respect to x̃ and ξ̃.

Now, the main theorem is obtained.

Theorem 9 Under the assumptions 1, 2, 4, 5, 7, and
8, the global output regulation problem is solved by a
feedback v = −kz where k is a positive constant.

Proof: Under the feedback, z tends to zero exponen-
tially. Therefore, global stability is obvious from lemma
3. �

5 Conclusion

We presented a method for global output regulation for
nonlinear systems that have no relative degree. Future
work will extend this method to error feedback case.
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control via approximate input-output linearization: The
ball and beam example, IEEE Trans. on Autom. Cont.,
AC-37, pp. 392–398, 1992

[2] C. J. Tomlin and S. S. Sastry: Switching through
Singularities, Proc. of the 36th IEEE CDC (San Diego),
pp. 1–6, 1997

[3] R. Hirschorn and J. Davis: Output tracking for
nonlinear systems with singular points, SIAM J. of
Cont. and Optim., Vol.25, No.3, pp. 547–557, 1987

[4] A. R. Teel: A nonlinear small gain theorem for
the analysis of control systems with saturation, IEEE
Trans. on Autom. Cont., AC-41, pp. 1256–1270, 1996

[5] F. Mazenc and L. Praly: Adding integrations, sat-
urated controls, and stabilization for feedforward sys-
tems , IEEE Trans. on Autom. Contr., AC-41, pp. 1559–
1578, 1996

[6] R. Sepulchre, M. Janković, and P. Kokotović:
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