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Abstract

A Petri Net (PN) is said to be live if it is possible
to �re any transition from every reachable mark-
ing, although not necessarily immediately. Un-
der appropriate conditions, a non-live PN can be
made live via supervision. Under this paradigm an
external-agent, the supervisor, prevents the �ring
of certain transitions at each reachable marking so
as to enforce liveness. A PN is partially controlled if
the supervisor can prevent the �ring of only a sub-
set of transitions. A Free Choice Petri net (FCPN)
is a PN where every arc from a place to a transition
is either the unique output arc from that place, or,
it is the unique input arc to the transition. In this
paper we show for each partially controlled FCPN
that can be made live via supervision, any mark-
ing that is reachable under a policy that enforces
liveness should cover (with respect to the standard
partial ordering of vectors) a member of a speci�c,
�nite set of minimal-markings. Assuming this set is
readily available, this observation is used to (i) test
the existence, and (ii) to synthesize a minimally re-
strictive supervisory policy that enforces liveness in
a partially controllable FCPN. We suggest investi-
gations into the computation of this speci�c, �nite
set of minimalmarkings as a future research topic.

1 Introduction

A large class of systems can be modeled as systems
with independent, interacting, concurrent compo-
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nents. Typically, each independent process is split
into several operations; the execution of each oper-
ation is conditioned on the satisfaction of a set of
logical preconditions. Upon the execution of any
such operation, a new set of logical conditions is
created that inhibit the execution of some oper-
ations and enables the execution of others in the
system. The supervisory control of such systems
requires an external agent to regulate, or limit, the
operations of each component so as to guarantee a
common objective. In this paper we concern our-
selves with a stronger version of deadlock avoidance
called liveness. From any reachable state of a live
system, it should be possible for any of the com-
ponents to execute any of its operations, although
not necessarily immediately.

Petri nets (PNs) [5] are an ideal choice of the mod-
eling of such systems as they allow easy represen-
tation of the logical preconditions as the marking,
and the operations can be represented as transi-
tions. A PN is said to be live, if from any reach-
able marking it is possible to �re any transition, al-
though not necessarily immediately. A Free-Choice
Petri net (FCPN) is a restricted class of Petri nets
(PNs) where every arc from a place to a transition
is either the unique output arc from that place,
or, it is the unique input arc to the transition. In
this paper we consider partially controlled FCPNs
where the external agent, the supervisor, can pre-
vent only some (i.e. not all) transitions from �ring.
We concern ourselves with the synthesis of supervi-
sory policies that enforce liveness in non-live, par-
tially controlled FCPNs.

In reference [13] it is shown that the existence of
a supervisory policy that enforces liveness in par-



tially controlled FCPNs is monotone with respect
to the initial marking. That is, if there is a super-
visory policy that enforces liveness in a partially
controlled FCPN for a given initial marking m0,
then there exists a supervisory policy that enforces
liveness in the same FCPN for any initial mark-
ing that is larger than m0. Consider the situation
where the structure of a PN is given, and the ini-
tial marking is to be chosen (i.e. the initial mark-
ing is not a part of the de�nition of the PN struc-
ture). For any partially controlled FCPN structure
N , let �(N ) denote the set of initial markings of N
for which one could synthesize a supervisory policy
that enforces liveness. Using the result in refer-
ence [13], we infer that if �(N ) 6= ;, then �(N )
must be be right-closed. That is, if this set con-
tains a markingm 2 �(N ), then it should contain
all markings bm such that bm �m, under the stan-
dard partial ordering of vectors. Since every right-
closed set of vectors contains a �nite set of mini-
mal elements, the set �(N ) should also contain a
�nite set of minimal markings �(�(N )). That is,
(i) 8m 2 �(N ); 9 em 2 �(�(N )), such thatm � em,
and (ii) if 9m 2 �(N ), and 9 em 2 �(�(N )), such
that em �m, then em =m.

In this paper we show that if a markingm is reach-
able under the supervision of a policy that enforces
liveness in a partially controlled FCPN structure
N for some choice of the initial marking, say m0,
then 9 em 2 �(�(N )), such that m � em. Since
m0 is trivially in the set of reachable markings
under supervision, it follows that this observation
also holds for m0 as well. It is easy to see that
if the set �(�(N )) is known for a given FCPN
structure N , the existence of a supervisory policy
that enforces liveness, can be tested by checking if
9 em 2 �(�(N )), such that m0 � em. Since the set
�(�(N )) is �nite, this test is computable. Using
the abovementioned relationship between markings
that are reachable under the supervision of a policy
that enforces liveness and the elements of �(�(N )),
we synthesize a minimally restrictive policy that
enforces liveness in a given FCPN. We do not ad-
dress the computation of the set �(�(N )) in this
paper, this is suggested as a future research topic.

The following section contains the notations and
de�nitions used in this paper. Section 3 presents
a review of the relevant results in the literature.
Section 4 contains the main result of this paper
and some of its implications. The paper concludes
with some future research directions in section 5.

2 Notations and De�nitions

A Petri net structure (PN structure) N = (�; T;�)
is an ordered 3-tuple, where � = fp1; p2; : : : ; png is
a set of n places, T = ft1; t2; : : : ; tmg is a set of
m transitions, and � � (� � T ) [ (T � �) is a
set of arcs. The initial marking function (or the
initial marking) of a PN structure N is a function
m0 : � ! N , where N is the set of nonnegative
integers. We will use the term Petri net (PN) to
denote a PN structure along with its initialmarking
m0, and is denoted by the symbol N (m0). The
state of a PN N (m0) is the marking m : � ! N
that identi�es the number of tokens in each place.
A markingm : �!N is sometimes represented by
an integer-valued vector m 2 Nn, where the i-th
componentmi represents the token load (m(pi)) of
the i-th place. Extending this notation to integer-
valued vectors in general, the i-th component of
any integer-valued vector x is denoted by xi.

Given two integer-valued vectors x;y 2 Nn, we
use the notation x � y if some component of x is
greater than the corresponding component of y and
no component of x is less than the corresponding
component of y. A set of integer-valued vectors
� � Nn is said to be right-closed, if ((x 2 �)&(y �
x)) ) y 2 �. Every right-closed set of vectors
� � Nn contains a �nite set of minimal-elements
�(�) � �, such that (i) 8x 2 �; 9y 2 �(�), such
that x � y, and (ii) if 9x 2 �; 9y 2 �(�), such
that y � x, then x = y.

For a given marking m a transition t 2 T is
said to be enabled if 8p 2� t, m(p) � 1, where
�x = fy j (y; x) 2 �g. The set of enabled tran-
sitions in the PN N (m0) at the marking m is
denoted by the symbol Te(m; N ). An enabled
transition t 2 Te(m

1; N ) can �re, which changes
the marking m1 to m2 according to the equation
m2(p) = m1(p) � card(p� \ ftg) + card(�p \ ftg),
where x� = fy j (x; y) 2 �g, and the symbol
card(�) is used to denote the cardinality of the set
argument. This notation is also used to denote the
predecessor or successor set of a set of places or
transitions.

A string of transitions � = tj1tj2 � � � tjk , where
tji 2 T (i 2 f1; 2; : : : ; kg) is said to be a valid
�ring string starting from the marking m, if, (i)
the transition tj1 is enabled at the markingm, and
(ii) for i 2 f1; 2; : : :; k � 1g the �ring of the transi-
tion tji produces a marking at which the transition



tji+1 is enabled. The set of reachable markings from
m0, denoted by <(N;m0), is the set of markings
generated by all valid �ring strings starting with
marking m0 in the PN structure N . At a marking
m1, if the �ring of a valid �ring string � results in a
marking m2, we represent it as m1 ! � !m2. A
transition t 2 T is live if 8m1 2 <(N;m0); 9m2 2
<(N;m1) such that t 2 Te(m2; N ).

A PN structure N = (�; T;�) is a Free-Choice PN
structure (FCPN structure) if 8p 2 �; card(p�) >
1 )� (p�) = fpg. In words, a PN structure is
Free-Choice if and only if an arc from a place to a
transition is either the unique output arc from that
place, or, is the unique input arc to the transition.

For the purposes of supervisory control the set
of transitions T = ft1; t2; : : : ; tmg is partitioned
into two sets Tu = ft1; t2; : : : ; tpg and Tc =
ftp+1; tp+2; : : : ; tmg. The set of transitions Tc (Tu)
is referred to as the set of controllable (uncon-
trollable) transitions. A supervisory policy P :
Nn ! f0; 1gm, is a total map that returns an m-
dimensional binary vector for each reachable mark-
ing. For reasons that should be obvious in the fol-
lowing paragraph, the supervisory policy must also
satisfy the requirement that P(m)i = 1; 1 � i �
p; 8m 2 Nn.

The supervisory policy P permits the �ring of tran-
sition ti at markingm, only if P(m)i = 1. If at a
marking m all input places to a transition ti con-
tain at least one token, we say the transition ti is
state-enabled at m. If P(m)i = 1, we say the tran-
sition ti is control-enabled atm. A transition has to
be state-enabled and control-enabled before it can
�re. Since uncontrollable transitions can never be
prevented from �ring, they remain control-enabled
under all markings. Hence the requirement that
P(m)i = 1; 1 � i � p; 8m 2 Nn.

A string of transitions � = tj1tj2 � � � tjk , where
tji 2 T (i 2 f1; 2; : : : ; kg) is said to be a valid
�ring string under the supervision of P, start-
ing from the marking m, if, (i) the transition
tj1 is enabled at the marking m, P(m)j1 = 1,
and (ii) for i 2 f1; 2; : : :; k � 1g the �ring of the
transition tji produces a marking mi at which
the transition tji+1 is enabled and P(mi)ji+1 =
1. The set of reachable markings under the su-
pervision of P in N (m0) from the initial mark-
ing m0 is denoted by <(N;m0;P). A transition
tji is live under the supervision of P if 8m1 2

<(N;m0;P); 9m2 2 <(N;m1;P) such that tji 2
Te(m2; N ) and P(m2)ji = 1. A supervisory policy
P enforces liveness if all transitions in N are live
under P.

Given two supervisory policies P1 and P2 that
enforce liveness in a PN N (m0), we say P1 is
less restrictive than P2 if, 8m 2 <(N;m0;P1) \
<(N;m0;P2), (i) P1(m) � P2(m), componen-
twise, and (ii) 9i 2 f1; 2; : : :;mg such that
P1(m)i > P2(m)i. A supervisory policy P that
enforces liveness is said to be minimally restrictive,
if there does not exist a supervisory policy that is
less restrictive than P.

In the next section we present a brief overview of
some results in the literature on the synthesis of
supervisory policies that enforce liveness in PNs.

3 Review of Relevant Results

In the interest of space a short, annotated-list of
results that are pertinent to the synthesis of su-
pervisory policies that enforce liveness in PNs are
presented below.
1. There is a necessary and su�cient condition for
the existence of a supervisory policy that enforces
liveness in an arbitrary PN (cf. theorem 5.1, [8]).
2. If all transitions in a PN are controllable (i.e.
(card(Tu) = 0), then it is possible to test the ex-
istence, and synthesize a (least restrictive) policy
that enforces liveness (cf. theorem 5.2, [8]).
3. If some transitions in a PN are not controllable
(i.e. (card(Tu) = p) 6= 0), and the plant PN is un-
bounded, then in general, it is impossible to test
the existence of a supervisory policy that enforces
liveness (cf. theorem 5.3, [8]; Hilbert's Tenth Prob-
lem [4]).
4. If the plant PN is bounded, then we can test
the existence of a supervisory policy that enforces
liveness (cf. theorem 5.4, [8]; �gure 10, [8]).
5. The existence of a policy that enforces liveness
in a plant PN is necessary and su�cient for the
existence of a minimally-restrictive policy that en-
forces liveness for that plant PN (cf. theorem 6.1,
[8]).
6. Testing the existence of a supervisory policy that
enforces liveness in bounded plant PNs is at least
PSPACE � complete (cf. page 943, [8]).
7. It is possible to characterize policies that en-
force liveness in completely controlled FCPNs (cf.
theorem 1, [7]). This result also applies, mutatis



mutandis, to partially controlled FCPNs.
8. The existence of a supervisory policy that en-
forces liveness in partially controlled FCPN struc-
tures is monotonic with respect to the initial mark-
ing [13].

The following results are motivated by mitigating
the computational complexity of testing the exis-
tence and synthesis of supervisory policies that en-
force liveness in arbitrary/speci�c plant PNs.
1. If the PN can be represented hierarchically, then
the complexity of testing the existence and synthe-
sis of policies that enforce liveness can be signi�-
cantly improved (cf. [12]).
2. There is a ready-made policy that enforces live-
ness in PNs that belong to a class of completely
controlled FCPNs called Independent, Increasing,
Free-Choice PNs (II-FCPNs) (cf. theorem 2, [7]).
The exact de�nition of an II-FCPN is not impor-
tant, but it is important to note that for this class
of FCPNs the test for the existence and synthesis
of policies that enforce liveness is entirely unneces-
sary.
3. Any arbitrary, completely controlled PN can
be converted into a bisimulation-equivalent, com-
pletely controlled FCPN by the addition of a few
extra places and transitions (cf. Hack's procedure
in [1]). Reference [6] shows that there is a super-
visory policy that enforces liveness in an arbitrary,
completely controlled PN if and only if there is a
similar policy for its free-choice equivalent. For in-
stance if the arbitrary, completely controlled PN is
converted into its equivalent FCPN as per the con-
struction in reference [1], and this equivalent FCPN
turns out to be an II-FCPN (cf. section 4.1, [7]),
then following the result in reference [6], we know
there is a supervisory policy that enforces liveness
in the original PN. This eliminates the computa-
tionally expensive step of deciding the existence of
a policy that enforces liveness entirely.
4. If an arbitrary, completely controllable PN is
such that its equivalent FCPN is an II-FCPN, then
the ready-made policy that enforces liveness in the
II-FCPN can be easily converted into a policy that
enforces liveness in the original PN (that is not nec-
essarily a FCPN) [9].
5. If an arbitrary, completely controllable PN be-
longs to a new, hitherto unknown class of PNs, (the
de�nition of this class of PNs can be found in refer-
ence [10], we refrain from presenting it here in the
interest of space) then there is a readily available
supervisory policy that enforces liveness.
6. If an arbitrary, completely controllable PN has

speci�c structural features known as directed cut-
places, or, cut-transitions, it is possible to test the
existence and synthesize policies that enforce live-
ness in the plant using a \divide-and-conquer" ap-
proach with a signi�cantly reduced computational
burden [11].

4 Main Results

We now present observations that are used in the
proof of the two main results in this paper. The
�rst observation is about the right-closed nature
of the set �(N ) for a partially controlled FCPN
structure N .

Observation 4.1 Given a partially controlled
FCPN structure N = (�; T;�), the set �(N ) =
fm 2 Nn j there is a supervisory policy P that
enforces liveness in N (m)g is right-closed.

This observation follows directly from the results in
reference [13] where it is shown that if there is a su-
pervisory policy that enforces liveness in the FCPN
N (m0) then there is a supervisory policy that en-
forces liveness in the FCPN N (m0), if m0 � m0.
The following observation is about the existence of
a �nite set of minimal elements �(�(N )) � �(N ).
This result on right-closed sets is well-known and
we refrain from presenting a detailed proof in the
interest of space.

Observation 4.2 Given a partially controlled
FCPN structure N = (�; T;�), and the set �(N )
= fm 2 Nn j there is a supervisory policy P that
enforces liveness in N (m)g, if �(N ) 6= ;, then
9�(�(N )) � Nn such that (i) �(�(N )) is �nite,
(ii) 8m 2 �(N ); 9 em 2 �(�(N )) such thatm � em,
and (iii) if 9m 2 �(N ); 9 em 2 �(�(N )) such that
em �m, then em =m.

Theorem 4.1 Given a partially controlled FCPN
structure N = (�; T;�), and an initial marking
m0, there is a supervisory policy P that enforces
liveness in N (m0), if and only if 9 em 2 �(�(N ))
such that m0 � em.

There is a supervisory policy that enforces live-
ness in N (m0) if and only if m0 2 �(N ). Since
�(�(N )) is the set of minimal elements of �(N ),



there is a supervisory policy that enforces liveness
in N (m0) if and only if 9 em 2 �(�(N )) such that
m0 � em. Hence the result.

Even though the set �(N ) is right-closed, for any
m0 2 �(N ), and any supervisory policy P that
enforces liveness in N (m0), the set of reachable
markings under supervision in N (m0) is not nec-
essarily right-closed. This follows directly from the
fact that the reachable set of any bounded PN un-
der any supervisory policy (not necessarily one that
enforces liveness) is not right-closed. This is for-
mally stated in the following observation .

Observation 4.3 Given a partially controlled
FCPN structure N = (�; T;�), and an initial
marking m0 such that there is a supervisory pol-
icy P that enforces liveness in N (m0), then the set
<(N;m0;P) is not necessarily right-closed.

Observation 4.4 Given a partially controlled
FCPN structure N = (�; T;�), and an initial
marking m0 such that there is a supervisory pol-
icy P that enforces liveness in N (m0), let m1 2
<(N;m0;P), then m1 2 �(N ).

Since P enforces liveness in N (m0), it follows that
8ti 2 T; 8m1 2 <(N;m0;P); 9m2 2 <(N;m1;P)
such that ti 2 Te(m2; N ) and P(m2)i = 1. Since
<(N;m1;P) � <(N;m0;P), P also enforces live-
ness in N (m1). Hence m1 2 �(N ).

Observation 4.5 Given a partially controlled
FCPN structure N = (�; T;�), and an initial
marking m0 2 �(N ), let m0 ! � ! m1 in
N (m0), for some � 2 T �

u , then m
1 2 �(N ).

This observation follows from the fact that (i) if
m0 2 �(N ), there is a supervisory policy that en-
forces liveness in N (m0), (ii) m0 ! � ! m1 in
N (m0) under the supervision of any supervisory
policy in N (m0) as � 2 T �

u , and (iii) observation
4.4.

Given a partially controlled FCPN structure N =
(�; T;�) and an initial marking m0 2 �(N ), we

de�ne a supervisory policy bP for N (m0) as follows

{ 8m 2 <(N;m0; bP), (i) if ti 2 Tu, then bP(m)i =

1, and (ii) if ti 2 Tc, then bP(m)i = 1 only if either
(i) ti =2 Te(m; N ), or (ii) m ! ti ! m in N (m),

and 9 em 2 �(�(N )), such that m � em (i.e. m 2
�(N )). Since the set �(�(N )) is �nite, we know
that the test that is required for the case when ti 2
Tc is computable. In theorem 4.2 we show that bP is
a minimally restrictive policy that enforces liveness
in N (m0). Before we state and prove theorem 4.2,
we �rst make an observation about the markings
that are reachable under the supervision of bP in
N (m0).

Observation 4.6 Given a partially controlled
FCPN structure N = (�; T;�), an initial mark-

ing m0 2 �(N ), and the supervisory policy bP as
de�ned above, then if m0 ! � ! m1 under the
supervision of bP in N (m0), then m1 2 �(N ).

This observation can be established by an induc-
tion argument over the length of �. The base-case
is trivially established when � is the empty string.
The induction hypothesis supposes the observation
is true for all � of length k 2 N . For the induction
step we suppose m1 ! ti ! m2 under the super-
vision of bP in N (m0). If ti 2 Tc the observation

is established by the de�nition of bP and the fact
that ti 2 Te(m

1; N ). If ti 2 Tu, from the induction
hypothesis we inferm1 2 �(N ). Using observation
4.5, we infer m2 2 �(N ) also.

Theorem 4.2 Given a partially controlled FCPN
structure N = (�; T;�), an initial marking m0 2
�(N ), and the �nite set of minimal-elements

�(�(N )), the supervisory policy bP de�ned above
enforces liveness in N (m0), and it is minimally re-
strictive.

Proof: Let m0 ! �1 ! m1 under the supervi-
sion of bP in N (m0). From observation 4.6 we know
that m1 2 �(N ). So, there is a supervisory policy
P that enforces liveness in N (m1).

8ti 2 T; 9�2 2 T �, such thatm1 ! �2 !m2 under
the supervision of P in N (m1), and ti 2 Te(N;m2)
and P(m2)i = 1. Let us suppose m2 ! ti ! m3

under the supervision of P in N (m1). Additionally,
8�3 2 pr(�2) (the term pr(�) is used to denote the
pre�x set of the string argument), if m1 ! �3 !
m4 under the supervision of P in N (m1), from
observation 4.4 we know that m4 2 �(N ).

By the de�nition of bP we infer m1 ! �3 ! m4

under the supervision of bP in N (m0) also. There-



fore m1 ! �2 ! m2 under the supervision of bP
in N (m0). If ti 2 Tu, then bP(m2) = 1. Since

m3 2 �(N ), we infer that if ti 2 Tc, bP(m2)i = 1.

Hence bP enforces liveness in N (m0).

The minimally restrictive nature of bP follows
from the fact that if for some marking m 2
<(N;m0; bP); bP(m)i = 0, then ti 2 Tc \
Te(N;m);m! ti !m in N (m), and m =2 �(N ).
From observation 4.4 it follows that m cannot be
reached under any policy that enforces liveness in
N (m).

Reference [3] considers a forbidden-marking prob-
lem (cf. [2] for a formal de�nition) where the
forbidden-marking set of a partially controllable
PN is right-closed. A minimally restrictive supervi-
sory policy that avoids this right-closed, forbidden-
marking set is synthesized in this reference. The
results of this paper suggest that the problem of
enforcing liveness in partially controllable FCPNs
can be looked upon as a forbidden-marking prob-
lem, where the set of legal markings is �(N ), which
is right closed, which is di�erent from that of ref-
erence [3], where the forbidden-marking set is as-
sumed to be right-closed.

5 Conclusions

Starting from the observation that the set of ini-
tial markings �(N ) for which there is a super-
visory policy that enforces liveness in a partially
controlled Free Choice Petri net (FCPN) N (m0) is
right-closed, following a series of observations, we
(i) developed a test for the existence of a super-
visory policy that enforces liveness in N (m0), and
(ii) synthesized a minimally restrictive supervisory
policy that enforces liveness in N (m0). This syn-
thesis procedure supposes the ready availability of
the �nite set of minimal-elements of �(N ). The
computation of this set is suggested as a future re-
search topic.
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