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Abstract

In this paper a geometrically consistent impedance con-
cept is applied to control a multi-arm system. The
case of a common rigid object rigidly grasped by the
manipulators in the system is considered. A six-DOF
impedance behaviour is enforced at the object level so
as to keep limited the force/moment due to the interac-
tion with an external environment. Moreover, in order
to avoid large internal forces, a six-DOF impedance be-
haviour is imposed at each end-e�ector. The adoption
of the unit quaternion to describe object frame orien-
tation ensures consistency with the task geometry. The
overall control scheme is of inverse dynamics type with
an inner motion loop which provides robustness to un-
modeled dynamics and disturbances.

1 Introduction

When a multi-arm system is employed for the manip-
ulation of a commonly held object, it is important to
control both the variables describing the object mo-
tion and the internal stresses. To this aim, the map-
pings between forces and velocities at the end e�ec-
tor of each manipulator and their counterparts at the
manipulated object are to be considered [1]. Control
schemes designed in this framework have been pro-
posed for the control of absolute motion and internal
force, see e.g. [2, 3] and more recently [4, 5]. Most
of the approaches recalled above can be classi�ed as
force/motion control schemes, in that they decompose
the control action in a motion control loop providing
tracking of the desired object motion and a force con-
trol loop counteracting the e�ects of internal loading
at the object. An alternative approach can be pur-
sued based on the well-known impedance concept [6].
As a matter of fact, when a manipulation system in-
teracts with the environment and/or other manipula-
tors, large values of the contact forces and moments can
be avoided by enforcing a suitable compliant dynamic
behaviour between position/orientation displacements
and contact force/moment.

Impedance control approaches for multi-arm manip-
ulation have been pursued for, e.g., control of inter-
nal forces [7] or control of object/environment inter-

action [8]. These approaches either are based on the
use of minimal representations for the orientation dis-
placements (e.g., Euler angles) or consider simple pla-
nar cases. However, as shown in [9], the use of Euler
angles may give rise to task geometric inconsistency
due to the dependence of the rotational sti�ness upon
the actual orientation. In this case a spatial impedance
based on the unit quaternion can be de�ned.

The spatial impedance concept is applied in the present
work to multi-arm systems manipulating a commonly
held rigid object, which may eventually interact with
the external environment; di�erently from previous
works, the proposed strategy is able to keep limited
both contact and internal forces and moments.

Namely, when the held object interacts with the envi-
ronment, large contact forces may arise if the planned
trajectory is not consistent with the environment con-
straints. In order to keep the contact forces limited,
an impedance is designed between the object's posi-
tion/orientation displacements and the contact forces.
The resulting compliant motion is used to generate the
reference motions for the object.

On the other hand, even in the absence of contact
with the environment, the interaction between the
manipulators and the object may lead to internal
forces and moments, i.e., mechanical stresses which
do not contribute to the object's motion and may
cause damage to the systems and overloading of ac-
tuators. In order to counteract building of large in-
ternal forces, an impedance is designed between the
position/orientation displacements of each manipula-
tor and the end-e�ector forces contributing solely to
the internal forces [7]. The resulting compliant motion
is used to generate the reference motions for each end
e�ector.

Tracking of the reference motions is guaranteed by the
adoption of an inner control loop [15] with full dynamic
compensation, which provides robustness to unmodeled
dynamics and disturbances.

2 Modeling

Consider a system of manipulators tightly grasping a
common rigid object. Without loss of generality, a sys-



tem of two manipulators will be considered in the re-
mainder.

For each manipulator (k = 1; 2) let �k denote a frame
attached to the end e�ector, whose origin and orienta-
tion are characterized by the (3� 1) position vector pk
and the (3 � 3) rotation matrix Rk, respectively. Let
Qk = f�k; �kg be the unit quaternion corresponding to
Rk (see the Appendix). Since the grasp is tight and
the object is rigid, the relative orientation between �1

and �2 is constant and can be set so as R1 = R2. Let
also vk = [ _pTk !T

k ]
T be the (6�1) end-e�ector (linear

and angular) velocity vector.

Further, consider a frame �e attached to the object; the
origin pe is chosen so as to coincide with the object's
center of mass, while the orientation is chosen so as to
coincide with those of the two end-e�ector frames, i.e.,
Re = R1 = R2. Let also Qe be the unit quaternion
corresponding to Re.

All quantities are expressed in the common base
frame �. Hereafter, a superscript will denote the frame
to which a quantity (vector or matrix) is referred; the
superscript will be dropped whenever a quantity is re-
ferred to the base frame.

The dynamics of the two manipulators can be written
in compact form as

M (q)�q+C(q; _q) _q+d(q; _q)+g(q) = ��JT(q)h; (1)

where the matrices are block-diagonal, e.g. M =
blockdiag(M1;M 2), and the vectors are stacked, e.g.
g = [ gT

1
gT
2
]T. For each manipulator (k = 1; 2),

Mk is the (nk � nk) symmetric positive-de�nite iner-
tia matrix, Ck _qi is the (nk � 1) vector of Coriolis and
centrifugal forces, gk is the (nk � 1) vector of gravita-
tional forces, the vector � k represents the joint torques
and hk = [fTk �Tk ]

T is the (6 � 1) vector of gen-
eralized forces acting at the end e�ector of the k-th
manipulator. Finally, the term d represents a vector
of disturbance terms, due to inaccurate modeling (e.g.,
joint friction torques) and/or external disturbances.

The dynamics of the object can be described by the
equation

me�pe �mege = fe � f env ; (2)

Je
e _!e + S(

e!e)Je
e!e =

e�e �
e�env ; (3)

where _pe and !e are the vectors expressing the linear
and angular velocity of �e, respectively, me is the ob-
ject mass, Je is the object's inertia tensor, ge is the

vector of gravitational forces, he = [fTe �
T
e ]

T
is the

vector of the generalized forces exerted by the manip-
ulators on the object, and henv = [fTenv �

T
env ]

T
is the

vector of generalized forces exerted by the object on
the environment.

Since the grasp is tight, each end e�ector can exert
both a force and a moment on the object at the contact
point. The mapping of the contact force vector h into

the (6� 1) force vector he is

he =

�
I3 O3 I3 O3

S(r1) I3 S(r2) I3

� �
h1
h2

�
=Wh; (4)

where W is the grasp matrix, Ol denotes the (l � l)
null matrix, I l denotes the (l� l) identity matrix, S(�)
is the skew-symmetric matrix operator performing the
cross product and ri is the (3� 1) vector from the i-th
end e�ector to the point �xed on the object (i.e., ri is
the so-called virtual stick [1]).

The matrix W is full row rank; then, for a given hext
the inverse solution to (4) is given by

h =W yhe + V hs =W yWh+ V V yh; (5)

where W y denotes a pseudoinverse of W , V is a full
column rank matrix spanning the null space of W ,
and hs represents the vector of internal forces, i.e., the
forces which do not contribute to the motion of the ob-
ject, but represent mechanical stresses applied to the
object. Hence, the vector hM = W yWh represents
the end-e�ector forces balancing the object's dynamics
and the reaction forces due to the environment, while

hI =

�
hI1
hI2

�
= V V yh (6)

represents the vector of end-e�ector forces contributing
to the sole internal forces. It has been recognized in [11]
that the use in (5) of a generic pseudoinverse ofW , e.g.
the Moore-Penrose pseudoinverse, may lead to internal
stresses even if hs = 0; to avoid this, W y must be
properly chosen.

According to the above description of the geometry of
the grasp, the end-e�ector quantities corresponding to
a given object's motion can be expressed as:

pk = pe +Re
erk;

Rk = Re;

_pk = _pe � S(Re
erk)!e;

!k = !e;

�pk = �pe � S(!e)S(Re
erk)!e � S(Re

erk) _!e;

_!k = _!e;

with k = 1; 2.

The above equations de�ne a mapping

C :fpe;Re; _pe;!e; �pe; _!eg 7! fpk;Rk; _pk;!k; �pk; _!kg
(7)

between end-e�ector and object motion variables. This
represents a set of mechanical constraints on the posi-
tion and orientation on the manipulator end e�ectors,
and thus they are always ful�lled during system's mo-
tion. Any attempt to violate such constraints gives rise
to internal forces. A certain amount of internal force
may be desired in some cases in order to ensure a �rm
grasp; however, when the grasp is tight, even small er-
rors leading to violation of the closed-chain constraints
may cause large values of internal forces which must be
avoided.



3 Inner motion control loop

In the remainder, an inner motion control loop is de-
signed for each manipulator, which guarantees track-
ing of a reference end-e�ector position pkr and orien-
tation Qkr , as well as of a reference end{e�ector veloc-
ity vkr and acceleration _vkr (k = 1; 2).

To the purpose, an inverse dynamics strategy is
adopted, which requires knowledge of the dynamic
models of the two robots |assumed to have six joints
each. According to the well{known concept of inverse
dynamics, the driving torques are chosen as

� k = Mk(qk)J
�1
k (qk)

�
ak � _Jk(qk; _qk) _qk

�
(8)

+ Ck(qk; _qk) _qk+
bdk(qk; _qk)+gk(qk)+JTk (qk)hk;

where ak is a new control input, end{e�ector force and
moment measurements are used to compensate for the
term hk in (1), and bdk denotes the available estimate
of the disturbance terms due to inaccurate modeling.
To this purpose, notice that it is reasonable to assume
accurate compensation of the dynamic terms in the
model (1), e.g., as obtained by a parameter identi�-
cation technique [12], except for the friction torques.

Substituting the control law (8) in (1) and accounting
for the time derivative of vk = Jk(qk) _qk gives

_vk = ak � Æk; (9)

that is a resolved end{e�ector acceleration for which
the term Æk = JkM

�1
k (dk � bdk) can be regarded as

a disturbance. In the case of mismatching on other
terms in the dynamic model (1), such a disturbance
would include additional contributions.

The new control input for each manipulator (k = 1; 2)
can be chosen as ak = [aTp;k aT�;k ]

T where ap;k and
a�;k are chosen as

ap;k = �pkr + kV p( _pkr � _pk) + kPp(pkr � pk); (10)

a�;k = _!kr + kV �(!kr �!k) + kP�Rk
k�krk; (11)

where k�krk is the vector part of Qkrk = Q�1
k � Qkr .

It can be shown [13] that control law (10),(11) ensures
asymptotic tracking of the reference position and ori-
entation trajectories, i.e.

pk ! pkr ; Rk ! Rkr ;

_pk ! _pkr ; !k ! !kr ;

�pk ! �pkr ; _!k ! _!kr ;

for t ! 1, when Æk = 0. The control gains kV p, kPp,
kV �, kP� can be tuned so as to provide accurate and fast
tracking as well as robustness to the disturbance Æk.

The inner motion control loop represents the basis for
the development of the two approaches analyzed in the
following. Namely, the control problem for multi-arm
manipulation is formulated as that of computing suit-
able reference position and orientation trajectories for
the inner control loop.

4 Positional control

Let the desired object position ped(t) and orienta-
tion Qed(t) (extracted from Red(t)) be assigned with
the associated linear and angular velocities and accel-
erations. If a purely positional control strategy is pur-
sued, the reference vectors for each manipulator are
generated from the desired trajectory for the object
according to the geometry of the grasp, i.e.

2
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pkr
Rkr

_pkr
!kr

�pkr
_!kr

3
777775 = C(ped ;Red ; _ped ;!ed ; �ped ; _!ed); (12)

where C is the mapping de�ned in (7) representing the
closed-chain constraints.

If the reference trajectories for the two end e�ectors
computed in (12) are consistent with the geometry of
the grasp (i.e., C is an accurate model of the grasp ge-
ometry), in the absence of interaction of the object with
the environment, asymptotic tracking of ped , Qed and
the corresponding velocity and acceleration is guaran-
teed by the inner motion control loop.

However, the adoption of a purely positional control
strategy may lead to building up of internal forces. In
fact, achieving small tracking errors for precise object
positioning requires a sti� motion control loop; on the
other hand, if the desired trajectories for the two end
e�ectors are not consistent with the geometry of the
grasp, they cannot be tracked because of the closed-
chain constraints. In sum, the higher are the control
gains, the larger are the internal forces. Also, internal
forces may arise during fast transients if uncompen-
sated dynamics or external disturbances are present.
Finally, it is well-known that if the manipulated ob-
ject comes in contact with the environment, a purely
positional control strategy may fail to achieve limited
contact forces.

Motivated by the above arguments, in the following an
impedance control strategy is devised aimed at limiting
both internal and contact forces.

5 Impedance control

When a robot manipulator interacts with other manip-
ulators and/or with the environment, a suitable com-
pliant behavior has to be ensured so as to keep limited
the interaction forces. This is typically achieved by
enforcing an equivalent mass-damper-spring behavior
under the action of an external force f and moment �,
that can be described by a mechanical impedance [6].

In order to derive the impedance equation, let consider
the mutual position between a desired frame �d and
a reference frame �r, and the corresponding position



displacement vector

�pdr = pd � pr: (13)

The positional part of the impedance equation is typi-
cally chosen as

Mp��pdr +Dp�_pdr +Kp�pdr = f ; (14)

where Mp, Dp and Kp are (3 � 3) positive de�nite
matrices representing the mass, damping, and sti�ness
characterizing the impedance.

The rotational part of the impedance equation is usu-
ally de�ned by extending the formal expression of the
equation written for the translational part (14) and us-
ing a minimal representation of the end-e�ector ori-
entation in terms of three Euler angles. However, as
shown in [9], the rotational sti�ness may become not
well de�ned even for small orientation displacements
and cannot be speci�ed in a consistent way with the
task geometry. A solution to this problem has been
proposed in [9], where a class of geometrically meaning-
ful representations of the mutual orientation between
the desired frame and the reference frame is considered.

In detail, the mutual orientation of �d with respect
to �r can be expressed in terms of the unit quaternion
Qdr = Q�1

r �Qd = f�dr;
r�drg = fcos #dr

2
; sin #dr

2

rrdrg
(see the Appendix). Let M �, D� and K� denote (3�
3) positive de�nite matrices representing the inertia,
rotational damping, and rotational sti�ness. Then, the
impedance equation for the orientation displacement is

M ��
r _!dr +D��

r!dr +K
0
�
r�dr =

r�; (15)

where �r!dr =
r!d�

r!r is the (3�1) angular velocity
vector of �d relative to �r, and K

0
� is an equivalent

rotational sti�ness which is related to K� as

K 0
� = 2 (�drI + S(

r�dr))K�: (16)

The relationship between K0
� and K� can be further

investigated by considering the decomposition of K�

as
K� = U ���U

T

� ; (17)

where �� = diagf
�1; 
�2; 
�3g is the eigenvalue ma-
trix and U � = [u�1 u�2 u�3 ] is the (orthogo-
nal) eigenvector matrix. An orientation displacement
fcos(#dr=2), sin(#dr=2)u�ig about the i-th eigenvector
leads to

K0
�
r�dr = 
�i sin#dr u�i (18)

which represents an elastic moment about the same
u�i axis. This implies that the rotational sti�ness ma-
trix K� can be expressed in terms of three parame-
ters 
�i representing the sti�ness about three principal
axes u�i. In turn the rotational sti�ness can be speci-
�ed by suitably choosing the sti�ness parameters and
the corresponding principal axes according to the ge-
ometry of the task. Of course, task geometric consis-
tency holds for the translational sti�ness too, in the

sense that Kp can be expressed in terms of three pa-
rameters 
pi representing the sti�ness along three prin-
cipal axes upi.

Notice that, di�erently from (14), the rotational part of
the impedance equation (15) has been derived in terms
of quantities all referred to the reference frame �r;
this allows the impedance behavior to be e�ectively ex-
pressed in terms of the relative orientation of �d with
respect to �r, no matter what the absolute orientation
of �r with respect to � is.

The two impedance equations (14) and (15) de�ne the
di�erential mapping

I : fpd;Rd; _pd;!d; �pd; _!d;f ;�g 7!

fpr;Rr; _pr;!r; �pr; _!rg; (19)

which can be conveniently exploited to formulate an
impedance control strategy for multi-arm manipula-
tion.

5.1 Object/environment interaction
In order to keep limited the contact forces exchanged
with the environment, an impedance-based strategy
can be pursued as in [8]. Let ped , Qed , _ped , !ed , �ped ,
_!ed the motion variables describing the assigned tra-
jectory for the object desired frame �ed . Then, the
corresponding reference vectors per , Qer _per , !er , �per ,
_!er can be chosen as the solution to the di�erential
equations:

(�p � 1)me�per +Dpe _per +Kpeper =

�fe �mege + �pme�ped +Dpe _ped +Kpeped (20)

(�� � 1)Je
er _!er +D�e

er!er �K
0
�e
er�eder =

�er�e+S(
er!er )Je

er!er+��Je
er _!ed+D�e

er!ed :(21)

It is straightforward to prove that asymptotic stability
of the equations (20) and (21) is ensured if the scalars
�p; �� > 1 and the matrix gains Dpe, Kpe, D�e and
K�e are symmetric and positive de�nite, with K 0

�e de-
�ned as in (16).

The above choice of the object reference trajectory en-
forces an impedance behaviour with mass �pme (inertia
��Je), translational dampingDpe (rotational damping
D�e) and translational sti�ness Kpe (rotational sti�-
ness K�e). In fact, assuming perfect tracking of the
object reference trajectory, the frames �e and �er can
be assumed to be aligned. Hence, folding (20),(21)
into the object dynamic equations (2),(3) the follow-
ing impedance equations are obtained

�pme��peder +Dpe�_peder +Kpe�peder = fenv (22)

�� Je�
er _!eder +D�e�

er!eder +K
0
�e
er�eder =

er�env : (23)

It is worth noticing that, di�erently from [8], direct
measurement of the object acceleration is not required
thanks to the nonlinear feedforward terms in (20),(21)



compensating for the object's dynamics. On the other
hand, the mass and inertia matrices for the impedance
cannot be assigned by the user in an arbitrary way, but
they must be set proportional to the mass and inertia,
respectively, of the object with a scaling factor greater
than 1. This is due to the fact that no direct measure-
ment of the contact force henv or, equivalently, of the
object acceleration is available. It is also advisable to
choose the scaling factors close to the unity so as to
avoid large modi�cations of the system's mass/inertia
characteristics.

Notice that, in view of (19) the reference trajectories
can be seen as output of the mapping

I : fped ;Red ; _ped ;!ed ; �ped ; _!ed ;f env ;�envg 7!

fper ;Rer ; _per ;!er ; �per ; _!erg; (24)

characterized by the impedance parameters in
(22),(23).

Finally, the corresponding reference trajectories for the
inner motion control loop are then computed according
to the model of the grasp geometry2
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pkr
Rkr

_pkr
!kr

�pkr
_!kr

3
777775 = C(per ;Rer ; _per ;!er ; _per ;!er ); (25)

which allows projection of the references at the object's
level for each end e�ector.

5.2 Manipulators/object interaction
The impedance paradigm can be keenly exploited to
keep limited the internal forces acting at the object as
well; to the purpose, a similar strategy as in [7] can be
adopted. Namely, an impedance behaviour is imposed
between the position/orientation displacements at each
end e�ector and the force and moment contributions
f Ik and �Ik in (6), i.e., for k = 1; 2

MpI��pkdkr +DpI�_pkdkr +KpI�pkdkr = f Ik; (26)

M �I�
kr _!kdkr +D�I�

kr!kdkr +K
0
�I

kr�kdkr =
kr�Ik: (27)

Therefore, the reference vectors pkr , Qkr , together with
the corresponding velocities and accelerations, are com-
puted by integrating the di�erential mapping

I : fpkd ;Rkd ; _pkd ;!kd ; �pkd ; _!kd ;f Ik;�Ikg 7!

fpkr ;Rkr ; _pkr ;!kr ; �pkr ; _!krg; (28)

characterized by the impedance parameters in
(26),(27).

In this case the e�ect of the impedance is that of adjust-
ing the reference trajectories for the two end e�ectors
so as to avoid building up of large internal forces. By

following the guidelines in [5], it can be shown that the
object motion at steady state is not a�ected by the
impedance on the internal forces, i.e., the object's de-
sired trajectory is reached at steady state even if it is
not consistent with the grasp geometry.

Hence, the adoption of the impedance approach on the
internal forces allows keeping high gains in the inner
motion control loop; this, in turn, ensures accurate
tracking of the object's desired motion, while avoiding
large internal forces.

6 Conclusion

A geometrically consistent impedance control has been
proposed for dual-robot manipulation of a rigid ob-
ject interacting with a compliant environment. The
impedance concept is adopted to control both the con-
tact forces exchanged between the object and the envi-
ronment and the internal forces at the object. The con-
trol scheme has been developed according to an inverse
dynamics strategy with closure of an inner motion con-
trol loop acting on the tracking errors between a suit-
ably de�ned reference trajectory and the actual end-
e�ector trajectory for each robot. Experimental valida-
tion of the proposed impedance control on a setup com-
posed of two industrial robots is currently in progress.
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Appendix: The unit quaternion

The location of a rigid body in space is typically de-
scribed in terms of the (3 � 1) position vector p and
the (3�3) rotation matrix R describing the origin and
the orientation of a frame attached to the body with
respect to a �xed base frame.

The body linear velocity is described by the time
derivative of the position vector, i.e. _p, while its angular
velocity ! can be de�ned through the time derivative
of the rotation matrix by the relationship _R = S(!)R,
where S(�) is the skew-symmetric matrix operator per-
forming the cross product between two (3� 1) vectors.

Representation singularities typically arise in certain
con�gurations if a minimal description of the orienta-
tion is adopted (e.g., Euler angles). Also, the use of
minimal descriptions of the orientation do not possess
a clear geometrical meaning. These drawbacks can be
overcome by a four-parameter representation; namely,
the Euler parameters or unit quaternion de�ned as [14]:

� = cos
#

2
; � = sin

#

2
r; (29)

where # and r respectively are the rotation angle and
the unit vector of an equivalent angle/axis description
of the orientation. Notice that the scalar part and the
vector part of the Euler parameters are constrained by
�2 + �T� = 1 and � � 0 for # 2 [��; �].

The rotation matrix corresponding to a given set of
Euler parameters is

R(�; �) = (�2 � �T�)I + 2��T � 2�S(�): (30)

The relationship between the time derivative of the Eu-
ler parameters and the body angular velocity ! is es-
tablished by the so-called propagation rule:

_� = �
1

2
�T! _�;

1

2
E(�; �)! (31)

with
E(�; �) = �I � S(�): (32)

Consider now two frames, conventionally labeled 1 and
2. Let R1 and R2 respectively denote the rotation ma-
trices expressing the orientation of the two frames with
respect to the base frame. Then, the mutual orienta-
tion between the two frames can be described by the
rotation matrix

1R2 = RT

1R2: (33)

As usual, a superscript denotes the frame to which a
quantity (vector or matrix) is referred; the superscript
is dropped whenever a quantity is referred to the base
frame. The Euler parameters describing the mutual
orientation can be either extracted directly from 1R2

or computed by composition of the unit quaternions
Q�1
1

= f�1;��1g and Q2 = f�2; �2g that can be ex-
tracted from RT

1
and R2, respectively, i.e.

�21 = �1�2 + �
T

1 �2 (34)
1�21 = �1�2 � �2�1 � S(�1)�2 (35)

where the double subscript denotes that a mutual ori-
entation is of concern. It can be shown that the
unit quaternion Q21 = f�21;

1�21g can be obtained via
quaternion product (composition) Q21 = Q�1

1
� Q2,

where � denotes the quaternion product operator [10].
The vector part 1�21 has been referred to frame 1, but it
is easy to prove that 1�21 =

2�21. Note that f�21;
1�21g

and f��21;�
1�21g represent the same orientation; also,

�1 is aligned with �2 as long as �21 = �1 and 1�21 = 0.

Let �1!21 =
1!2�

1!1 = RT

1 (!2�!1) be the angular
velocity of frame 2 relative to frame 1, which has been
referred to frame 1; the operator � has been introduced
to denote that a vector di�erence has been taken. Ac-
cordingly, the di�erential kinematics relationship cor-
responding to (31) becomes

_�21 = �
1

2
1�T21�

1!21;
1 _�21 =

1

2
E(�21;

1�21)�
1!21

(36)
with E de�ned as in (32).


