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Abstract

Self localization of mobile robots is one of the most
important problems in long range autonomous naviga-
tion. When moving in an unknown environment, the
navigator must exploit measurements from exterocep-
tive sensors to build a map, identify landmarks and,
at the same time, localize itself with respect to them.
This problem is known as Simultaneous Localization
And Mapping (SLAM).

In this paper a set theoretic approach to the SLAM
problem is presented. Estimates of the position of the
robot and the selected landmarks are derived in terms
of uncertainty regions, under the hypothesis that the er-
rors affecting all sensor measurements are unknown but
bounded. Set approximation techniques are adopted in
order to provide efficient recursive algorithms, suitable
for on-line implementation.

1 Introduction

Recent years have witnessed a growing interest towards
mobile robotics and their use in hostile and unknown
environments [1, 2]. In many of these applications, the
robot cannot rely on the intervention of human opera-
tors, thus introducing a strong need for autonomy and
reliability of the performed tasks. Self localization is
then one of the most important problems to tackle for
long range autonomous navigation, as it is required to
ensure the mission fulfillment and the environment rep-
resentation consistency. Though the position of a mo-
bile vehicle can be continuously updated through the
use of odometric or inertial sensors, wheel slippage, sen-
sor drift an noise cause error accumulation, thus leading
to erroneous estimates. Therefore, additional means
for periodically localizing the robot must be considered
(see e.g. [1, 2]). It is a common technique to measure
some elements of the environment using exteroceptive
sensors, and then exploit geometric properties, together
with a priori knowledge, to obtain information on the
robot position. However, when moving in an unknown
environment, little (if any) a priori knowledge is avail-
able. This calls for a second task the robot has to
perform during its exploration, i.e. map building from
the measurements performed on the environment. The
whole task, often called Simultaneous Localization And

Mapping (SLAM) problem, is well-known and studied
in literature, where several different kind of sensors,
as well as environment representations, have been em-
ployed to achieve satisfactory solutions [3]-[8].

In this paper, differently from what is done in most of
the literature, no statistical assumption is made on the
errors that affect all the sensors; the only hypothesis is
that they are bounded in norm by some quantity. This
leads quite naturally to a set theoretic approach to the
problem. Estimates of the position of the robot and the
selected landmarks are derived in terms of feasible un-
certainty sets, defined as those regions where the robot
and the landmarks are guaranteed to lie, according to
the available information. Since exteroceptive measure-
ments are generally complicated nonlinear functions of
robot and landmark positions, set approximation tech-
niques are needed.

The basic reference theory for the technical develop-
ment of the paper relies in the recently developed
set membership estimation theory (see, e.g., [9]-[11]).
Though most of this theory is developed for linear esti-
mation problems, we will exploit the specific structure
of the nonlinear SLAM problem to get efficient solu-
tions, based on recursive approximations of the uncer-
tainty regions through simply shaped sets.

The paper is structured as follows. Section 2 introduces
the framework of the general SLAM problem and the
set theoretic approach. Section 3 provides the main
contribution on recursive approximation of the uncer-
tainty sets. Section 4 reports results of numerical sim-
ulation experiments performed in order to assess the
validity of the proposed procedures. Some concluding
remarks are given in Section 5.

2 Set membership SLAM

When considering the SLAM problem, one has to deal
with a moving vehicle, whose kinematic model is (par-
tially or roughly) known, moving through an unknown
environment in which it is possible to identify a number
of features (or landmarks). The robot is equipped with
sensors that can take measurements of relative position
of the vehicle with respect to visible landmarks. The
absolute location of each environment feature, as well
as the robot starting position, are not known.



2.1 Vehicle and landmarks models

We assume that the environment and the robot can
be adequately described by considering their projec-
tion on a plane (flat landscape assumption). Let p(k)
= [z(k) y(k)]' be the coordinates of the vehicle at time
kTs, where T denotes the sampling time. Under the
assumption of slow dynamics, and since the odometers
provide direct measurements of the vehicle displace-
ment, the robot dynamics can be described by the linear
discrete-time model

p(k+1) = p(k) + m(k) + G(k)w(k), (1)

where m(k) € R? are the z-axis and y-axis displacement
measurements provided by encoders, and w(k) € R?
are the errors affecting such measurements (possibly
shaped by a suitable matrix G(k)).
Due to the presence of uncertainties in the model, the
vehicle must collect measurements from the environ-
ment to localize itself. Moreover, since the robot has
no a priori description of the environment, an efficient
way to map it has to be pursued. In this work, the
robot will select static landmarks, such that the time
evolution of their position L;(k) = [z, (k) yr,(k)] can
be described by L;(k + 1) = L;(k), their initial condi-
tion L;(0) being unknown.
In the SLAM problem, both landmarks and robot po-
sitions must be estimated, thus leading to state es-
timation of a dynamic system whose dimension can
be very large, since it depends on the number of fea-
tures present in the environment. Indeed, when n
landmarks are considered, the state vector is given by
X(k) = [p'(k) Li(k) ... L.(k)]'. The state update
equation becomes

X(k+1)=X(k)+ Eam(k) + E;G(k)w(k), (2)
where Fy = [I5 0 ... 0] € R2(n+1)x2,

2.2 Exteroceptive measurements model

The measurements provided by exteroceptive sensors
concern the relative distance and orientation between
the robot and each visible landmark:

Ai(k) = di(X (k) +va, (k) ,

3
O4(k) = 0:(X () + vo, (k) )
where A; (k) and ©;(k) are the actual readings provided
by the sensors at time k; vg, (k) and vy, (k) are measure-
ment noise affecting, respectively, the distance and the
heading measurements; and

di(X(k)) = d(p(k),Li(k))
é \/(a:(k) —TL; (k))2 + (y(k) —YL; (k))2 )
0: (X (k)) = 6(p(k), Li(k))

arctans {yz, (k) — y(k), o1, (k) — 2(k)} ,

4
with arctans (b, a) denoting the four quadrant inveLSS()a
tangent. Hence, in the second equations of (3)-(4) the
orientation angle between the straight line connecting
the robot with the selected landmark and a fixed direc-
tion (here chosen as the positive z-axis of the reference
system), is measured. This is possible if the robot is
equipped with a sensor able to measure the robot ab-
solute heading, such as a compass. Each measurement

gives two (noisy) nonlinear relations among four differ-
ent components of the state (the robot coordinates and
the selected landmark coordinates).

2.3 Set theoretic approach
Within the framework outlined above, we now intro-
duce the general SLAM problem.

SLAM Problem: Given the robot and features model
(2) and the measurement equations (3), construct an es-
timator of the (relative) position of the robot p(k) and
all the landmarks L;(k) at each time k =1,2,.. ..

Depending on the assumptions on the unknown distur-
bances w, vq,, and vg,, the problem can be tackled in
several different ways. When statistical assumptions
on the disturbances are considered, the estimate of the
whole system state can be computed via the Extended
Kalman Filter (EKF) [3, 8]. However, several problems
arise when applying this approach. First, the statistical
assumptions are not always satisfied (e.g., the presence
of bias is seldom accounted for) and it is generally very
difficult to estimate the true parameters of noise dis-
tributions, especially in natural environments. In addi-
tion, the EKF approach tends to be cumbersome as the
number of features to be mapped grows. In fact, the
computations grow as n®, while the memory needed for
storing all information grows as n? [12]. As a matter of
fact, several ad hoc solutions have been proposed in or-
der to solve the problem in a more efficient way [8, 13].
Clearly, another obvious problem is that convergence of
EKF algorithms is not guaranteed.

In this paper, a different approach is presented, based
on set membership hypotheses on the uncertainties.
In particular, it is assumed that the disturbances are
unknown-but-bounded, i.e.

wik)| < er(k) i=1,2 (5)
wa (k) < €(k) i=1,...,n (6)
oo, (W) < € (k) i=1,...,n (7)

where €/(k), €/*(k) and €°(k) are known positive
scalars. The disturbance bounds are time-varying, to
explicitly account for changes in the environment con-
ditions or in the vehicle dynamics.

The aforementioned hypotheses lead to a SLAM prob-
lem in which the estimate of the position of the
robot and the landmarks can be expressed in terms of

bounded sets.

Set Membership SLAM Problem: Let Z(0) C
R2("+1) be a set containing the initial position of the
vehicle and the landmarks X(0). Given the dynamic
model (2) and the measurement equations (3)-(4), find
at each time k = 1,2,. .., the set Z(k|k) of state vectors
X (k) which are compatible with the robot dynamics,
the assumptions (5)-(7) on the disturbances, and the
measurements collected up to time k.

Adopting standard terminology from set membership
estimation theory [9], the set E(k|k) is the feasible state
set at time k, based on the information available at time
k. The solution of the above Set Membership SLAM
Problem can be obtained by the following recursion



2(0]0) (0), (8)

Sklk—1) = ;(k — 1|k — 1) + Eam(k) +
+(E»G(k)Diag{e” (k)})Boo, (9)
E(klk) = E(klk—1) [\ M(k), (10)

where B is the unit ball in the /., norm, the measure-
ment set M(k) is defined by

M(k) = ﬂ/\/ll(k‘), (11)
M) = {X e B 1 AR - di(X)] < e (h)

and [0,(k) - ,(X)[ < e (B)},  (12)

and the functions d;(-) and ;(-) are given by (4). Notice
that, as all measurements are relative, we are allowed
to choose an arbitrary reference system. Without loss
of generality, we will set the origin of the reference sys-
tem in the initial position of the robot.

Unfortunately, the exact computation of the sets =
in (9)-(10) is generally a prohibitive task. Gridding
techniques for the evaluation of the sets would be pro-
hibitively time consuming, and in addition they would
not guarantee that the estimated region contains the
true position of the robot and the landmarks. In the
next section, efficient algorithms for on-line approxima-
tions of these sets will be introduced.

3 Approximations of the feasible position sets

In order to obtain computationally tractable solutions
of the Set Membership SLAM problem, we look for sim-
ple approximations of the sets = in (8)-(10). The ap-
proximating regions R must be simple enough to be re-
cursively updated via efficient algorithms, suitable for
on-line implementations. Moreover, at each time in-
stant k, the approximating regions R(k|k — 1), R(k|k)
must contain the corresponding exact sets Z(k|k — 1),
=(k|k), so that the true state vector X (k) is guaranteed
to belong to the approximating set.

To satisfy the above requirements, approximations are
introduced at different stages of the SLAM algorithm:

1. Decomposition of the state vector X (k) into sub-
sets of state variables and set membership estimation
of each subset.

2. Guaranteed approximations of the true feasible sets
through classes of simple regions.

We discuss the role of these approximations separately.

3.1 State decomposition

As a first simplifying step, we decompose the state
vector X (k) into two different subsets of variables:
robot position p(k) and landmarks position L(k) =
[Li(k) ... L (k)]'. The two state subsets are consid-
ered separately in the measurement update step (10).
First, we will process all the measurements in order to
get a set of robot positions that are compatible with
all the available information about landmarks and the

measurements. During this step we do not update land-
marks position. In the second step, we reprocess the
same measurements to (possibly) tighten the uncer-
tainty set of each landmark. This allows us to simplify
the measurement update process, but it also introduces
an approximation because information about correla-
tion between robot and landmark position is lost.

Let us analyze how splitting of the state vector modi-
fies the feasible set recursive updating outlined in (8)-
(12). Let £, denote the feasible robot position set, Zr,
denote the feasible ith landmark position set, and let
Zp(0), =£,(0) be the corresponding initial sets (they
can be easily obtained by projecting Z(0) onto the sub-
spaces defined by p and L;). Equs. (8) and (9) clearly
split into

Ep(0[0) = E,(0); Er,(0[0) =Z£,(0), (13)
Sp(klk—1) = Z,(k — 1)k — 1) + m(k) +

+G (k)Diag{e" (k)}Boo, (14)

S (klk—1) = Sp, (k= 1k —1); i =1,...,n.(15)

As said above, the measurement update (10) is per-
formed in two steps. First, let us consider robot posi-
tion. Since each distance and orientation measurement
is relative, it is clear that landmark L; “sees” the robot
under the angle 8(p(k), L;(k)) + m. It turns out that,
using the measurement taken with respect to the ith
landmark, the position of the vehicle can be written as

{ z(k) = wr, (k) — di(X (k) cos 0;(X (k))
y(k) =y, (k) — di(X (k)) sin 0; (X (k))

Since (zr,,yr;) € Zr,(k), and noises affecting measure-
ments of d;(X(k)) and 6;(X (k)) are bounded, it turns
out that each of the measurements provides a feasible
set Cg, (k) where the robot position must lie. Moreover,
since the sources of uncertainty in (16) are independent,
the set of feasible robot positions generated by the ith
measurement at time k is given by

(16)

Cri(k) =Er,(klk — 1) + Mg, (k), (17)
where
Mg (k) = {pe®: |Aik) —d(p,0)| < (k)
and [0;(k) — (p, 0)] < e (k)} (18)

is the robot uncertainty set relative to the i¢th mea-
surement, for a landmark placed at the origin of the
reference system.

Since this process can be repeated for every landmark,
the robot position is constrained to lie in the set

Cr(k) = () Cru(h). (19)

Consequently, it turns out that measurement update
for robot position can be performed as

Ep(k[k) = Ep(klk — 1) [\ Cr (k). (20)

As a second step, we reconsider each measurement per-
formed at time k, this time trying to refine our knowl-
edge on the landmarks. Using an approach similar to



the one presented for the robot position, we can state
that, due to the measurement at time k, the ith land-
mark will lie in the set defined by

Cri(k) = Ep(klk) + My, (k), (21)
where

My, (k)

i

{LeR: |A(k) -
and |0;(k)

d(0, L)| < € (k)
—0(0,L)] < €&*(k)} (22)

is the ith landmark uncertainty set, for a robot placed
at the origin of the reference system. Consequently,
measurement update of the ith landmark position can
be performed as

ELz(k|k) = ELi (k|k - 1) ﬂCLz(k) (23)

Notice that the sets Mg, (k) and M, (k) are sectors of
corona; some examples of My, (k) are shown in Fig 1.

3.2 Set approximations

Computing exact sums and intersections of nonconvex
regions bounded by nonlinear curves, as required by
eqns. (14) and (17)-(23) is still a prohibitive task from
the computational burden point of view. Hence, we
pursue outer approximations of the sets =,(k|k) and
Er, (k|k) employing classes of simple structure sets. At
each time &, minimum area sets in the chosen class, con-
taining =, (k|k—1), 2,(k|k), 2L, (k|k—1) and =, (k|k),
will be selected.

Let us consider a class of regions R of fixed structure,
and let us denote by R(S) the minimum area set in
the class R, containing the set S. It is easy to check
that the desired approximation is obtained through the
following recursion

Rp(00) = R(Z,(0)), (24)
Re;(010) = R(EL;(0); i=1,...,n (25)
Ryklk—1) = R(Rp(k— 1|k — 1) +m(k)+
+G(k)Diag{e"” (k)}B),  (26)
Re,(klk—1) = Ry, (k—1lk— 1), (27)

Ry(klk) = R (Ry(klk = 1)(\Ca(k)), (28)
Re(klk) = R (R (klk = 1)(\Cr (k) (29)

In the following, we will consider axis-aligned boxes (or
orthotopes) as approximating sets R. An axis-aligned
box is defined as

B =B(b,c) ={q: q=c+ Diag{b}a, ||la]|c <1},
where c is the center of the box and the absolute values
of the elements of b represent the size of the edges. We
observe that premultiplication of a box by a (nonsin-
gular) square matrix gives a parallelotope, which is de-
fined as P = P(T,¢c) = {q: q=c+Ta, ||| <1},
where ¢ is the center and T is a (nonsingular) matrix
whose column vectors represent the edges of the paral-
lelotope.
According to recursion (26)-(29), one must solve the
following three set approximation problems:

B1) compute the minimum area box containing the vec-
tor sum of a box and a parallelotope (eqn. (26));

B2) compute the minimum area box containing the
intersection of a box and the robot measurement set
Cr(k) (eqn. (28));
B3) compute the minimum area box containing the in-
tersection of a box and the ith landmark measurement
set Cr,, (k) (eqn. (29)).
Optimal solution to problem B1 has been presented in
[14], and can be resumed by the following proposition.
Let B(S) denote the minimum area box containing the
set S and e; be the ith column of the identity matrix.
Proposition 1 Let R(k — 1|k — 1) = B(b,c). Then
B(B(b,c) + m(k) + G(k)Diag{c" (k)} B ) = B(b, ),
where

¢ = c+m(k);

b; = ||[Diag{b} G(k)Diag{e“} eill, i=1,2.
Now, let us consider problems B2 and B3. In order to
simplify the computations, we introduce some further
conservativeness by performing first the approximation
of the sets Cr(k) and Cr,,(k), and then that of the sets
defined by the intersections in eqns. (28) and (29). In
other words, we replace the equations (28) and (29)
with the following ones

Ry(klk) = R (Ry(klk = 1) R (Calk)),
R (klk) = R (R, (Klk = )[R (CLi(k)) -

When axis-aligned boxes are used as approximating
sets, the above equations take on the simpler form

Rp(klk) = Ry(klk—1)()B(Cr(k), (30)
Re,(klk) = Ri(klk—1)[)B(Cr. (k). (31)

It is important to point out that sets R,(k|k) and
R, (k|k) always contain sets R, (k|k) and R, (k|k), re-
spectively. Moreover, we note that the conservativeness
introduced by using (30)-(31) in place of (28)-(29) de-
pends on the shape of sets Cr(k) and Cr,, (k). If these
sets do not stretch along the diagonals of the x—y plane,
the approximation introduced is quite reasonable.

Due to the above simplification, the approximation
problems to be solved are the following:

B2’) compute the minimum area box containing the
robot measurement set Cr(k) (eqn. (19));

B3’) compute the minimum area box containing the ith
landmark measurement set Cr, (k) (eqn. (21)).

First of all, we observe that problem B3’ is just a spe-
cial case of problem B2’ in which the set Cg is gen-
erated by only one measurement. In order to reduce
the computational complexity of problem B2’, a sub-
optimal solution based on recursive approximation is
pursued: for every ¢, the minimum area box containing
Cg; is computed, and then all the approximating boxes
are intersected. In other words, we replace R(Cr(k)) in
(30) by N, R(Cg, (k)). Hence, problem B2’ boils down
to solvmg n problems of the same type of problem B3’.
Thus, we concentrate on problem B3’, and observe that
the set Cy, (k) arises from the sum of the current land-
mark feasible set and the sector of corona My, (k) (see
eqn. (21)). Then, we exploit the following result.
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Figure 1: The points in V(M) and T(My,) for

three typical landmark uncertainty set My, (o
points in V(Mp,); *: points in T(Mr,;)).

Proposition 2 Let B(k|k) be a given box containing
Ep(k|k) and My, (k) be defined as in (22). Then,

Cp.(k) C B(B(k|k) + My, (k) = B(k|k)+B (M, (k) -

Proof. It immediately follows from (21) and B(B+S) =
B+ B(S), which holds for any generic set S and box B.

Let us denote by V(Mp,) the set of vertices of Mp,.
Moreover denote by 7 (Mry,) the set of points of the
convex arc bounding My, (the one corresponding to
the maximum distance A; + €;?), in which the tangent
to the arc is parallel to one of the coordinate axes (see
points denoted by asterisks in Fig. 1). The following
result holds.

Proposition 3 The minimum area box containing
My, (k) is the one containing the set

VT =V(My, (k) + T(My,(k)),
i.e., BIMy, (k) = B(&,b), where

a=(@T+z)/2, a=F+y)/2

b= (T -12)/2, bo=(F~-y)/2
and

T = maxr, = min x,
pEVT pEVT

Y = max = min y.
Y pEVTy’ Y pEVTy

Proof. Let co{S} denote the convex hull of the set S.
We have B(Mp, (k)) = B(co{Mp,(k)}). The boundary
of co{Mr,(k)} is made of three segments and one arc
of circumference (the one corresponding to the maxi-
mum distance A;(k) + €;(k)). Hence, it is clear that
the only points that must be considered besides the ver-

tices V(M (k)) are those (if any) in T (M, (k)).

Propositions 2 and 3 provide the exact solution of prob-
lem B3’, and hence an approximate solution of problem
B2’, in the sense explained above. It is then possible
to compute a suboptimal solution of problems B2 and
B3, as suggested by eqns. (30)-(31) and the previous
discussion.

The kth step of the overall recursive approximating pro-
cedure is summarized in Table 1.

Let By(k — 1|k — 1) and By, (k — 1]k — 1),
i =1,...,n be given.
- By(klk — 1) = B(B,(k — 1]k — 1) + m(k) +
+ G(k)Diag{e¥(k)}Bs) [see Prop. 1];
-Br,(klk—=1)=Br,(k—1k—-1),i=1,...,n;

- Br, =B(Cr,),i=1,...,n [Prop. 2 and 3];

- Br = () Bri;
i=1
-Br, =B(Cr,),i=1,...,n [Prop. 2 and 3];
- By(k|k) = By(k|k — 1) N Br;
- Br,(klk) = Br,(klk —1)NBr,,i=1,...,n;

Table 1: The kth step of the orthotope-based recursive
SLAM algorithm.

3.3 Initialization and computational complexity
The proposed set membership algorithm based on box
approximations, must be initialized by selecting the
boxes R,(0]0), Rr,(0]0), to start recursion (24)-(29).
As observed in section 2.3, we can set the origin of
the reference system at the initial position of the robot
without loss of generality, so that R,(0|0) = B(0,0). If
the SLAM experiment is performed in a bounded en-
vironment of rectangular shape, one may select the en-
tire environment as initial estimate Rz, (0]0), Vi. Oth-
erwise, if no knowledge at all is available, the initial
set estimate for landmark position may be obtained
from the first set of measurements at time t = 0, i.e.
Rz, (00) = B(Mz, (0), ¥i.

The proposed set membership SLAM strategy can be
easily implemented in real-time problems, due to its low
computational complexity. In fact, the most demand-
ing tasks are the computation of the sets R,(k|k) and
of the n sets Ry, (k|k), in (28) and (29), respectively. It
turns out that each problem, when solved via the pro-
posed recursive suboptimal solution, requires O(n) op-
erations, and also the memory requirements to store all
the information about the map are proportional to the
number of landmarks. For these reasons, the proposed
approach can handle also quite wide (or feature-dense)
environments.

4 Numerical simulations

In this section, some simulation results of the set mem-
bership localization and mapping algorithm are re-
ported. In all the simulations the robot covers a rough
circle of about 35 metres, in a square area of 20 me-
tres side. On this area, 10 landmarks are spread ran-
domly. The vehicle moves and activates the SLAM
algorithm once every metre covered. The simula-
tions do not consider any problem of landmark visi-
bility, and assume that at each iteration a scan of the
whole horizon is available. The robot performs distance
and angle measurements, corrupted by additive noises
va; (k) and vy, (k), generated as i.u.d. signals satisfy-
ing eqns. (6) and (7), with constant bounds for the
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Figure 2: Examples of the results provided by the algo-
rithm: a) Landmark map (true landmark po-
sition: Xx; estimates after the first iteration:
dashed box; final estimates: solid box). b)
Robot position estimates (solid boxes).

latter (e;?(k) = €'?, Vi, k), while the bounds on the
former depend quadratically on the distance measured
(€ (k) = kad? (X (K))) [15]. In order to take into ac-
count the error accumulation occurring in odometric
integration, disturbance w;(k) in eq. (2) is generated
as a nonstationary i.u.d. signal, with mean value pro-
portional to the distance covered during the last robot
move. Figure 2 reports the result given by the algo-
rithm. During this experiment, the odometry error
bound is set to 5% of the distance covered, uncer-
tainty bound on angle measurements is 3°, while the
constant for the bound on distance measurements is
kg = 0.005. Notice the remarkable uncertainty reduc-
tion for landmarks that are far from the robot initial
position. Figure 3 shows some relevant quantities for a
typical run. The robot uncertainty box generally grows
when the robot moves in regions far from its initial
position, where landmark localization is less accurate.
Choosing the center of the box as current estimate of
the robot position, the maximum localization error is
less then 0.1 m, its mean value being 0.048 m.

nnnnnnnnnnnnnnnnnnnnnnnnnn avea of robo posivon boxes

20 3 0 63 a B 0 i =

Figure 3: For the same experiment shown in fig. 2: a)
Average area of landmark boxes at each step; b)
Area of uncertainty box for the robot position
at each step.

5 Conclusions

In this paper, an approach to the simultaneous local-
ization and mapping for a mobile robot exploring an
unknown environment has been presented. A set mem-
bership framework has been adopted to deal with the
uncertainties affecting all the measurements available to

the robot, thus requiring no strong assumptions on the
measurement errors. The proposed technique provides
recursive estimates for both robot and landmark uncer-
tainty sets. Experimental integration, using landmarks
detected from stereovision data in natural outdoor en-
vironments is currently in progress.
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