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1 Introduction

This paper addresses the problem of control of the Hopf
bifurcation for nonlinear systems with uncontrollable
modes. The controller design for systems with bifur-
cations has fundamental differences between systems
with a controllable or uncontrollable linearization. For
linearly controllable systems, the bifurcation can be de-
layed or stabilized by a linear feedback ([7]). However,
nonlinear feedback is essential for systems with uncon-
trollable bifurcation modes. The case of more than
one uncontrollable mode in the linearized system re-
quires special attention. Aeyels [3], Abed and Fu [1, 2],
Colonius and Kliemann [8] have studied the problem
of systems with one and/or two uncontrollable modes.
Using normal forms, Kang [12] developed the analy-
sis and control design algorithm for systems with one
uncontrollable mode.

In this paper, control systems with two uncontrollable
modes on imaginary axis are studied. We derive the
normal form for nonlinear control systems with two
complex conjugate uncontrollable modes. In this pa-
per, “bifurcation control” means the control of the ori-
entation of the periodic solution and the stabilization
of the periodic solution. Based on the normal form, we
find the center manifold orientation that is achievable
by state feedback. Finally, using the same normal form
approach, we derive sufficient conditions for the tuning
of a nonlinear control law to make the Hopf bifurca-
tion supercritical. The normal form approach adopted
in this paper generalizes the Poincaré’s normal form
method, commonly used in dynamical systems theory,
to the area of control systems. It was first introduced
in [13, 11]. The results proved in this paper indicate
that the linear control determines the orientation of the
periodic solution close to the origin, and the quadratic
feedback is critical to stabilize the periodic solution.
The analysis is based on the center manifold theorem
[6] and the Poincaré-Andronov-Hopf theorem [15].
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In section §2, the relation between the feedback and
the orientation of the center manifold at the bifurca-
tion point is derived. Section 3 is devoted to the deter-
mination of quadratic normal form. The coefficients of
the quadratic terms (or invariants) are then computed.
Based on the invariants, the quadratic center manifold
is derived. In §4, sufficient conditions on stabilizability
of the periodic solution is found.

Due to space limitations, the proofs cannot be inclused.
They can be found in the longer version of this paper.

2 The Center Manifold Orienta-
tion at the Origin

Consider the following nonlinear system X g

(=F(C ) +9(C v (2.1)

the variable ¢ € IR" is the state, v € IR is the input
variable, and the parameter y € IR. The vector fields
f(¢, 1) and g(¢, p) are assumed to be C* for some suf-
ficiently large k.

Assume f(0,0) = 0, g(0,0) # 0 and suppose that the
linearization of the system at the origin is (A4, B)
of
aC( ’ )7 g( ’ )
with
rank([B AB A’B --- A" 'B]) =n -2 (2.2)

So, the system is not linearly controllable at the origin.
If the uncontrollable modes have nonzero real parts,
the stabilizability is determined by the real part of the
uncontrollable modes. However, if the real part of the
uncontrollable modes are zero, bifurcation occurs even
with feedback control. In this paper, we assume that
+iw are the uncontrollable modes.



Assumption 1: The linearization of ¥y has two un-
controllable modes, +iw, at the origin.

The first step of the analysis is to simplify the linear
part of the system (i.e. determination of the linear nor-
mal form). There exists a linear change of coordinates
and a feedback independent of u transforming the sys-
tem (2.1) into
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{ . ] = A, [ o } +Tip+ Oz, 2, 1, u) (2.3)
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The system can be simplified further. The y—terms
can be cancelled by the change of coordinates: z; =
z1 + Vi,—2,u, Zo = 23 — 7;_1% Ty =21, T =% +Y2i-1M
for i = 2,---,n and a feedback @ = u + 2 . The lin-
ear normal form of ¥y is summarized in the following

lemma

Lemma 2.1 There ezists a linear change of coordi-
nates and feedback which transforms (2.1) into

i =Mzt (e ) + g e pu + O
i = Az + Byu+ f (2,2, ) + g (2,2, 1) u + O()?

(2.4)
where O(-) stands for the remaining cubic terms in
T, 2, b, U. o

2.1 The Linear Center Manifold

Now, let us determine the linear part of the center man-
ifold. Consider

¢ = Az+0(w,2,p,u)

& = Asx+ Bou+ O(z, 2, p,u)? (2:5)

and the feedback
n—2

w=Fiz)+ Fyzo + F3u + Z a;z; +O(x, 2z, 1)?. (2.6)

i=1

To stabilize the system around the bifurcation point,
the controllable part has to be stable. So, we assume

Assumption 2: The matrix
A+ By [ @ an—2 |

is Hurwitz.

Suppose that the center manifold is
z =1(z,p)

Suppose that the linear part of II is

1l (z, ) = 1) { : ] | 27)
with
oy ool oy
H[l] — . . . c R(n—?)x3-

1‘ 1‘ 1‘
ml,, ml,, ml

Lemma 2.2 Given any feedback (2.6) satisfying As-
sumption 2, the linear part of the center manifold
x =TM(2, u) is uniquely determined by

P(Al)_l 0
0 1

ai

m=[Fr F Fg][

o[ A o)
Hi+1_H1 [0 0:|'

(2.8)
with P(A) the characteristic polynomial of
A2+BQI: ay e Ap—2 ],i.e.
n—2 )
P =A"2 =3 aX! (2.9)
i=1

Let us note that formula (2.8) holds only if P(A4;)
is inevitable, and a; # 0. This is always true.
Since we assume Assumption 2, the eigenvalues of
As + Bsla; az ---a,—»] are not on the imaginary
axis. Therefore, the roots of the characteristic poly-
nomial P(A) is not on the imaginary axis. Therefore,
P(+iw) # 0. On the other hand, the eigenvalues of
P(A,) are P(+iw), which are nonzero. Therefore, the
matrix P(Ay) is inevitable. Furthermore, the value
(—=1)""'a; equals the multiplication of all eigenvalues
of Ay + Bslay as - -+ an—2]. If all the eigenvalues are on
the left half plane, it is easy to check that a; < 0.



2.2 Orientation

The orientation of a center manifold at a given point
is a set of vectors. They are orthogonal to the tangent
space of the manifold, linearly independent and they
generate a complement subspace of the manifold. In
other words, the orientation of a manifold at a given
point P is a basis of the orthogonal complement sub-
space of the tangent space at P.

Theorem 2.1 Given any (n — 2) x (n + 1) matriz of
the form

Mn-2)x3 Nn—2)x(n-2)]
Then, its row vectors define the center manifold orien-
tation at the origin for (2.5), (2.6) if and only if N !
ezists and I = — N~ M satisfies (2.8).

Proof.  Suppose that [M(,_2)x5 Nn—2)x(n—2)] de-
fines the orientation of a center manifold. Then, it is
orthogonal to the tangent space of the center manifold.
It is known that the tangent space of the center mani-
fold is given by its linear part,

:L’—H[l]|:z ] =0,
0

where TIM satisfies (2.8). In the (z,pu,)-space, a
set of orthogonal vectors of the tangent space is the
row vectors of [~IIl') 7). Therefore, [-TII! I] and
[M(n,2)xg J\/(n,2)x(n,2)] generates the same space,
which is orthogonal to the tangent space of the cen-
ter manifold. Therefore,

M —2)x3 Nin—2)x(n—2)]-
So, Y = —A~' M and it satisfies (2.8).

[t 1 = N

On the other hand, suppose —A =1 M satisfies (2.8).
By Lemma 2.2, the linear space

N_IM{Z]+35=0

represents the linear part of the center manifold. It is
the tangent space of the center manifold. Therefore,
[N=Y M 1], the row vectors in the coefficient matrix
of this equation, forms a basis of the orthogonal space.
It is easy to check that the row vectors of [M N] and
[NV=Y M 1] generates the same vector space. There-
fore, [M N defines the orientation of the center man-
ifold. «

3 Quadratic Center Manifold

The following quadratic transformations are employed
to simplify the quadratic part of a system into its nor-

mal form while leaving the linear part invariant.

21 21

| = | 2 | +é¥zp  (3.10)
T T
i=u+al(z,z,p) + (2,2, pu. (3.11)

The normal form is given in the following theorem.

Theorem 3.1 Consider system g . Suppose that its
linearization is given by (2.4). Then, there exists a
quadratic change of coordinates (3.10) and feedback
(3.11) that transform the system into

i= A+ 120w + Y x) + £ @) + Oz, )P

z = Asx + Bau + f2[0’2] () + O(z, p, z,u)?
(3.12)
where

2 2
ﬂielzjz&

i=1 j=1
2 3

J i
E E Vi €125 T1s

i=1 j=1
2 n—2

= 22636133

i=1 j=1

IR

Y ) =

102 ()

n—2 n—2

02] Z 20621’

i=1 j=i+2

In this notations, 23 = u, i = B2, B? = —B1. We will
continue to use both z3 and p in the rest of this paper.
The notation e! is the ith unit vector in z space. The
vector e} is the i*" unit vector in = space.

3.1 Quadratic Center Manifold

Now let us determine the quadratic part of the center
manifold. In the following, Adx (Y") represents the Lie
bracket of two matrices X and Y, i.e.

Adx(Y) = XY - YVX.

Theorem 3.2 Consider the normal form (3.12). Un-
der any feedback

n—2
u = E a;T; +
i=1

p]Q [ Z ] +0(z, 1, 2)?,

(3.13)
the quadratic part of the center manifold satisfies

1@ Mt
(3.14)

(2 ) = [ 2 p (T tadr,



where @ = P(—Ad[ A 0])(Q1), P(\) is the
o] 0

characteristic polynomial of As + BsK for K =

[al .. an72 ]'

Remark. Theorem 3.2 implies that, for any given
matrix ()1, there always exits

Q ZP(—Ad[ Ao ])(Ql) (3.15)

so that the feedback (3.13) yields a center manifold sat-
isfying (3.14). In the next section it will be proved that
the stability of the Hopf bifurcation is determined by
(21 and the invariants. Theorem 3.2 guarantees that, if
a (1 stabilizes a Hopf bifurcation, it is always achiev-
able by a suitable quadratic feedback. Thus, the prob-
lem of finding the stabilizing feedback is converted to
the problem of maneuvering the quadratic part of the
center manifold. <

Remark. The spectrum of the operator Ad [ A o ]
]

0
consists of {+iw,+2iw,0}, all on the imaginary
axis. The spectrum of P(—Ad[ 4 o ]) are P(+iw),

] 0

P(+2iw) and P(0). Since the roots of P(A) are all in
the left half plane, the spectrum of P(—Ad[ a4 0 ])
0 0

do not contain zero. So, P(—Ad[ A o ]) is an in-
0 0

evitable linear operator. <

In Theorem 3.2, we assume that the linear feedback is
independent of (z,u). However, it does not mean to
lose any generality. The next theorem shows that if
a closed-loop system has nonzero F; terms, it can be
transformed into a system in which the linear part of
the controllable system is not explicitly a function of
(z,1). Then, the formulae in Theorem 3.2 is applicable
to the new system.

Proposition 3.1 Given a system

2 = A1z+0(z,7)?
3 n—2
T = Asx+ BQ(Z Fiz; + Z a;z;) + O(z,x)?
=1 =1

(3.16)
There exists a linear change of coordinates to transform
the system into the following form

A7+ 0(3, &)

—2
i AsE + By () aidt;) + O(%, &) (
i=1

e
I

3.17)

4 Control of the Hopf Bifurca-
tion

The center manifold has dimension two. To determine
its stability we use the Poincaré-Andronov-Hopf theo-
rem. Let us recall this result

Theorem 4.1 [9] Consider the following system
2| |0 —w z1 U(21, 22, 1)
LD L e
Then if R
Vo + Vs #0
a#0
where a is a constant defined below, a curve of peri-

odic solutions bifurcates from the origin into p < 0 if
AWy +9,.,)>00rp>04fa(¥,., +¥,.,) <O0.

The periodic solution is stable if a < 0. The periodic
solution is unstable if G > 0. The origin is stable for
p > 0 (resp. p < 0) and unstable for p < 0 (resp.
w>0)if 0, . +¥,., <0 (resp. ¥, ., +¥,., >0).

The coefficient @ is a constant involving partial
derivatives evaluated at the bifurcation point, i.e.
(z1,22,p) = (0,0,0). It is given by

) 1 - -
a = 1_6( \1,212121 + q]2’12’122 + q]2’12’222 + mzzlzlz)
+ ﬁ < \I!le2( \Ijzlzl + \Ifz2z2) + ‘IIZ2Z2 ‘iIZ2z2
- ijzlzz( i’2121 + ilzzzz) - q’2’12’1 ¢’21Z1>
(4.19)
Remark. For (¥,., +¥,.,) >0. If @ < 0 then a

stable periodic orbit of amplitude approximately

R= ((\I’u 2 LFIHQ)M)% (4.20)

bifurcates from the origin into p© > 0 as u passes
through zero. The origin itself is a stable focus if p < 0.
If @ > 0 then an unstable periodic orbit of amplitude

R= (W) (4.21)

bifurcates into p < 0, where the origin is a stable fo-
cus, and there are no periodic orbits in a small neigh-
borhood of the origin of 4 > 0. The case where
(U, ., +¥,.,) <0is similar with the sign of x changed.
<

Remark. If a < 0, stable period solution attracts local
trajectories when the origin is an unstable equilibrium



point. So, the system stays around the origin even if the
origin is not a stable point. We call a Hopf bifurcation
supercritical if a < 0. <

Using the expressions of the center manifold (3.14) and
the normal form (3.12), we can determine the dynamics
of (2.1) on the center manifold. A straightforward ap-
plication of Theorem 4.1 and (4.19) to the reduced dy-
namical system yields the formula of a for normal form
(3.12). Based on this formula, feedback coefficients can
be computed to stabilize the Hopf bifurcation. Substi-
tuting (3.14) into the Z dynamics of the normal form
(3.12), the critical coefficients in the reduced system
can be found. In this case,

QuiB3Y! +13) +2Q12(7F +73) + Q22(373 + 1)

3 3 8 3 3
(O, Py O 81
16\ 0z] = 021022 021022 0z

a=

+

) (4.22)
‘I’u ot ‘I’u 22 = 25% (4-23)

th

where ();; are elements in the i**—row and the
‘th

j*"—column of ()1, the matrix of the quadratic center
manifold, and
(3]
ol
iz

represents the cubic part of the Z equation in (3.12).
The next theorem of bifurcation control is a straight-
forward corollary of Theorem 4.1 and (4.22).

Theorem 4.2 Given a system in the normal form
(3.12), Suppose Bi # 0. If one of the following con-
ditions is satisfied,

1) 3vi + 73 #0,
2) v+ #0,
3) 37+ #0,

then, there always exists a nonlinear feedback (3.13)
that renders the Hopf bifurcation supercritical. The
feedback coefficient Qgp is determined by (3.15), in
which Q1 is any symmetric matriz satisfying Bi -a < 0.

5 Invariants

Given a system in the form of (2.4), how to find its
normal form? In this section, a set of numbers asso-
ciated with (2.4) is found. The numbers are invariant
under any quadratic change of coordinates and feed-
back. They are called the quadratic invariants. It is
also proved that these invariants equal the coefficients

in the normal form. Two systems are equivalent under
a quadratic change of coordinates and feedback if and
only if the invariants of the systems are equal. There-
fore, the set of quadratic invariants completely charac-
terizes the quadratic part of a nonlinear control system.
For a given system (2.4), the values of the invariants
are the coefficients in the normal form.

Consider a system in the form of (2.4). Denote by C;,
C', the following row vector and matrix,

C, = | 0 - 0]

1xn’

oo =

0
0
1

o~ O

. - :
2Xn
Given two vector fields X (§) and Y (€) defined in IR",
the operator adx is defined by
oY 0X

The Lie operator Ly is defined by

_ 9k()

GEX

Lx (k(§))

for C! functions defined in IR".

Definition 5.1 Given a system (2.4), the quadratic
invariants are defined by

p?—r—l = %CmAt_l [ad;(g)aad;_l(g)] |z:0,m:0,uZOa
6?77171 _ IC dr drfl
5;—?‘—1 = 3Lz [a f(g)>a i (g)] |z=0,z:0,u:0;
[ '7{ ] _ n 6 n—2
i ’75 | = (—1) Cza—zjadf (g)| 2=0, 220, §=0,
] ) 9% fin N 9? f12
B _ 1 82236z1 6z236z2 |
L Bi ] 2 0% fun 0° fi2 =0, 2=0, p=0

823622 623621
(5.1)
Withl<r<n—-4,1<t<n—-r—-3,1<r<n-2,
j = 1,2,3, where f and g are the right hand side of
(2.4). The vector fi = [fi1 fi2]T represents the vector

field of z in (2.4).

The notations such as pg, 8, 73 and ﬂzj are used for
both the invariants and the coefficients in the normal
form (3.12). In the following, it is proved that they are
actually equal to each other.



Theorem 5.1 Consider a system in the form (2.4).

(i) The quadratic transformation (3.10)-(3.11) does
not change the value of quadratic invariants.

(1i) For a system in normal form (8.12), its quadratic
invariants (5.1) are equal to the coefficients of the
quadratic terms in the normal form.

(i4i) Given two systems in the form of (2.4) with the
same linearization (same w), the quadratic part
of one system can be transformed into that of an-
other system by a suitable transformation (3.10)-
(8.11) if and only if they have the same quadratic
wmvariants.

6 Conclusion

In this paper, linear and quadratic normal forms of non-
linear systems with a pair of imaginary uncontrollable
modes are derived. Based on the normal form, formulae
of feedbacks are found to control the bifurcation of the
system. The Hopf bifurcation can not be removed from
the closed-loop system, because the imaginary eigenval-
ues are uncontrollable. However, is it proved that both
the orientation and the stability of the periodic solu-
tion can be controlled by state feedback. It is proved in
this paper that a linear feedback determines the orien-
tation of the periodic solution around the bifurcation
point, and the quadratic feedback controls the stability
of the periodic solution. The explicit relation between
the feedback and the performance of the periodic solu-
tion, such as the orientation and stability, is derived.
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