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Abstract: A robust set-valued regulation law is proposed for the
stabilization of an anaerobic digester for the treatment of
wastewater. This process exhibits a highly nonlinear dynamic
behavior. In addition, it must operate in an uncertain environment
with the presence of unknown inputs. Supporting some structural
and operationa conditions, this regulation law exponentialy
stabilizes the two most important variables in the anaerobic
digester: the Chemical Oxygen Demand concentration and the
Volatile Fatty Acids concentration around a desirable steady state
in the presence of kinetic uncertainties and input disturbances.
Simulations are carried out handling operational conditions close
to those used in areal plant.

Keywords: Robust nonlinear regulation, interval observers,
wastewater treatment processes.

| —Introduction

The robust control of bioreactors is an emerging domain in which
a number of practica difficulties limit the development of
efficient control agorithms. This is particularly true in the field
of Wastewater Treatment Plants (WWTP) which have the
following properties: the presence of important nonlinearities and
consequently the impossibility to proceed to a linearization
around a nomina point, the lack of reliable measurements and the
uncertainties on the model and on exogenous inputs. Because of
this lack of knowledge and since very few statistics are available,
the only reasonable assumption is to consider all the uncertainties
as unknown inputsin Ly with known bounds. However, because
the observability of nonlinear systems cannot be established
independently of the exogenous inputs, WWTP models are
usually not observable. To overcome this difficulty, techniques of
interval observers (see [RAPAPORT, 1998], [HAD>SADOK and
Gouzg, 1998% 1998° 1999], [HADFSADOK et al., 1998] and
[ALCARAZ-GONZALEZ et al., 1999, 2000°]), have been proposed
to compute dynamically guaranteed bounds on the unmeasured
states instead of reconstructing their precise numerical values.
These robust observers have then been used in robust control
strategies for regulating a single output of a class of biological
reactors (see [RAPAPORT and HARMAND, 1998% 1998",
[ALcARAZ-GONZALEZ et al., 20007). The proposed controller,
which uses these dynamical bounds, guarantees that a quadratic
function of the output is a robust Lyapunov function. This
approach has been recently extended to solve the Single-Input-
Multi-Output stabilization problem using a modified Lyapunov
function [MALoum and RAPAPORT, 2000]:

Jéllg.(y.-y.')

V(y)=e™ -1 @
where the choice of the parameters g and d; bring more flexibility
than for the quadratic case (their signs can be chosen depending
on the operation mode of the bioreactor: consumption or
production).
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This paper presents the application of this new SIMO control
strategy to the control of an anaerobic digestion pilot plant for
treating wine vinasses. The paper is organized as follows. First,
the general nonlinear model considered in this study is described.

Second, a dynamical nonlinear interval observer is introduced
assuming that the nonlinearities are partially known and input
disturbances as well as initia conditions are unknown but that
they belong to a prescribed bounded set. Then, the partia
information provided by this interval observer is used to
synthesize a robust regulation law that exponentially stabilizes |
regulated variables around a desirable steady state. Simulation
results using operational conditions close to those used in a rea
anaerobic digestion plant are provided before some conclusions
and perspectives are drawn.

Il - The considered model
The following genera nonlinear time-varying lumped modd is

considered:

x(t) = CT(t)f (x(t).t)+ AD(t).,t)x(t) + b(t) ©
where x(t) T A" is the state vector, f(x(t),t) T A" denotes the
vector of non negative reaction kinetics, CT A" "and T(t) T A""
represents matrices of coefficients (e.g. stoichiometric, yield or
kinetic coefficients) where C is constant and T(t) is non negative
and possibly time varying. The time varying matrix At) i A™"
explicits the linear dependency between the state variables where
D(t) 3 0 isthe manipulated variable (the dilution rate) while b(t)
T A" belongs to a vector gathering the inputs (e.g. mass feeding
rate vector) and/or other possibly time varying functions (e.g., the
gaseous outflow rate vector if any). The following hypotheses are
introduced:

Hypotheses H1 :

a) A(t) isknownforeach t3 0.

b) m states are measured on-line and | £ m of them are the states
that to be regulated.

¢) Cisknown.

d) A(t) is bounded, i.e., there exist matrices A and A such as
A£A)EA.

€) Guaranteed bounds on theinitia conditions of the state vector
are known with x; (O) £x (O) £X (O) .

f) Guaranteed bounds on the unknown inputs are given as
b £b(t)£b(t)E£b(t)ED .

g) Guaranteed bounds on the unknown matrix T(t) are given as
TET()ET (eg. uncertainties on the kinetic parameters).

Notes:

a) The constant signs of C mean that the reactions are admitted
to beirreversible.

b) The sign of the terms of the matrix C indicates if the speciesi
is consumed ((G;) < 0), produced ((C;j) > 0) or unaffected ((C;j) =
0) by the ™ reaction.

¢) The operator £ applied between vectors and between matrices
should be understood as a collection of inequalities between
elements.

Assumptions AL:

a) A reaction j stops (i.e., fi(x(t),t) = 0) when at least one of the
variables x(t) involved in fj is equal to zero.



b) For any constant vector, X™ 1 A" (“in" stands for input)
there  exists a  vector wi A" such  that

W={XTAEWT(X->‘<"‘+)£O} is compact and positively

invariant by the dynamics of (2), whatever are D(t)3 0 and

x"(t) £ X'™* . This assumption is commonly named mass balance
in the literature (see [BAsTIN and DocHAIN, 1990]).

¢) Using the hypothesis H1b the state space can be split in such
away that (2) can be rewritten as:

%, (t)= CyT(0) £ (x(t).t)+ Aw [t (6)+ A (0)x2 () + by (1) @
X, (t) = CoT() (x(t)t) + An (O], (6) + Az () (t) b, t)

where the m measured states have been grouped in the Xy(t)
vector (dim xy(t) = m) and the variables that have to be estimated
are represented by xy(t) (dim x(t) =s=n - m). Matrices Au(t) |
A5 AT A" AT A" Ay T A" ", CiT A, and
C 1 A™" ae the corresponding partitions of A(t) and C
respectively.

11l = Theinterval observer

In the interval observers approach first introduced by [RAPAPORT,
1998], it is established that a necessary condition for designing
such interval observers is that an observer of any form exists
given known b(t). If such an observer exists but b(t) is unknown
(only lower and upper bounds are known), the structure of this
observer can be used to build an interval observer. Therefore, the
following hypothesis is introduced:

Hypotheses H2:

a) rank C;=rankC

b) Under hypotheses Hla-H1d and H2a, when the vector b(t) is
known and there does not exist any restriction on the initial
conditions, the following system:

%Gv(t) =W(t)Mt)+ X (t)x, (t) + Nb(t)
1 W0) = Nx(0) @
+,5(1(t)= Wt)- Nox, (t)

with: W(t) = All(t)+ N2A21(t)’
X(t)= Aplt)* NoA (t)- WIN,, N, =-C,Cyt, N, T AST,
N=[IgIN,]

is a stable asymptotic nonlinear observer for the nonlinear time
varying lumped model (2), (i.e, % (t) converges asymptotically
towards x,(t) for any initial conditions) and it is independent of

the kinetics. More details about the design procedure for this
observer can be found in [ALcARAZ-GONZALEZ et al., 19997.

Now, let the hypotheses Hle-f be verified. In other words, in one
hand, some bounds are now available on the initial conditions
and, in the other hand, the vector b(t) is considered in the
following as unmeasured, but some lower and upper bounds —
possibly varying with time - are known. In such a situation,
notice that the model (2) is no longer detectable. Consequently, it
is not possible to design an asymptotic observer like (4).
Nevertheless, its basic exponentialy stable structure can be used.
The idea developed in the following is to design a set-valued
observer in order to build guaranteed intervals for the
unmeasured variables instead of estimating them precisely. First,
let us introduce the following hypothesis:

Hypothesis H3: W (t)2 0," i j.

Now, the following result is recalled:

Lemma 1 [SwiTH, 1995]:

Let z = f(z ,t). This system is said to be a cooperative system if
1f; S

—(z,t)30"it j.

e

It implies that if z(0) 3 O, then z(t)3 0, t3 0. In addition, it is

known that cooperative systems generate a monotone semiflow in

the forward time direction. The proof of this lemma can be found

in [SmiTH, 1995]. |

Thus, with reference to the previous lemma, the hypothesis H3
guarantees the cooperativity for the system of interest. Therefore,
under hypotheses H1-H3, the following set-valued observer
guarantees  that 1(1(t)£ xl(t)ﬁ il(t), "t30 given that
%,(0) £ %, (0) £ %, (0) [ALcArRAZ-GoNzALEZ et al., 19997]:

For the upper bound :

®)

For thelower bound :

19t) =Withw(t)+ X (t)x, (t) + M ()

M=igiN, N, ], N, :ﬂszij”.

1V Robust feedback regulation

This section is devoted to develop the main idea of this study.
The goal is to regulate | measured states around a certain steady
state. Notice that, in a first regard, the hypotheses H1 about the
model suggest a highly uncertain environment. Furthermore,
since the system is non-detectable, only the guaranteed bounds
provided by the set-valued observer (5) on the unmeasured state
are available and thus, only guaranteed bounds on the reaction
rate vector f(x(t),t) are known as:

F(x(t)t) =, [nxinX f(x{t).t) £ (x(t).t)
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e ma 1)) = T(x)) ©

However, under additional hypotheses stated below, even using
this partia and uncertain information, it is possible to guarantee
the feedback regulation of the state variables under interest. First
let us introduce the following notations:

Notations and definitions:

= y(t)i x,(t), y{t)=Yx,(t), y(t)i A, is the measured output
that one wishes to regulate (with the obvious definition for Y).

= y,(t)=H,y(t), i=1..], is the i-th component of y(t),
ie,H = [0 0 1 0 .. 0]

sqt) T byt), qt) = Ybt) and qt)=H,qlt) is the
corresponding element of by(t) for each yi(t) " i=1...1.

* CY =YC,, Al =YA, and A, =YA,.



» mode(i)=c: H,CJ <0 and (3_/:” - yi’)>0
(consumption of y;)

mode(i) =p: H,CY >0 and [y - y/ )<0

(production of y;)
i i y'n ™| if modeli)=c
(yl yl ) —in+ in- - A
Vi Y if mod efi) =

* p is the number of species involved in the reaction j and
p=anp;.
]

= | =Kmaxd max(0; C;) with K >0.

P

]

= h(Q)=minminxi,whereQ isagiven subset of W.

Q i

= Vi and V; are the smallest and largest absolute values

respectively of the components of the vector H,CJ , V= n‘ll r}\/I
- 1=L..I—

and V= rrlla>|<v
I

Now the following hypotheses are introduced:

Hypotheses H4:
a) T()f(x(1),t) is K-Lipschitz continuous (K > 0) on Wand there

exists a positive number b such that: T(t)f, (x(t)t)? bOx

b) T()f(xi(t), xo(t),t) is monotonic with respect to each
component of x(t).

) An=0and Aj(t)= D()Y

d) CIi()‘ ()YI() =11

Now, for the design of a robust exponential output stabilization
law it is necesary to choose some parametersg, d, D , | “and | *
asfollows:

g, >d, >0 if mode(i)=c

g <d, <0 if modefi)= ™
with d sufficiently small to ensure

Do égi(yiin - yi') m?)\(/v |d ( ] @®)
= T EYEY™ =t

\) m\,ﬁ fAxX(E), 1|¥ with G = ga |g | |d |_ ©

[/

0<1” £0D - GVT maxf x{ )|| (10)

&bl Al

17 > maxij” I|_1 i D y

U Aol o | !

with "= pfj +D) a

Define for the following the functions:

y(y)=éillgi(yi -y[) and n(y)=é|’:11|di(yi -yi) (12

Proposition 1: Under hypotheses H1 to H4, for any set of initial
conditions Qg = |X,5, %] {y(O)}1 W such that h(Q,)>0 the

following output control law exponentialy stabilizes the output
(y1 ..... yl) about (yl’ ,...,y():

£t y(t) if y (y(t)2 0
f(Xl(t) y(t) it y (v(t) <o
(X, X, areprovided by theinterval observer (5))
h (y(t) = g; +d; if d; fyi (t)- yir%: (v(t)= o

oi - d if dilyi(t)- vy (vt) <o

B (1)y()2=

2]

e OOl 2
u(t)= i—wﬁy(r»\-n(y(r»_ 1 i: zgggi
[Ty 0 ey ) iy ()2 0
T if y(yt) <o’ Y:n(t) it y (y(t) <0
ity (vt)e o
=ity (yt) <o
Proof: Consider the candidate partial Lyapunov function :
V() =€ O (vl _ 4 (14
- & bl if y(ylt)2o0
and define: g( ()) éy n() y(y(t))<0
then onehave
V(v(H)=a h (v DolyEIgH.CIT™ £ B ) v(0)2

(15)
+D §<1 t ytgy;"t A +ﬂ£-|v( y(t))

So, V(y(t)) is decreasing and exponentially stable, an thus, the
claimed result. More details for this proof can be found in
[Maloum and Rapaport, 2000]. |

Remark 1: The proposed control law for D" s bang-bang”
about y', between two expressons: D*(x,(t)y(t)) when
gi(Yi (t)' Yir)3 0 and D° (T(l(t)’Y(t)) when gi(Yi (t)' Yir)<0- It
can be smoothed for practical stability (i.e., about a neighborhood
lyi (tX|gi(yi (t) y{lEe with e >0) by the following output
feedback law:

D, ’g&f ()2

=D"(x,, y(t)) ity (y(t) >e

= (v() +e)o” (x, vEe) (16)
- (yt)- o) (., y(») 2e it (vlD) e

=D~ (%, ¥(t)) ity (yt) <-e

Remark 2: The SISO case is covered when | = 1 (obviously) and
d, =0.

V — Example: Application to a wastewater treatment process

V.1 - The anaerobic digester model
In the following, a model of an anaerobic digestion process
carried out in a continuous fixed bed reactor for the treatment of



industrial wine distillery vinasses is considered [BERNARD et al.,
1998):

\I ( —

i Xy = (r%axl”l - aD)Xl
i Xz = (mym - aD)X,

1Z2= D(zi - z)

{ . .

18 =0(S) - S.)- KMy, mX, an
i .

: S, = D(Slz - 52)"' KoMy, M Xy - Kgmym, X,

:CTI = D(CiTl - Cqy )"' k7(kapco2 +Z-Cy - 52)

f FkaMu X, +ksmym X,

where Xy, X5, Z, S}, S; and Cyy are respectively the concentrations
of acidogenic bacteria, methanogenic bacteria, strong ions,
chemical oxygen demand, volatile fatty acids and total inorganic
carbon and they are supposed to be positive for any time. The
parameter a represents a proportionality parameter of
experimental determination. In al cases, the upper index i
indicates “influent concentration”. The variable D = D(t) 3 0 is
the dilution rate and is supposed to be a persisting input, i.e.

o Dt )t >0.

Like in any other mass balance model of biologica processes, a

strongly nonlinear kinetic behavior is present due to the reaction
rates. These rates are given by:

S

S.l aﬂd n.b - 2 >

Kg +S &s, 9

KSZ +S, + K—_

l, g
The CO, partial pressure Ry is expressed as function of the

states as :

F - \F 2- 4P [co
— 8 T[ 2] where (19)

P =
co, 2k

m = (18)

F =kePr +[coz]+% and [CO,]=Cy, +5S, - Z
7

Detailed definition of the different functions, parameters and their
values can be found in [Bernard et al., 1998]. The nonlinear
interval observer and the robust feedback law developed in
previous sections is then applied to the dynamic process model
(17) defining the state vector x; = X;; X, =X,, X3 =Cq,
Xy =Z; %5 =S|, Xg =S, , the model (17) can easily be written
under the form of the model (2) with appropriate matrix
definition.

The observers (4) and (5) have been aready successfully applied
for the process model (17) in [ALCARAZ-GONZALEZ €t al., 1999%
9. Indeed, by using D, R0, and the two substrate concentrations

S, S, as measurements, the following matrix N:

&k 0 0 0 Kk 0u
e . u

No 1 80 kk 0 0%k ki g )
kiks € 0 0 ks 0 Hkgk, +koks) Kokl
80 0 0 Kk 0 0q

meets the hypotheses H2-3 and then, (5) can be used to estimate
guaranteed intervals on X;, X;, C and Z. Now the robust
regulation method depicted in the previous section will be applied

to regulate S, and S around S <S and S} <SI

respectively with S" >S,(0), Si >S,(0), S,(0)>S!, and
S:0)>s;.

V.2 - Smulation results

Simulations were carried out using the parameter vaues from
[Bernard et al., 1998]. These simulations were carried out over a
100 days period at different dilution rates and at different input
substrate concentrations. In addition it was considered that input
concentretions (see Figures 1 to 4) as well as My,

(L14£m,, £1.26) and m, (0.66£m, £0.73) (see Figures 5

to 6) were unknown (dashed line) and only guaranteed intervals
on them were known (continuous line). In order to add some
realism to these simulations, small fluctuations as well as drastic
step perturbations were aternatively introduced in the input
concentrations (see Figures 1 to 4). The variables X;' and X, are
supposed to be negligible in the model (17). The “rea input
concentrations’ as well as the “real evolution of the parameters’
shown in Figures 1 to 6 were only used to simulate the model
(17) from which the measurements S; and S, and the partial CO,
pressure Pco, were taken directly (see Figures 9, 11 and 12).
Upper and lower estimated states (continuous line) for the
unmeasured variables X; and X, are presented in Figures 7 and 8.
“Predictions of the model” values (dashed line) in this graphic
were aso directly obtained from the model. In agreement with
the section IV, the dilution rate D was used for the regulation of

S, and S; about the reference values S) =2 g/l and S, = 10

mmol/l respectively. Thetime evolution of D S; and S, are shown
in Figures 10 to 12.

Remark 3: According with (7), the dynamics of S; operates in
mode (i) = ¢ (see (17)). For S, this is not obvious, however,
under the operationa conditions depicted above (close to those
used in area plant), the dynamics of S, operates also in mode (i)
=cinagloba manner.
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Figure 10: Dilution rate (the regulation law).

20 a0 40 a0 B0 7o a0
Tirne, {d]




3, (wh

a ‘WID 2;] 3iD A‘EI S‘EI B‘EI ?;ZI BiD EIID 100
Tirre, {d)
Figure 11: Effluent concentration of S
(measured regulated variable).
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Figure 12: Effluent concentration of S,
(measured regulated variable).

In Figures 10 to 12 it is shown how the dilution rate D operates
quickly to drive the regulated variables S, and S, towards the

reference values S| =2 g/l and S, = 10 mmol/l respectively.

Also, in these Figuresit is shown how, once the regulation god is
achieved, the dilution rate D performs adequately to keep S, and
S around their nominal values despite the highly uncertain
environment (e.g., fluctuations and drastic step perturbations of
the unknown input concentrations, uncertaintieson My, and m,

and uncertainties on the estimated values of X; and X;).

VI — Conclusions and per spectives

In this paper, a robust set-valued SISO and SIMO regulation law
has been proposed for an anaerobic digester for the wastewater
treatment whose behavior is described by a highly nonlinear
dynamic system. Simulations were carried out handling
operational conditions close to those used in a rea plant. This
regulation law presented an excellent performance keeping the
regulated two important variables towards their nominal values
for a certain steady state even under a highly uncertain
environment (e.g., fluctuations and drastic step perturbations on
the unknown input concentrations, uncertainties on the kinetic
parameters and uncertainties on state variables involved in the
kinetic rates). A logical extension of this approach, now under
study, is the MIMO case based upon the same philosophy.
Because of the large interest of this approach at the experimental
scale, the authors are currently working on the experimenta
validation of areal WWTP.
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