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Abstract: We consider the problem of supervisory control
for compact rectangular automata with uniform rectangular
activity, i.e. initialised. The supervisory controller is state
feedback and can disable only discrete-event transitions in
order to solve the non-blocking forbidden state problem. The
non-blocking problem is defined under both strong and weak
conditions. For the latter maximally permissive solutions
that are computable on a finite quotient space characterised
by language equivalence are derived.

1. Introduction.

This paper concerns a language optimisation problem
defined on Rectangular Hybrid Automata that was originally
stated for finite-state automata [5] and then extended to
timed automatain [2], [4]. A hybrid automaton is a model of
a system that contains both continuous and discrete
components. The control actions considered in this paper are
exercised by preventing discrete events from occurring at
particular states. The set of states of a hybrid automaton
Aisdefined to be S, and the discrete event transitions are

labelled by the finite set Z,. We define the supervisor
T:SpxZ, - {01; anevent o0Z p is permitted by 7 to
occur at the state sO S, if and only if 7(s,0) =1. A state of
A iscalled T-reachableif it can be reached from an initial
state via a path all of whose events are permitted by 7. The
problem definition involves partitioning the event set X
into two subsets, >, =%.0%,, the controllable and

uncontrollable events respectively. The controllable events
are characterised by the fact that they can at any point be
prevented from occurring, whereas the uncontrollable events
cannot be prevented from occurring; that is, aways
7(s,0)=1if o[X |,. Thisdefinition wasused in[5] and in
this respect differs from the controller synthesis problem
stated in [3, Def. 2.1.34] where all events except one at each
state are prevented from occurring. Also a control problem
under the hybrid games formalism has been considered in

[6].

The supervisory control problem is defined as follows: A
compact rectangular hybrid automaton A with fixed activity
rectangle and two sets of locations F,T of A are given.

Compute a supervisor 7 such that in the controlled hybrid

automaton (A, 7) a) the locationsin F are inaccessible, b)

alocationin T can be reached from every 1 -reachable state
of A (this latter condition we cal the nonblocking
condition) and c) the language accepted by (A1) is
maximal for al supervisors with this property (this statement
will be made precise later).

Our main result is that the supervisory problem is decidable
and it is possible to compute the supervisor 7. We partition
the state set into finitely many equivalence classes, based on
language equivalence, and we show that if any two
transitions with controllable events lead to equivalent states,
then both or neither of these transitions should be permitted.
The solution follows from the fact that the reachability
problem, for the class of rectangular hybrid automata we are
considering, can be solved by replacing the hybrid
automaton by a timed automaton, in which the
corresponding supervisory control problem can be solved. In
this respect the controller synthesis is implemented by an
exact (accurate) computational algorithm that terminates.
Initialised rectangular automata therefore are, together with
timed automata, classes of hybrid automata for which the
controller synthesis procedure terminates. Beyond that
approximating schemes are needed, see [7]. If the hybrid
automaton can be partitioned into finitely bisimulation
classes (see[3, 2.1.18] for a definition and discussion of this
term), like a timed automaton (see [1]), then the supervisory
control problem is decidable and the supervisor computable,
(see also [3, 2.1.36]. However for the class of rectangular
hybrid automata that we consider, there are uncountably
many bisimulation classes, except for some low-dimensional
special cases (see[3, chapter 6]).

This paper is organised as follows. In part 2 we give the
essential definitions and a precise statement of the problems
that we are attempting to solve. In parts 3 and 4 we prove the
main results and in part 5 we state our conclusions.

2. Definitions

A rectangular hybrid automaton (RHA) is defined as in [3,
2.2] but with several necessary restrictions. Let R be the set
of real numbers. We define B,, to be the set of all compact

rectangles of dimension n; that is, an element of B, isaset



n

ML Ui1OR" with each L;jU; an integer. In order to

=1

prove our results, we assume that the RHA A is compact

(that is, al rectangles given in the definition of an RHA are

compact). A compact RHA Aof dimension nis defined by

the following sets;

1) afinitealphabet 2 ,;

2) afinitedirected graph (Va,Ea). Elements of V are
called vertices (or locations); elements of E, are
edges;

3) a function inva:Va - B,. We cal inv(v) the
invariant set of the vertex v. A state of A is a pair
s=(v,x) with v[V,, xOinva(v). Wesay X isthe
continuous part, and Vv the discrete part, of the state
(v,X). We write v = discrete((v,X)),x = cts((V, X)) .
The invariant set specifies the allowable continuous
states at each location. The set of statesis S, . We dso
define Sp (V) to be the set of states with discrete part
vOVpa;

4) an activity rectangle act , [B . The activity rectangle
defines the rates at which the continuous part of a state
changes. In [3] the general definition of a rectangular
automaton assumes an activity rectangle for each vertex,
but here we assume that each vertex has the same
activity rectangle. Basically we assume that the
rectangular automata are initialised (see [3, 3.4]). Also,
we need to assume that no face of act , has a zero co-

ordinate; that is, each L; #0,U; #0 when act, is
expressed as given above. These restrictions are
essential for proving our results;

5) an initial state function | 5:Va — inva(v) . We need
not to assume that for every vertex v[V,, the set
I A(v) is a rectangle in order to prove our results,
athough in [3] this set is considered rectangular. We
define initpy ={(v,X) OSa :xO 1 po(V)};

6) thefunctions
preguarda : Ep — Bp,updatep : Ep —
2L postguard o Ep — B

7) afunction eventpy :Ep —» Za

Functions 6) and 7) define when a discrete event can take
place.

The following set of binary relationsis associated with A :
For each element oOZ0OR,y there is a relation

g g g
- [0SpxSp. We write 51 - S, to mean (s;,S)0 - .
A A A

t
Next the relation; (v,X) —»(v,y) holds if there is a
A

differentiable function f :[0,t] — inv(v) with derivativein
acty, and f(0)=x,f(t)=y, t=0. This is equivaent to

the condition that either X =y or thereisafunction f with
constant derivative satisfying the conditions stated. Note that

f ty fh+to
v, ¥) = (v,y), (vy) -(v,2) implies (v,x) - (v,2). We
A A A

time t g
aso write - = U - . Therdation (v,x) - (w,y) holds if
A A A

thereis an edge eJE, from vto w with o =event(e),
xOpreguardp(e), yOpostguarda(e) and for al
i Dupdate, (€) , the ith component of X is equa to the ith

g t r
component of y. Wewrite sy _, sy if 555 and
delayed, A A
I U T
S, Sy forsomet=0 and s; 0S,. For Q0 S, we
A
write pre®®®ed.9 () to be the set of states s satisfying
g
s , s0OQand
delayed, A

preV:08ed.o () = predded.o g, () The language

La(S) O is  defined as  follows,  if
a1 Oy
S N Sp oo S N Sr+1 then
delayed, A delayed, A
01---0, OLA(s) - We also define
o] o1 Om

LA() D (EaDR20)"if S —> 51 = oSy — Sy then

1107 ...tmOm DL (S1) . We define Ly =Ugy , La(s) and

define L'y similarly.

Next we define the notion of language equivalence used
below. Given a compact rectangle ROB,, and x,yOR",
we say that x and y are language equivalent for R if for
every compact rectangular hybrid automaton A" with
activity rectangle act, = R and every location V[V, we
have L (v, X) =L (v, y) . Two states of a hybrid automaton

are language equivalent for R if they have the same
discrete part and their continuous parts are language

equivalent. We now define an equivalence relation L, on

R" which is known to be at least as fine as language
equivalence for actp . Given

X= (X X ) X' = (Xg,... X ) OR™, assume that

n
actp =[][LiU;]1OR"and let Abe the least common
i=1
multiple of the integers in the set {L;,U4,...,L,,U,} and
define x Oy X' if

o i< n,int(x; Li+1) :int(xi'Li+1) and
i i



. . A A
Oi, j <nint(X; — =X —) =
j (,Uj ILi)

. A A
int(x\ — —xj —).
04 G610
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Note that owing to our hypotheses, there are no zero
denominators. This is the only point in the paper at which
every U; #0,L; Z0needs to be assumed. It should be

observed that in every compact rectangle there are finitely
many [p-classes. It is proved in [3, Corollary 7.3.2] that

Ua -equivalence implies language equivalence (sufficient
condition). Given two states (v, X1),(V,Xo) 0 Sp we write
(v, %q),(V2, %2)) @ A tomean (xq,X2) [0 5 and vy =V,

Let the event alphabet > 5 be partitionedas > =>. 0%,

the controllable and uncontrollable events respectively.
Also, and in order to define clearly the supervisor, we

o,
require one further conditionon A;if o[X  and s— s
A

g ” ’ ”
and $8 then s =s . Then we will say that A is X.-

deterministic. This condition can be enforced by assuming
that postguard 5(€) isasingleton if the edge e has label in
2. and that no two edges with the same label in Z . have

the same starting vertex.

Definition of the supervisory controller: We consider the
supervisory controller to be the (static) state-feedback map
7:Sp - [ where I isthe set of control patterns defined to

be M={y0Z,/yd%,}. Thus a supervisor for A isa
function 7:VaxR"xZ, - {03 satisfying 7(v,x,0) =1

g t r
if o0X,. We write 557 _, s if s55-5 ad
r,delayed, A A
r g I !
S Sy forsome t=20 and s5; OS, and 7(s; ,0) =1;
A
g g
also, we write 5, _, s, if 5 _, s, andr(s;,0)=1. We
T,A A

define L(AT)OLaL"(A7)OL, by only considering
transitions allowed by 7. For any subset 2' [0 % 4, the

b g
relation - is the union of the relations - for
delayed, A delayed, A
5
o0%'; dso, - isdefined similarly.
r,delayed, A
For any relation — , the relation =" is the transitive
A,
closure of theunion of — and equality. If sp( - ) s
r,delayed, A
with sy Oinity then we say that Sis 7-reachable and if

ZA time

*

) s » s then S’ isalmost T -reachable.

7,delayed, A A

The main problem of this paper is the following; assume that
the sets F,T OV, are given. The assumption that these sets

are ‘whole’ vertex sets (and not ‘part’ of them) is withought
loss of generality.

Problem definition: Non-blocking Forbidden State
Problem for Rectangular Hybrid Automata

The supervisory control problem takes the following form:
Find asupervisor 7 for A satisfying:

ZA \* .
1 —-s( - )sfor all stinit 5 and
r,delayed, A

discrete(s)OF (that is, T avoids F . This defines the
forbidden state problem or a safety property problem) and

p2
2. if sUS, isany T -reachable state, then s( = )'s'
7,delayed, A

for discrete(s)OT (thatis, r avoids blocking. This defines

an eventuality property problem or the non-blocking
controller).

We then say that T solves the weak non-blocking forbidden
state problem for the vertex sets F, T . We also define the
strong non-blocking forbidden problem, in which the
hypothesis on sUS, is merely that S is almost 7-

reachable, and which in other respects is the same as the
weak non-blocking problem. The strong reachability
problem appears to be more difficult to solve than the weak
non-blocking forbidden problem. Recall that disabling of
only discrete-event transitions is used and no assumptions
concerning non-blocking behaviour have been assumed for
the hybrid automaton A. In this paper we concentrate
mostly on the weak non-blocking forbidden problem. It is
not guaranteed that a solution to either problem exists. We
prove that if a solution to the weak nonblocking problem
exists, then there exists a solution T, , decidable and
computable, which is maximally permissive; that is, if any
supervisor T aso solves the weak nonblocking problem and
for some sg Oinita, t;=20 and g; (X 5, we have

i1 01 Om
Sg— S — 5 Sm — Sy for p =1 then thisalso holds
A A A
for (1 =Tpyg. Then L'(AT) O L' (A T,y). We show that
g1 g2

if sy > s',s, » 8" with ,,0,0Z, and S, S' are O,-
A A

equivalent then 7., (S;,0; ) =T (S,,0,) . Based on this
we then show that given a O,-class 1 then 7,4 (S1,0) is

g
computableforany s; 0Sp,s _, s Or.
A
3. Main results

3.1 Finite partition of the rectangular automaton

In order to compute the required supervisor, it suffices to be
able to congtruct a labelled transition system defined over a



finite state set which enables us to establish, given a state

>, . ,
0S,, whether o s forany s OF. It is this
S Uop Sl(ddayed’A) y

that motivates the following results in this section. First we

consider the following lemma concerning language
equivalence.
47 Om
Lemma 1. If (Vlvle_) — (V21X2)"' — (Vm+1nxfn+1)
delayed, A delayed, A
r
and X; Oa X4 then
' (2% 1] On '
(V1, %] ) - (VZv X5 ) """ - (Vm+1v X1 ) for
delayed, A delayed, A

elements xi' OR". (Note that we do not claim x; Op xi'
fori>1))

I
Proof. Since Xg Oa X we must have
' g1 o Om ' '
(Vj_. Xl) — (V2 1 X2 ) """ — (Vm+1 s X1 ) . To prove
delayed, A delayed, A

that each v, = vi' , construct a hybrid automaton A without
loops in the directed graph defined by its vertex and edge
sets, of dimenson N with activity rectangle act, and
containing only the locations and edges of A appearing in

o, O
the statement (vi,x) _, (V%) - — (Ve Xme1)
delayed, A delayed, A

(if this path passes through the same vertex more than once
then duplicate vertices will have to be defined). The result

now follows from the fact that x; O, xl' implies x; Uz X

andso Lz (V, %) =Lz (V. % ).

Definition 2. A statement (v, %) i (Vo, %)+
delayed, A
Om .
o (Ve Xgey) IS caled a path over the vertex-
delayed, A

sequence Vy, ...,V -
Using language equivalence define a finite partitioning of
R" and let ry be the corresponding function from R" into

theset R" / [, of equivalence classes.

Definition 3. We define the labelled transition system on
the finite st V,xR"/0O as follows. Given states

(V1,%),(v2,%2) we define (Vl’rD(Xl))ﬁ (Vo,ro(x2)) if

(V1, %) i (V2,%z).

delayed, A

Theorem 4, Let Then

ro(x) =ryp.

o; On
(V) O W, 15) ] (VuasFa) for sets 1 DR i
there exists a path

01 Om
(v, x1) o (Vo X)) (Ve Xmaa) for
delayed, A delayed, A

X OR n .
Proof. That the second assertion implies the first follows

g
immediately from the definition of O .
We assume the first assertion and prove the second using

T (% T
induction on - m. Thus (v,x) _, (VX% ) for some
delayed, A
r r g

X Or, %o Or, by the definition of [ . Also
' g2 Om ’ i n

V2, %) o e > (Vmens Xme) for X, OR
delayed,A delayed, A

follows from the inductive hypothesis. The result now
follows from Lemma 1 and the fact that x; Or; implies

X, Ua xl' .
Remark: Note that rg(x;)#r; for i>1. This would be
true if we had bisimulation equivalence.

3.2 Forbidden state problem

Next we consider the forbidden state problem (whithought
involving non-blocking) and we show that this is decidable.
We state this problem briefly in order to give some intuition
and to clarify that the non-blocking forbidden problem is
moreinvolved. The latter is stated afterwardsin 3.3

Theorem 5 Assume that - (sy( )'s) for s Oinit 4,

delayed, A
s OF (otherwise no solution to the problem could exist).
Define the supervisor T as follows; 7(S;,0) =0 if there

ag
existsastate s S, with S, — S and s(%ﬂ}d )'s with
A ayed, A

the discrete part of Sin F and o[ .. In all other cases
let 7(s;,0)=1. Given any supervisor 7 that avoids the

vertex set F,wehave L'(A7) O LY(AT).
(%) g

2
Also, if sl_A>(v,x1) and s, - (v,x,) with esch g; [X

A
and X; 00X, then 7(sy,071) =1(Sp,05) , and this means that

if there exists a supervisor solving the forbidden state
problem then this is constant on transitions mapping into
thesame 0, class.

Proof. Assume first that the defined supervisor does not

p2
solve the problem i.e. there exists a path s5( _, )'s
7,delayed, A
, s
with soOinits and S OF . Thensince ~(g,( . )'s)

delayed, A



s
by the hypothesis, we infer that s i SC . )'s with
7,A  1,delayed, A

o Z.. However this is impossible, since we then have

» zU * 1 ’ ..
S (nggagd% ) s andthus7(s;,0) =0 by definition.

Next assume that 7T is a supervisor and that
1 o1 Im —F -
S8 Sy S holds for =T but not for u=r1

A 1A A
and m is minimal such that this condition is satisfied. Thus
%, ’
0,0%, and 5,( — )'s for some S UF, by the
delayed, A

definition of T, and this implies that a location in F is
accessible from sy Oinity under T, hence T is not a
solution to the forbidden state problem.

The last part of the theorem follows from lemma 1. This is
an important property for the involved partition of [,
classes.

We next show that it is decidable whether we

g
haver(s;,0) =1or 0 for a transition s; —(v,X), where
A

olUZX.,r isa Oy-class, xOr and vV, . Following the
last part of Theorem 5, for each s, 0S, and event o the

g
transition s, —(v,X) mapping into the [O,class
A

(v,r) =(v,rg(x)) can be established as disabled or not,
depending whether there exists a sequence of uncontrollable
or not labelled transitions from the [, class to a forbidden
state. The decidability follows from Theorem 6 showing that

Zu * )
the condition (v,rp(x))((]J) s for some s OF can be

checked sincethe set V5 xR" / O isfinite.
Theorem 6. It is decidable whether, given a U, -classr and

vV, we have s(DﬁL )*s' with s OF for any (and
delayed, A

hence al) states S whose continuous part lies in r and
whose discrete partis Vv .

Proof (sketch). Choose any vector xOr with rationa
components. We may assume that the components of
xOr are in fact integers; otherwise it is necessary to scae
up al the dimensions of A. Let A" be the rectangular
hybrid automaton that is identical to A except that its initial
state set is {v, X} and all controllable edges are deleted. In [3,

Def. 3.2.2] a 2n dimensional timed automaton N n with
vertex set V,is constructed whose initial state set is

{v,x,x} such that (v,x)(O% )'s with s OF if and
delayed, A

only if (v, X, X)( O )*s’ with xOr The latter is a
delayed,N p

decidable reachability problem that can be checked on the

(finite) region equivalence quotient space of the timed
automaton using, for example, the untiming construction, see

(1], [3].
3.3 Weak Non-blocking Forbidden State Problem

Our main result is the computation of the non-blocking
SUpervisor T, for each equivalent class [, of A.
Intuitively due to the existence of the uncontrollable events
we need to identify possible deadlock states and remove
them. State set backpropagation is needed and for
decidability reasons we introduce the notion of the so-called
good sets. Since the considered quotient space based on
language equivalence is more ‘subtle’ than bisimilation, we
require some additional properties in order to solve the non-
blocking forbidden state problem.

Definition 7. A set of states QU S,, all with the same
discrete part vOV,, is cdled elementary if there are two
sets of vertex-sequences, U',U", all of whose members have
the same first vertex, and such that given xOSp(v) we
have xOQ if and only if for every sequence udU ' thereis

a path over U starting at the state x and for every sequence
ublU" there is no path over U starting at x. We write
Q=0,(U"U") if this holds. If the state sets Q;,...,Qn,

are all elementary and all elements of Q; U...0Q,, have

the same discrete part, then this set is called good.
By lemma 1, an elementary set is a union of language
equivalence classes (and hence [,-classes) of states, thus

there are finitely many elementary (and good) sets at each
vertex.
Lemma 8. Let vOOV, and let Q;,Q, be good sets at V.

Then Q; 0 Q,,Q; N Q, and Sp(v) —Qq areall good sets.

Proof. Clearly Q; 0 Q, isagood set at V. To show that
QnQ, is a good set, assume first that Q,Q, are
elementary. Thus there are vertex-sequences Ui U such
that Q =0,U;,U). Then
QnQ,=0,U0U,U{0OU3) which is elementary.
The general case follows from the fact that unions of good

sets are good, and the fact that n isdistributive over O.
To show that Sp(v) —Qq isagood set, we assume first that

Q=0,WUU". Then
SAW) = Q =Uyy ©@a(@{u}) O Uyqyr © o({u},0) whi
ch is good. The general case follows from the fact that

intersections of good sets are good.
Lemma 9. Let QU S, be a good set with discrete part

wlV, and assume there is an edge V(& w, with

event ,(€) = o . Then pre"%®¥.7 () is good.
Proof. We may assume that Q isin fact elementary, since
pre” 98¥edI commutes with the union operator; thus let

Q=0,WU"U"). Let U' be the set of vertex-sequences



obtained by preceding those in U’ with v and define U”
using u’ similarly. Then
preV:deved.o ) = @ , (U O{(v)},U") which is
elementary, as required.

The next result is essential to show that the algorithm below
can, in fact, be computed.

Lemma 10. Given a good set Q, and an edge Vv £ w,

with  eventp(e)=0, it is possble to compute

pre":d8aed.9 () as unions of [, -classes.

Proof . This proof is sketchy since is using involved notions
developed in [3]. We may assume that Q is elementary;

Q=0,WU"U").In[3, Def. 3.2.2] a2n-dimensiona timed
automaton N p is defined with the same vertex and edge sets

and a computable mapping &, from ZSNA to 25A which
preserves unions. The timed automaton N, is an integral

one-sided timed automaton with attractors, see[3, 3.1.10 and
7.2.3]. Then EAG)NA(U',U") =@ ,U" UM and

EppreV®@deIgy UM =
preV-deayed.o ¢ AOn, (U',U"); both these statements follow

from [3, Lemma 3.2.8]. Furthermore, Oy, (U'U") is a

union of language equivalence classes, and by [3, Theorem
7.2.18], a language equivalence class is aso an
asynchronous simulation class. This eguivalence relation,
called one-sided region equivalence, is considerably coarser
than the known bisimilation relation called region
equivalence.  Following lemma 9 its preimage

preVddayed.og A(U',U") isaso aunion of asynchronous
simulation classes, therefore this set can be computed.
Consequently the set pre"®@¥&.9g o AU, U") can be
computed as well. Clearly this set is computed as unions
of Up -classes.

The pre-image of a bisimulation class under a transition is
necessarily a union of bhisimulation classes, whereas the
equivalence classes we consider here do not satisfy this
property, and this leads to decidability problems when the

non-blocking forbidden problem is considered. The result
above is not true if Q is merely assumed to be a union of

Oa-classes; for in that case there is no guarantee that

preV483%8d.7 () s a union of [,-classes since a finite
asynchronous bisimulation quotient does not exist, in
general, for rectangular automata (see [3, Theorem 6.2.4].
Therefore the introduction of good sets of states is
necessary. Using these sets we show the termination of the
algorithm below in a finite number of steps.

Computation of the non-blocking supervisor 7.«

The main agorithm proceeds as follows. It labels at each
stage unions of [,-Classes as acceptable, forbidden or

blank . These unions are all unions of good sets, since for
any vertexvOVp the set Sp(V)=0,({W)},0)is
elementary and therefore steps 1, 2 and 3 below (using
lemmas 8 and 9) label only unions of good sets. The notion
of elementary and goods set is not an assumption for the
stated problem but a property used to show decidability of
the involved a gorithm.

During the algorithm a [, -class which has been labelled

may be relabelled; however a [,-class which has been
labelled forbidden will not subsequently change this label.

1. Label al the =,-classes with discrete part in F
forbidden and label &l other 0, -classes blank .

2. Label al the =,-classes with discrete part in
T acceptable unless they have been labelled forbidden .

3. Do steps (a) and (b) below until doing either step leaves
unchanged the labelling of all = , -classes.

e
(a) If there is an edge v — w, with event(e) =o 0OZ,,
A

and QU S, isthe union of = ,-classesat W which have
been labelled forbidden, then label those in

pre"-98ed.0 () forbidden .

(b) If there is an edge vIIE  w, with event,(e) =0, and
QO Sp isthe union of Oy-classes at W which have been
labelled acceptable, and o [X |, let PO Sy, bethe union
of O,-classes a8 W which have been labelled forbidden .
Then  label acceptable  the Oa-classes  in

Jdelayed,
pre" CHEI(Q-P). If on the other hand o [X . then

label acceptable the 0,-classesin preV:4®¥edo (@) .

4. Relabel forbidden all O,-classes which are labelled
blank , and relabel blank all [, -classes which are [abelled
acceptable.

5. Repeat steps 2,3,4 (in that order) repeatedly until there
are no further changesin labelling.
There are finitely many [ -classes and so al steps of the

algorithm except step 5 obviously terminate. Step 5 either
increases the number of [, -classes labelled forbidden or

keeps this number constant; and in the latter case step 5 has
no effect; thus the algorithm eventually terminates.
We then define the supervisor

Tmax \VAXR"XZ A 5 {03 by Ty(s,0)=0 if OX

U ’ ’
and s—»s and s liesina forbidden O,-class at the end
A

of the agorithm and 7,5 (S,0) =1 otherwise. Since A is
2. -deterministic, T4 is well defined. This is the only
point in the paper at which 2 . -determinism is needed.



g1 g2
Corollary 11 If there are transitions s, — s',s, — s" with
A A

01,0,02. and S,s ae [y-equivdent then

Tmax (81,01 ) = Tmax (S2,072) -

Proof. Follows from lemma 1.

Following the algorithm above and corollary 11 we conclude

that given a O,-class 1 then the derivation of 7,5 (S1,0)
g

S - (v,x), xOr .
A

Theorem 12. If a solution to the weak non-blocking
forbidden state problem exists then 7., is a maximally
permissive solution to this problem.

Proof. We first prove that T, iS a solution to the weak
non-blocking forbidden state problem.

isdecidablefor any s; 0 Sy,

tg (] O
Assume first that sp — S — 5 - Sm — Sm
Tmax» Tmax: A Tmax:A

with sqOinity, and discrete(S,,)0F. At least one
o; 0%, otherwise no solution to the weak non-blocking
forbidden state problem could exist. Assume that i is
maximal with this property; then the [, -class containing §
would become forbidden after repeated applications of step

UI
3a in the algorithm, contradicting s, — ;. Next assume

Tmax »
4 [ [
that s, - 5 — 5 Sm — Sy With sqOinit s, and
TmaxA Tmava mava
t g
there is no pah S, — ... — S with
Tmax A Tmax,A

discrete(s) OT . This implies that the O, -class containing

Sy would have become forbidden after repeated
applications of step 5. Assume, in this case, that i<m is
maximal with o; 0. (If no such i< mexists, then no
solution to the weak non-blocking forbidden problem exists.)

Thus the [Oj-class containing S, would have become

forbidden after repeated applications of step 3a, once the
Op-class containing S, had become forbidden. This
4
contradicts § — §. Thus T, solves the weak non-
Tmax A
blocking forbidden problem. The maximality assertion
follows from the fact that in the computation of 7, we
only exclude states that are necessarily inaccessible.

4. On the Strong Non-blocking Forbidden State Problem
This appears to be more difficult since the identification and

removing of possible blocking states may become
undecidable. It is worth mentioning one case in which a

solution to the weak non-blocking problem also solves the
strong non-blocking forbidden problem.

Theorem 13. Assume that OOR" is an interior point of the

activity rectangle act 5. Then if the supervisor 7 solves the

weak non-blocking forbidden problem, it also solves the

strong non-blocking forbidden problem.

time

Proof. This follows from the fact that if 5 — s, with
A

cts(s;) = x; then x, =x; +at with alacta,t 20. Choose

A>0 smal enough so that -Aalactp; since

time
Xy = Xy +(—Aa)(%) ,wehave s, - s;. Assumethat a state
A
almost
ZA time

*

- ) s - s forsome syOinity. Thus S is T-
7,delayed, A A

S'is T -reachable; that is, that

ZA
reachable and so s( - )*s
7,delayed, A
time PN .
Since s' - s,wehave s'( - ) s",asrequired.
A 7,delayed, A

" for discrete(s”)OT.

5. Conclusions

We have defined an agorithm that solves a language
optimisation problem. There are several ways in which the
results here could be extended. The compactness condition
on A was introduced in order to be able to employ the
results in [3] in Lemma 10. This condition can amost
certainly be relaxed, abeit using more difficult arguments
for the proof of Lemma 10. Also, the 2 .-determinism

condition may be unnecessary.
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