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Abstract

This paper studies the classical problem of output
regulation for linear systems subject to actuator satura-
tion. The asymptotically regulatable region, the set of
all initial conditions of the plant and the exosystem for
which output regulation is possible, is characterized in
terms of the null controllable region of the anti-stable
subsystem of the plant. Feedback laws are constructed
that achieve regulation on the asymptotically regulat-
able region. These feedback laws are constructed from
the stabilizing feedback laws in such a way that a sta-
bilizing feedback law that achieves a larger domain of
attraction leads to a feedback law that achieves output
regulation on a larger subset of the asymptotically reg-
ulatable region and, a stabilizing feedback law on the
entire asymptotically null controllable region leads to
a feedback law that achieves output regulation on the
entire asymptotically regulatable region.

1 Introduction

There has been considerable research on the problem
of stabilization and output regulation of linear systems
subject to actuator saturation. The problem of stabi-
lization involves the issues of the characterization of the
asymptotically null controllable region Ca, the set of all
initial conditions that can be driven to the origin by
the saturating actuators asymptotically, and the con-
struction of feedback laws that achieve stabilization on
the entire or a large portion of Ca. Recent years have
witnessed extensive research that addresses these issues.
In particular, for an open loop system that is stabiliz-
able and has all its poles in the closed left-half plane,
it was established in [2, 11] that Ca is the entire state
space. For this reason, a linear system that is stabiliz-
able in the usual linear sense and has all its poles in
the closed left-half plane is referred to as asymptotically
null controllable with bounded controls, or ANCBC. For
ANCBC systems subject to actuator saturation, various
feedback laws that achieve global or semi-global stabi-
lization on Ca have been constructed (see, for example,
[13, 12, 8, 7]). Here by semi-global stabilization on Ca we
mean the construction of a feedback law that achieves a
domain of attraction large enough to include any a priori
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given (arbitrarily large) bounded set in Ca. For an expo-
nentially unstable open-loop system subject to actuator
saturation, Ca was recently characterized in [3]. Also in
[3], simple feedback laws were constructed that achieve
semi-global stabilization on Ca for linear systems with
only two exponentially unstable poles. More recently,
feedback laws have been constructed that achieve semi-
global stabilization on Ca for general linear systems sub-
ject to actuator saturation[4].

In comparison with the problem of stabilization, the
problem of output regulation for linear systems subject
to actuator saturation, however, has received relatively
less attention. The few works that have motivated our
current research are [10], [9] and [13]. In [9, 13], the
problem of output regulation was studied for ANCBC
systems subject to actuator saturation. Necessary and
suÆcient conditions on the plant/exosystem and their
initial conditions were derived under which output regu-
lation can be achieved. Under these conditions, feedback
laws that achieve output regulation were constructed
based on the semi-global stabilizing feedback laws of [8].
The recent work [10] made an attempt to address the
problem of output regulation for exponentially unstable
linear systems subject to actuator saturation. The at-
tempt was to enlarge the set of initial conditions of the
plant and the exosystem under which output regulation
can be achieved. In particular, for plants with only one
positive pole and exosystems that contain only one fre-
quency component, feedback laws were constructed that
achieve output regulation on what we will characterize
in this paper as the asymptotically regulatable region.

The objective of this paper is to systematically study
the problem of output regulation for general linear sys-
tems subject to actuator saturation. In particular, we
will �rst characterize the asymptotically regulatable re-
gion Ra

g , the set of plant and exosystem initial condi-
tions for which output regulation is possible with the
saturating actuators. It turns out that Ra

g can be char-
acterized in terms of the null controllable region of the
anti-stable subsystem of the plant. We then construct
feedback laws that achieve regulation on Ra

g .
The remainder of this paper is organized as follows.

In Section 2, we precisely formulate the problem of out-
put regulation for linear systems with saturating actua-
tors. Section 3 characterizes the asymptotically regulat-
able region Ra

g . Sections 4 and 5 respectively construct
state feedback and error feedback laws that achieve out-
put regulation on Ra

g . Finally, Section 6 gives a brief



concluding remark.
Throughout the paper, we will use standard nota-

tion. For a vector u 2 Rm, we use juj1 and juj2
to denote the vector 1-norm and the 2-norm. For
a measurable function u : [0;1) ! Rm, we de�ne
kuk1 = supt2[0;1] ju(t)j1. We use sat(�) to denote the

standard (vector) saturation function. The proofs are
sketched or omitted due to space limitation.

2 Preliminaries and Problem Statement

In this section, we �rst recall from [1, 6] the classical
formulation and results on the problem of output regu-
lation for linear systems. This brief review will motivate
our formulation as well as the solution to the problem of
output regulation for linear systems subject to actuator
saturation.

2.1 Output Regulation for Linear Systems

Consider a linear system

_x = Ax +Bu+ Pw;
_w = Sw;
e = Cx +Qw:

(1)

The �rst equation of this system describes a plant, with
state x 2 Rn and input u 2 Rm, subject to the e�ect of
a disturbance represented by Pw. The third equation
de�nes the error e 2 Rq between the actual plant output
Cx and a reference signal �Qw that the plant output
is required to track. The second equation describes an
autonomous system, often called the exosystem, with
state w 2 Rr. The exosystem models the class of dis-
turbances and references taken into consideration.

The objective of the output regulation problem is to
achieve internal stability and output regulation by state
feedback or error feedback. Internal stability means that
if we disconnect the exosystem and set w equal to zero
then the closed-loop system is asymptotically stable.
Output regulation means that for any initial conditions
of the closed-loop system, we have that e(t) ! 0 as
t!1.

The solution to the output regulation problem is
based on the following three assumptions.

A1. The eigenvalues of S have nonnegative real parts;
A2. The pair (A;B) is stabilizable;

A3. The pair

��
C Q

�
;

�
A P
0 S

��
is detectable.

The following results, due to Francis [1], describe nec-
essary and suÆcient conditions for the existence of so-
lutions to the output regulation problem.

Proposition 1 Suppose Assumptions A1 and A2 hold.
Then, the problem of output regulation is solvable by
state feedback if and only if there exist matrices � and
� that solve the linear matrix equations

�S = A�+ B� + P;
C�+Q = 0:

(2)

Moreover, if in addition Assumption A3 also holds, the
solvability of the above linear matrix equations is also a

necessary and suÆcient condition for the solvability of
the output regulation problem by error feedback.

2.2 Output Regulation for Linear Systems Sub-
ject to Actuator Saturation

Motivated by the classical formulation of output regu-
lation for linear systems, we consider the following linear
system subject to actuator saturation and the exosys-
tem,

_x = Ax+Bu+ Pw;
_w = Sw;
e = Cx+Qw;

(3)

where u 2 Rm is the output of the saturating actua-
tors and, without loss of generality, can be assumed to
be measurable and satisfy the bound kuk1 � 1. A con-
trol u that satis�es these assumptions will be referred to
as an admissible control. Because of the bound on the
control input, both the plant and the exosystem cannot
operate in the entire state space. For this reason, we
assume that (x0; w0) 2 Y0 for some Y0 2 Rn �Rr. Let
X 0 = fx0 2 Rn : (x0; 0) 2 Y0g.

The problems to be addressed in this paper are the
following:

Problem 1 The problem of output regulation by state
feedback for the system (3) is to �nd a feedback law u =
�(x;w), with j�(x;w)j1 � 1 and �(0; 0) = 0, such that

1. the equilibrium x = 0 of the system _x = Ax +
B�(x; 0) is asymptotically stable with X 0 contained in
its domain of attraction;

2. for all (x0; w0) 2 Y0, the interconnection of
(3) and the feedback law u = �(x;w) results in
limt!1 e(t) = 0 and that x(t) is bounded.

Problem 2 The problem of output regulation by error
feedback for the system (3) is to �nd an error feedback
law of the form

_� =  (�; e); �0 2 Y0;
u = �(�);

with  (0; 0) = 0, �(0) = 0 and j�(�)j1 � 1, such that
1. the equilibrium (x; �) = (0; 0) of the system

_x = Ax+B�(�);
_� =  (�; Cx)

(4)

is asymptotically stable with X 0 � Y0 contained in its
domain of attraction;

2. for all (x0; w0; �0) 2 Y0 � Y0, the interconnection
of (3) and (4) results in limt!1 e(t) = 0 and that x(t)
and �(t) are bounded.

Our objective is to characterize the maximal set of
initial conditions (x0; w0) on which the above two prob-
lems are solvable and to explicitly construct feedback
laws that actually solve the problems.

We will assume that (A;B) is stabilizable and that
S has all its eigenvalues on the imaginary axis and are
simple. These are necessary or without loss of generality.



3 The Regulatable Region

In this section, we will characterize the set of all ini-
tial states of the plant and the exosystem on which the
problems of output regulation are solvable under the re-
striction that kuk1 � 1. We will refer to this set as the
asymptotically regulatable region.

To begin with, we observe from the classical out-
put regulation theory that for these two problems to
be solvable, there must exist matrices � 2 Rn�r and
� 2 Rm�r that solve the following matrix equations,

�S = A�+B� + P;
0 = C�+Q:

(5)

Given the matrices � and �, we de�ne a new state
z = x��w and rewrite the system equations as

_z = Az +Bu�B�w;
_w = Sw;
e = Cz:

(6)

From these new equations, it is clear that e(t) goes to
zero asymptotically if z(t) goes to zero asymptotically.
This is possible only if (see [9]) supt�0

���eStw0

��
1
< 1.

For this reason, we will restrict our attention to exosys-
tem initial conditions in the following compact set

W0 =
�
w0 2 Rr : j�w(t)j1 = j�eStw0j1 � �;8t � 0

	
;

for some � 2 [0; 1). For later use, we also denote Æ =
1 � �. We note that the compactness of W0 can be
guaranteed by the observability of (�; S). We can now
precisely de�ne the notion of asymptotically regulatable
region as follows.

De�nition 1 Given T > 0, a pair (z0; w0) 2 Rn �W0

is regulatable in time T if there exists an admissible con-
trol u(�), such that the response of (6) satis�es z(T ) = 0;
A pair (z0; w0) is regulatable if there exist a �nite T > 0
and an admissible control u(�) such that z(T ) = 0. The
set of all (z0; w0) regulatable in time T is denoted as
Rg(T ) and the set of all regulatable (z0; w0) is referred
to as the regulatable region and is denoted as Rg. The
set of all (z0; w0) for which there exists an admissi-
ble control u(�) such that the response of (6) satis�es
limt!1 z(t) = 0 is referred to as the asymptotically reg-
ulatable region and is denoted as Ra

g .

We will describe Rg(T ), Rg and Ra
g in terms of the

asymptotically null controllable region of the plant _v =
Av +Bu; kuk1 � 1, which is de�ned as follows.

De�nition 2 The asymptotically null controllable re-
gion, denoted as Ca, is the set of all v0 that can be
driven to the origin asymptotically by an admissible con-
trol. The null controllable region at time T , denoted as
C(T ), is

C(T ) =

(Z T

0

e�A�Bu(�)d� : kuk1 � 1

)
; (7)

and the null controllable region, denoted as C, is
C =

S
T2[0;1) C(T ).

Simple methods to describe C and Ca were given
in [3]. To simplify the characterization of Rg and
Ra
g , and without loss of generality, let us assume that

z =
�
zT1 zT2

�
T

; z1 2 Rn1 ; z2 2 Rn2 and

A =

�
A1 0
0 A2

�
; B =

�
B1

B2

�
; (8)

where A1 2 Rn1�n1 is semi-stable (i.e., all its eigenval-
ues are in the closed left-half plane) and A2 2 Rn2�n2

is anti-stable (i.e., all its eigenvalues are in the open
right-half plane). The anti-stable subsystem

_z2 = A2z2 +B2u�B2�w;
_w = Sw;

(9)

is of crucial importance. Denote its regulatable regions
as Rg2(T ) andRg2, and the null controllable regions for
the system _v2 = A2v2+B2u as C2(T ) and C2. Then, the
asymptotically null controllable region for the system
_v = Av +Bu is given by Ca = Rn1 �C2 [2], where C2 is
a bounded set. Denote the closure of C2 as �C2, then

�C2 =

�Z 1
0

e�A2�B2u(�)d� : kuk1 � 1

�
:

Theorem 1 Let V2 2 Rn2�r be the unique solution to
the matrix equation

�A2V2 + V2S = �B2� (10)

and let V (T ) = V2 � e�A2T V2 e
ST . Then

1) Rg2(T ) =f(z2; w) 2 Rn2�W0 : z2�V (T )w 2 C2(T )g ;

2) Rg2 =f(z2; w) 2 Rn2�W0 : z2 � V2w 2 C2g ;

3) Ra
g =R

n1 �Rg2:

Proof. 1) Given (z20; w0) 2 Rn2 �W0 and an admissi-
ble control u, the solution of (9) at t = T is,

z2(T )=e
A2T

 
z20 +

Z T

0

e�A2�B2

�
u(�)� �eS�w0

�
d�

!
:

From (10), we have

�

Z T

0

e�A2�B2�e
S�d�=

Z T

0

de�A2�V2e
S�=�V (T ): (11)

Thus

e�A2T z2(T ) = z20 � V (T )w0 +

Z T

0

e�A2�B2u(�)d�:

By setting z2(T ) = 0, we immediately obtain 1) from
the de�nitions of Rg(T ) and (7).

2) Since A2 is anti-stable and S is stable, we have that
limT!1 V (T ) = V2. 2) follows from 1) and the fact that
Rg2(T ) and C2(T ) approachRg2 and C2 respectively, as
T goes to in�nity.

3) It is easy to see that Ra
g � Rn1 �Rg2. We need

to show that Rn1 �Rg2 � Ra
g . Suppose that (z0; w0) =



(z10; z20; w0) 2 Rn1 � Rg2. There exist a T � 0 and
an admissible u(�) such that z2(T ) = 0. For t � T , let
u = �w + uÆ, with kuÆk1 � Æ = 1� �. Since w0 2 W0,
we have k�wk1 � � and hence, kuk1 � 1 and

_z = Az +Bu�B�w = Az +B uÆ:

Since

�
z1(T )
0

�
is inside the asymptotically null con-

trollable region for the above system under the con-
straint kuÆk1 � Æ [2], there exists a uÆ(�) such that
limt!1 z(t) = 0. Hence (z0; w0) 2 R

a
g . This establishes

that Rn1 �Rg2 � Ra
g and hence Rn1 �Rg2 = Ra

g . 2

4 State Feedback Controller

In this section, we will construct a feedback law
that solves the problem of output regulation by state
feedback for linear systems subject to actuator satu-
ration. We will assume that a stabilizing feedback
u = f(v); jf(v)j1 � 1 for all v 2 Rn, has been designed
and the equilibrium v = 0 of the closed-loop system

_v = Av +Bf(v) (12)

has a domain of attraction S � Ca. We will construct
our feedback law from this stabilizing feedback law.

Given a feedback u = g(z; w); jg(z; w)j1 � 1 for all
(z; w) 2 Rn �W0, we have the closed-loop system

_z = Az +B g(z; w)�B�w; (13)

_w = Sw:

Denote the time response of z(t) to the initial state
(z0; w0) as z(t; z0; w0) and de�ne

Szw :=
n
(z0; w0) 2 Rn �W0 : lim

t!1
z(t; z0; w0) = 0

o
:

Clearly by de�nition, we have Szw � Ra
g . Our objective

is to design a control law u = g(z; w) such that Szw is
as large as possible, or as close to Ra

g as possible.
Firstly we need a mild assumption which will be

removed latter. Assume that there exists a matrix
V 2 Rn�r such that

�AV + V S = �B�: (14)

This will be the case if A and S have no common eigen-
values. Denote

Dzw := f(z; w) 2 Rn �W0 : z � V w 2 Sg ; (15)

on which the following observation can be made.

Observation 1 a) The set Dzw increases as S in-
creases, and if S = Ca, then Dzw = Ra

g ;

b) In the absence of w, x0 2 S ) (z0; 0) 2 Dzw.

With this observation, we see that our objective in
Problem 1 is simply to design a feedback law such that
Dzw � Szw. We will reach this objective through a
series of lemmas.

Lemma 1 Let u = f(z�V w). Consider the closed-loop
system

_z = Az +Bf(z � V w) �B�w;
_w = Sw:

(16)

For this system, Dzw is an invariant set and for all
(z0; w0) 2 Dzw, limt!1(z(t)� V w(t)) = 0.

Proof. Substitute (14) into system (16), we obtain

_z = A(z � V w) +Bf(z � V w) + V _w:

De�ne the new state v := z � V w, we have

_v = Av +Bf(v);

which has a domain of attraction S. The result of the
lemma follows immediately. 2

Lemma 1 says that, in the presence of w, the simple
feedback u = f(z � V w) will cause z(t) to approach
V w(t), which is bounded. Our next step is to con-
struct a �nite sequence of controllers u = fk(z; w; �),
k = 0; 1; 2; � � � ; N , all parameterized in � 2 (0; 1). By
judiciously switching between these controllers, we can
cause z(t) to approach �kV w(t) for any k. By choos-
ing N large enough, z(t) will become arbitrarily small.
Once z(t) becomes small enough, we will use the con-
troller u = �w + Æ sat(Fz

Æ
) (F to be speci�ed latter) to

make z(t) converge to the origin.
Let F 2 Rm�n be such that

_v = Av +B sat(Fv); (17)

is asymptotically stable. Let X > 0 be such that (A +
BF )TX +X(A + BF ) < 0 and the ellipsoid E := fv 2
Rn : vTXv � 1g is in the linear region of the saturation
function, i.e., jFvj1 � 1 for all v 2 E . Then E is an
invariant set and is in the domain of attraction for the
closed-loop system (17).

Lemma 2 Suppose that D � Rn is an invariant set in
the domain of attraction for the system _v = Av+Bf(v),
then for any � > 0, �D is an invariant set in the domain
of attraction for the system _v = Av + �Bf (v=�).

For any � 2 (0; 1), there exists a positive integer N
such that

�N jX
1

2V wj2 < Æ; 8 w 2 W0: (18)

De�ne a sequence of subsets in Rn �W0 as,

Dk
zw =

�
(z; w) 2 Rn �W0 : z � �kV w 2 �kE

	
;

k = 0; 1; � � � ; N;

DN+1
zw = f(z; w) 2 Rn �W0 : z 2 ÆEg ;

and, on each of these sets, de�ne a state feedback law
as follows,

fk(z; w; �) = (1� �k)�w + �k sat
�
F (z � �kV w)=�k

�
;

fN+1(z; w) = �w + Æ sat (Fz=Æ)) :

It can be veri�ed that, for any k = 0 to N + 1,
jfk(z; w; �)j1 � 1 for all (z; w) 2 Rn �W0.



Lemma 3 Let u = fk(z; w; �). Consider the closed-
loop system

_z = Az +Bfk(z; w; �)�B�w;
_w = Sw:

(19)

For this system, Dk
zw is an invariant set. More-

over, if k = 0; 1; � � � ; N , then for all (z0; w0) 2 Dk
zw,

limt!1(z(t)��
kV w(t)) = 0; if k = N +1, then, for all

(z0; w0) 2 D
N+1
zw , limt!1 z(t) = 0.

Proof. For the case k = 0; 1; � � � ; N , we have

_z = Az + �kBsat
�
F (z � �kV w)=�k

�
� �kB�w:

Let vk = z � �kV w, then by (14),

_vk = Avk + �kBsat
�
Fvk=�

k
�
: (20)

The result of the lemma follows from Lemma 2. The
case where k = N + 1 is similar. 2

Based on the lemmas established above, we construct
our �nal state feedback law as follows,

u= g(z; w; �;N)

=

8>><
>>:
fN+1(z; w); if (z; w)2
N+1 := DN+1

zw ;

fk(z; w; �); if (z; w)2
k := Dk
zw n [

N+1
j=k+1D

j
zw;

f(z � V w); if (z; w) 2 
:= Rn�W0 n [
N+1
j=0 D

j
zw:

What remains to be shown is that this controller will
accomplish our objective if the parameter � is properly
chosen. Let

�0 = max
w2W0

jX
1

2V wj2

jX
1

2V wj2 + 1
:

It is obvious that �0 2 (0; 1).

Theorem 2 Choose any � 2 (�0; 1) and let N be speci-
�ed as in (18). Then for all (z0; w0) 2 Dzw, the solution
of the closed-loop system

_z = Az +B g(z; w; �;N)�B�w; (21)

_w = Sw

satis�es limt!1 z(t) = 0, i.e., Dzw � Szw.

Proof. The control u = g(z; w; �;N) is executed by
choosing one from fk(z; w; �); k = 0; 1; � � � ; N + 1, and
f(z � V w). The crucial point is to guarantee that no
chattering will occur and that (z; w) will move succes-
sively from 
, to 
0;
1; � � � ; �nally entering 
N+1, in
which z(t) will converge to the origin. This can be shown
by combining Lemmas 1, 2 and 3. 2

In what follows, we will deal with the case that there
is no V that satis�es �AV + V S = �B�.

Suppose that the z-system (6) has the following form,�
_z1
_z2

�
=

�
A1 0
0 A2

��
z1
z2

�
+

�
B1

B2

�
u�

�
B1�
B2�

�
w (22)

with A1 2 Rn1�n1 semi-stable and A2 2 Rn2�n2 anti-
stable. Also suppose that there is a known function
f(v2); jf(v2)j1 � 1 for all v2 2 Rn2 such that the
origin of the system _v2 = A2v2 + B2f(v2) has a do-
main of attraction S2, which is a bounded set. Then

by Lemma 2, the system _v2 = A2v2 + ÆB2f (v2=Æ) has
a domain of attraction ÆS2; and by [14] there exists a
control u = Æ sat(h(v)) such that the origin of

_v = Av + ÆBsat(h(v))

has a domain of attraction SÆ = Rn1 � ÆS2.
Since there is a V2 satisfying �A2V2 + V2S = �B2�,

by the foregoing development of Theorem 2, there exists
a controller u = g(z2; w; �;N) such that for any (z0; w0)
satisfying z20 � V2w0 2 S2, w0 2 W0, the response of
the closed-loop system satis�es limt!1 z2(t) = 0. Hence
there is a �nite time t1 > 0 such that z(t1) 2 Rn1�ÆS2.
Let the controller be,

u =

(
g(z2; w; �;N); if z2 2 Rn2 n ÆS2 ;

�w + Æ sat(h(z)); if z2 2 ÆS2:

We conclude that under this control, the set
f(z; w) 2 Rn �W0 : z2 � V2w 2 S2g � Szw.

5 Error Feedback

Consider the same open-loop system as (6). Here in
this section, we assume that only the error e = Cz is
available for feedback. Also, without loss of generality,

assume that the pair ( �C; �A) =

�
[C 0];

�
A �B�
0 S

��
is observable.

We use the following observer to reconstruct the state
z and w,

_�z = A�z +Bu�B� �w � L1(e� C�z); (23)

_�w = S �w � L2(e� C�z):

Let ~z = z � �z; ~w = w � �w, the composite system is

_z = Az +Bu�B�w; (24)

_w = Sw;�
_~z
_~w

�
=

�
A+ L1C �B�
L2C S

��
~z
~w

�
:

Now we have to use (�z; �w) instead of (z; w) to con-
struct a feedback controller. Since ( �C; �A) is observable,

we can choose L =
�
LT

1 LT

2

�
T

appropriately such
that the estimation error (~z; ~w) decays arbitrarily fast.
Nevertheless, we need an additional assumption on the
existing stabilizing controller f(v) so that it can tolerate
some class of disturbances.

Consider the system

_v = Av +Bf(v + �);

where � stands for the disturbance arising from the ob-
server error. Assume that jf(v)j1 � 1 for all v 2 Rn

and that there exist a setD0 2 Rn and positive numbers

 and d0 such that the solution of the system satis�es

kvk1 � 
max(jv0j1; k�k1); kvka � 
k�ka;

for all v0 2 D0, k�k1 � d0, where kvka =
lim supt!1 jv(t)j1. This system is said to satisfy an



asymptotic bound from D0 with gain 
 and restriction
d0 [14]. In [5], a saturated linear feedback u = f(v) =
sat(F0v) with such property is constructed for second-
order anti-stable systems. Moreover the set D0 can be
made arbitrarily close to the null controllable region.

Let D 2 Rn be in the interior of D0. Given a positive
number M , denote

DM=f(z; w; ~z; ~w) : z�V w 2D; j[~zT ~wT]Tj2 �Mg :

Lemma 4 There exists an L 2 R(n+r)�q, such that
under the control u = f(�z � V �w), the solution of the
system (24) satis�es limt!1(z(t) � V w(t)) = 0 for all
(z0; w0; ~z0; ~w0) 2 DM .

Lemma 4 means that we can keep z(t) bounded if
(z0; w0; ~z0; ~w0) 2 DM . Just as the state feedback case,
we want to move z(t) to the origin by making z(t) �
�kV w(t) small with increased k. Due to the switching
nature of the �nal controller and that the feedback has
to be based on (�z; �w), we need to construct a sequence
of sets which are invariant with respect to (�z; �w) rather
than (z; w) under the corresponding controllers.

Using linear system theory, it is easy to design an F 2
Rm�n, along with a matrix X > 0 such that A+BF is
Hurwitz and the set E = fv 2 Rn : vTXv � 1g is inside
the linear region of the saturation function sat(Fv) and
that for some positive number d1, E is invariant for the
system

_v = Av +Bsat(Fv) � �; j�j1 � d1: (25)

Let � and N be determined from X in the same way
as with the state feedback controller. With F 2 Rm�n,
we form a sequence of controllers,

u= fk(�z; �w;�) = (1��k)� �w + �ksat
�
F (�z��kV �w)=�k

�
;

k = 0; 1; 2; � � � ; N;

u= fN+1(�z; �w) = � �w + Æ sat (F �z=Æ) :

De�ne a sequence of sets in Rn �Rr:

Dk
�z �w =

�
(�z; �w) 2 Rn �Rr : �z � �kV �w 2 �kE

	
;

k = 0; 1; 2; � � � ; N;

DN+1
�z �w = f(�z; �w) 2 Rn �Rr : �z 2 ÆEg :

Our �nal error feedback law is

u=

8>><
>>:
fN+1(�z; �w); if (�z; �w) 2 
N+1;

fk(�z; �w;�); if (�z; �w) 2 
k

f(�z � V �w); if (�z; �w) 2 
;

(26)

where 
k = Dk
�z �w n [N+1

j=k+1D
j

�z �w; k = 0; 1; : : : ; N ,


N+1 = DN+1
�z �w and 
 = Rn �Rr n [N+1

j=0 D
j

�z �w .

Theorem 3 Consider the feedback system (24) with
(26). Suppose that F is chosen such that E is invari-

ant for the system (25). There exists an L 2 R(n+r)�q

such that limt!1 z(t) = 0 for all (z0; w0; ~z0; ~w0) 2 DM .

6 Conclusions

In this paper, we have systematically studied the
problem of output regulation for linear systems sub-
ject to actuator saturation. The plants considered here
are general and can be exponentially unstable. We �rst
characterized the regulatable region, the set of initial
conditions of the plant and the exosystem for which out-
put regulation can be achieved. We then constructed
state feedback and error feedback laws that achieve out-
put regulation on the regulatable region.
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