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Abstract

In this paper, we first review the concept of computa-
tional tomography (CT) and laser technique using the
photon diffusion equation. The forward and the inverse
problem are two key problems concerned with the dif-
fusion equation, while the solution to the later one is
the goal of research in optical CT. The inverse prob-
lem can be stated as follows: given the photon density
measured from the detectors outside the tissue, we need
to find the anomalies (benign or malignant) inside the
tissue. We model the forward and the inverse problem
using state-space equations and pose the inverse prob-
lem as a system identification problem. The nonlinear
filtering techniques, namely the extended Kalman fil-
ter and the second order filter are proposed to solve
the inverse problem. Comparisons are made through
an example of a medical imaging problem.

1 Introduction

Computational tomography for the photon diffusion
equation has been the subject of extensive research
recently [3, 4, 9]. Photon laser applications in medi-
cal imaging are being investigated because of their ad-
vantages compared to X-ray radiation. An application
where photon laser techniques have found a vast num-
ber of applications is the detection of malignant and/or
benign tumors in the human tissue.

There are two main tasks concerned with the photon
diffusion equation, namely the forward and the inverse
problem. In the forward problem, we are given all the
tissue cells’ scattering and absorption coefficients, we
compute the photon density at every position in the
medium and at all times. Conversely, given the photon
density that is measured by the detectors, we recon-
struct the medium structure by estimating the scatter-
ing and absorption coefficients at every location inside
the medium; this is called the inverse problem.

To solve the inverse problem, we cast it as a param-
eter identification problem. We use as the “nominal”
system the homogeneous system. That is, we use as a
baseline the system data obtained from a healthy tis-
sue. Due to the modeling of the system we can repre-
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sent the heterogeneous system (tissue with anomalies)
as a “perturbation” of the homogeneous one. Further-
more the system “perturbation” appears only in the
diagonal of the system matrix. If we define the pertur-
bation as an unknown parameter of the heterogeneous
system, our task is to determine the value of the param-
eter using measurements from the detectors. Therefore,
the inverse problem of calculating the optical coeffi-
cients becomes a parameter identification problem. In
the proposed approach, we use the nonlinear filtering
techniques to proceed the parameter identification.

2 Preliminaries

We assume that the photons radiate using an extremely
fast pulse laser, and the photon propagation through
such media is described by the Boltzmann transport
equation. The simplest approximation to the equation,
i.e. the Pj-approximation, known as the diffusion equa-
tion is used to simulate the photon propagation which
is given by

%@(r,t) = div(D(r)grad®(r,t)) — cuq (r)®(r, 1)
+q(r, ), (2.1)

where ®(r, 1) is the light density at position r (3D) and
time ¢, ¢ is the speed of light in the medium, p4(r) is
the absorption coefficient and ¢(r,t) is the light den-
sity of the source. Furthermore, the optical diffusion
coefficient D(r) is given by D(r) = ¢/3(pq(r) + ps(r)),
where ps(r) is the scattering coefficient. In this pa-
per we assume that the media is scatter-dominated
with p5(7) > pa(r). Therefore the optical coefficient
D(r) = ¢/3pus(r). In [9], four conditions are given
which guarantee that the diffusion equation represents
a good approximation of light propagation. Usually,
the human tissue, which we study, satisfies those four
conditions.

To solve the partial differential equation (2.1), the most
commonly used numerical method is the finite element
method (FEM), which is based on Galerkin approxi-
mation [3]. Suppose that the medium size is  x y x z,
then we divide the x direction by M,, divide the y di-
rection by My, divide the z direction M,, where M,
My, M, are the numbers of grids in each direction. As
a result, there are n = M, M, M, cubes in the medium,



which corresponds to the dimension of the basis func-
tions. In [11], the PDE of equation (2.1) is transformed
to a state-space system as follows

#(t) = —EYSG + eP)x(t)+ E7 Fu(t) (2.2)
= Ax(t) + bu(t)
y(t) = Cz(t). (2.3)

with E = h3I, where h is the grid size, while § =
¢/3usI, P = diag(p1,pa2,...,pn) and p;,i = 1,2,....n
denote the space distribution of p,, Fu(t) relates to
the system input, and matrix G € IR**" is a block
tridiagonal sparse matrix, representing the geometric
relationship of the cubes. Matrix C € IRP*” represents
the position of detectors, where p is the number of de-
tectors. x;(t) is the light density ®(r,¢) at each cube
of the medium and y;(t) is the light density ®(r,?) at
each detectors’ position.

According to equations (2.2) and (2.3), the inverse
problem can be defined as: given the measurements
y(t) from the detectors and the scattering coefficients
(matrix S), we are asked to calculate the absorption co-
efficients at every position (matrix P). From system’s
point of view, the inverse problem can be treated as a
parameter identification problem, which can be solved
using nonlinear filtering techniques [1, 2, 5, 6, 7, 8, 10].
The extended Kalman filtering method is a standard
approach to nonlinear filtering problem and has par-
ticular applications in parameter estimations [7]. To
enhance the convergence properties of the extended
Kalman filter, higher order terms of the power series
are also considered in the model linearization and the
second order filter is then derived.

3 Nonlinear Filtering Approach
To simplify the model in equations (2.2) and (2.3) to
better fit the inverse problem, we propose the following
model

#(t) = (A4 D)a(t)+ bu(t) (3.1)
y(t) = Cx(1),

where, matrices A, b, C are known and matrix D is an
unknown diagonal matrix to be identified. The diago-
nal matrix D represents the difference ép, in absorp-
tion coefficients between the homogeneous and hetero-
geneous case, at every position in the medium. The
system is called homogeneous system if D = 0 and het-
erogeneous system if D # 0. Furthermore, we incorpo-
rate the sensor noise v(¢) into the state-space equation
(3.2) to get the stochastic model:

z(t) = (A4 D)x(t)+ bu(?) (3.3)
y(t) = Cx(t)+o(t), (3.4)
where
Ez(0)=0  Ez(0)2"(0) = Pyo),
Ev(t) =0 Ev(t)vT(s) = Rb;s.

v(t) describe the measurement uncertainties introduced
by the detectors. x(0) are the initial states of the sys-
tem, which are assumed to be random. When certain
assumptions on the noise signal and the initial states
are satisfied, the Kalman filter can be applied to this
linear system (3.3) and (3.4) to achieve an optimal state
estimate. The extended Kalman filter i1s a nonlinear fil-
tering technique. For a nonlinear system, we linearize
at each point along the estimated state trajectory to
get an approximated linear model. A standard Kalman
filter is applied to the approximated linear model to
get a state estimate. The estimation is not guaran-
teed optimal for the original nonlinear model, but this
approach is a viable candidate for the nonlinear filter-
ing problem. One particular application of extended
Kalman filter i1s the joint state and parameter estima-
tion of a linear system. The unknown parameters can
be treated as additional state variables resulting in a
nonlinear model, since these new states are multiplied
by the original state variables in the model. Apply
the extended Kalman filter to the augmented nonlinear
model, we obtain a simultaneous state and parameter
estimation.

To simplify notation and computations we note that in
(3.3) capital letter D represents a diagonal matrix, and
we define the operation d=diag{D} where d is a vector
that contains the diagonal elements of the square ma-
trix D. Also D=diag{d}, denotes the diagonal matrix
D with vector d being its diagonal line. The same no-
tation is used for the state vector z, with X=diag{a}
and e=diag{X}.

By treating the parameter d as additional states of the
original model, and define the augmented state vector
z as:

we can get an augmented nonlinear model as follows:

(1) = fa(2(1), u(1)) (3.5)
y(t) = h(z(1) + (1), (3.6)

h(z(t) = Cx(l).

The bottom part of fo(2(2), u(t)) is zero, which corre-
sponds to the derivative of d(¢). In the sequel, we can
apply the continuous extended Kalman filtering algo-
rithm on this model to get the estimation of the vector
d. An alternative is to discretize model (3.5) and (3.6),
then use the discrete extended Kalman filter to esti-
mate d. We chose the discrete version instead of the
continuous for computer implementation purpose.



The forward Euler’s method is used to discretize the

system. If T is the sample time, then the discretized
version of (3.5) and (3.6) is given by:

zpy1 = falze, ug) (3.7)

Y = h(Zk) + vg (38)

S

where
Jalzr,up) = Tfaxr, up) + 21
= d

Equation (3.7) and (3.8) describe the discrete nonlinear
model. Applying the extended Kalman filtering algo-
rithm to system (3.7) and (3.8), we get a joint state
and parameter estimator as follows.

The signal model is given by:

zht1 =  falzr,up)
yr = h(zk)+ v

0~ ([2],[&(@ 8]) vk ~ (0, R).

The filter equations are given by:

e Initialization (a priori information)

[ Puoy 0 —_[o
w=lnl =[]

e Measurement Update

Ky = PrHY(HP;H'+R)™
Py = P; - K HP,
Zy =z + Klye — h(2)]

e Time Update

Py = LbJ] (3.9)
73;+1 = fd(,%k,uk) (310)
e Jacobians
g, - 9falz, ) _ [(A—i—Dk)T—i—I X T
T - 0 I
z Z=Zk
w=200 )
8,2 z2=i
k
where

Dy = diag{d(k)}, X = diag{z(k)}

Z; denotes the estimated value of z;. The solution
of the inverse problem, 1.e. the estimation of vector
d, is contained in the bottom part of the vector Zzj.
The above estimator equations contain a time update

and measurement update. In the simulation, these two
updates do not occur with the same rate. We assume
that the time update is faster than the measurement
update. It is useful to rewrite the estimator equations
in terms of the original state and parameter vectors.

Signal Model:

Tpy1 = (I—l—TA—I—TD)l‘k + Thuy,
yp = Cap+ vy
g ~ (Oan(O))a Vg ~ (OaR)

Filter Equations:
e Initialization

~_[Puoy O
PO_[ 0 Pd:|’

e Measurement Update
Ky =P HY(HP;HY + R = [ﬁ%]
P, =P - KyHP,
by = o7 + Kb — Ca7)
dy = d; + K} {ys - C37)

e Time Update

Pk_+1 = JkPkaT
trp = (I+TA+TDy)ey + Thuy
CZI;+1 = cik

Preliminary investigation shows that the convergence
of the extended Kalman filtering algorithm is not very
good. In [7] a detailed analysis of the asymptotic be-
havior of the extended Kalman filter as a parameter
estimator is given. It is shown that in general, the
estimates may be biased or divergent and the reasons
for this behavior are studied in [7]. However, for the
case of deterministic model this process is guaranteed
to converge. According to Theorem 6.1 in [7], if the
extended Kalman filter is complemented with a pro-
jection facility to keep dy, in the stable region of the
system, then the estimates dy, will converge with prob-
ability 1 to the point d with d satisfying the transfer
function equivalence,

C(sI — (A4 D)~tb = C(sI — (A + D))" 'b.

At this point, we have to assume enough input out-
put data to guarantee the identifiability of the system
because when we can only get information from the
detectors, transfer function match is the best we can
do. The projection algorithm suggested in [6] turns
out to be very simple. At each step of dy, update, do
the following,

dy = di +Kiy —Ciy)
. di, leig(I+TA+TDy)| <1
Pl dy, JeigU+TA+TDy)| > 1



where eig(+) are the eigenvalues of a matrix. The idea of
the projection algorithm is: if the update of dy, goes out
of the stability region, we just ignore this measurement.
The projection facility guarantees the stability of the
extended Kalman filter and improves its convergence
behavior. However, when the dimension of the prob-
lem gets higher, the convergence rate is very slow. In
order to accelerate the convergence speed, we examine
the second order filter. In the model linearization of the
extended Kalman filter, the power series are truncated
after the first order terms so the extended Kalman fil-
ter can be viewed as a first order approximated filter.
Obviously, considering higher order terms in the Taylor
series can lead to a more accurate filter. This approach
is specifically attractive in our case, because our state-
space model of the inverse problem is a bilinear system
(3.1). Tt is clear that if we consider second order terms
in the Taylor series of the model linearization, we will
get an exact relationship instead of the approximate.
The second order filter we derived here is called sec-
ond order conditional mean filter in [10]. All the com-
putations involved are only the first and second order
statistics. In order to get a close form solution, it is
necessary to assume the magnitude of the estimation
error 1s Gaussian distributed.

We define the conditional mean of z; 41 given the pre-

vious measurements yi, ya, ..., Y as
’%];4-1 = E{Zk+1|y1ay2a"'ayk}
Fr+1 = PRl T Fpgre

Zk__l_l 1s the estimation error so the conditional error
covarlance matrix Pk_+1 1s

— s— =T
Pk-l—l = E{Zk+1zk+1|y1a Y2, .- yk‘}

For simplicity, we use capital Yj; to denote all the previ-
ous measurements yi, ya, ..., yx up to time k. We define
the first and second order moments of z; 1 conditioned
on all the previous measurements Y3 and yr41 as,

= Pz Yiqa}
k1 = Zh41 — Zk41
Pyt = Bz Ve ).

The assumption we need to derive the second order
conditional mean filter is that the estimate error pro-
cess 7 conditioned on Y; are assumed to be zero mean
white (Gaussian process.

For the nonlinear model (3.7), we have

Zepr = Plarsa Yo} = E{fa(ze, we) Y} (3.11)

To proceed with (3.11), we expand the nonlinear func-
tion fq(zp, ug) into power series around the estimated
value Zj. Because the second derivative of fq(zp, ur)
with respect to zp is a three dimensional tensor, the
rest of the derivation is fairly complicated. We present

here a straight forward derivation which does not need
the tensor operation but provides the same result. If
we consider the second order terms in the Taylor series,
we will have an exact relationship,

fa(ze,ur) = fa(Ze, ug) + Jezr + [TDOM’“] , (3.12)

where

Dk = Dk—Dk, i‘kIl‘k—i‘k.

Taking expectations on both sides of (3.12) conditioned
on Yz, we have,

. X TE{Dyi|Y;
Zpyr = Ja(Ze, up) + [ { gx” o}

] . (3.13)
The quantity E{DkiﬂYk} is by definition part of the
covariance matrix Py, since

rr xd

P, — E{apal|Yi} E{apdl|YVi}
t T pEopdr

T Bldal v Bl v
Obviously, we have,
E{Dy x|V} = diag{ Py},

Therefore, by substituting into (3.13), we get

Tdiag{P,fd}] . (3.14)

Zyr = Ja(Ze, ug) + [ 0

Equation (3.14) is the time update of the conditional
mean. Comparing with the extended Kalman filter
time update (3.10), the difference is the additional term
of the second order moment, namely diag{PZ?}. To
simplify the notations in the following derivation, we
denote fq(zr,ur) = fa(k) and fq(Zx,ur) = fa(k). The
time update of the conditional covariance matrix P,
can be derived as follows,

Pk_+1 = E{(zr41 - 21;+1)(Zk+1 - ék_+1)T|Yk}

E{[fd(k) - ék_+1][fd(k) - ék_+1]T|Yk}
E{fab)f (DY} = 50,50 (3.15)
To proceed with f;(k)fF (k) in (3.15), we expand f;(k)
as in (3.12) to get

Fa(k)f3 (k) = fa(R)f3 (k) + Tz fq (k) + fa(k)Z T3

e [10) g+ g [T ]

~ . 17T S
TDyzy n TDyzy B
0 0

~ ~ . 17T
TDkl‘k TDkl‘k
0 0 ’

+Jr 2k [
+IREE T+ [

By taking expectations on both sides of the above equa-
tion conditioned on Y%, and noticing that all the odd



order moments go to zero due to the Gaussian assump-
tions of the density function, we left with five terms,
namely,

E{fa(k)F1 (R)Yi} = fa(k)FT (k) + Je E{Z 5 (Vi }T{
[T E{Dkxkkak|Yk} 0]
0

+| k)

TE{Dkxk|Yk}]
0

k) [ (3.16)

To proceed with ,%k__l_l,%k_fl in (3.15), we use equation
(3.13) to express this quantity as

sl = fnT o+ | O

T2E{ Dy |Yi Y E{Drir|Ys} 0
+ 0 0

TE{Dkilek}]T (3.17)

+fa(k) [ 0

Subtracting (3 17) from (3.16), we get an expression

for the covariance matrix P, ),

- 5 T2 B{ D& &L Dy Y3} 0
Pk+1:JkE{ZkaT|Yk}JkT+[ {Dr@py De|Yi} ]

0 0

_[TZE{DkikIY%}E{DkaYk} 8] (3.18)

In equation (3.18), if we use Sy to denote matrix
T?E{Dyiit Dy |V} — T E{ Dy |Vi YE{Dypiir |V}

and notice that the quantity E{Z;zF|Y}} is just Py by
definition, then we get the time update of the condi-
tional covariance matrix,

Sk 0] . (3.19)

k+1 = Ji P Jk [ 0 0
Comparing (3.19) with (3.9), the difference is the addi-
tional term of the fourth order moment matrix Si. To
evaluate this matrix, we need the formula of the fourth-
product moment of the zero mean Gaussian random
variable. In general, suppose z1,xs,x3, x4 are jointly
Gaussian random variables with zero mean, we have
the following result,

E{$1$2l‘31‘4} = E{$1$2}E{l‘3l‘4} + E{$1$3}E{l‘2l‘4}
+E{$1$4}E{l‘21‘3}.

Notice that in this formula, z, x2, x3, x4 do not need
to be a different variable. In particular, we have

E{x} = 3E{«i}
E{e?23) = FE{aiYE{xi} + 2B {x 122} E{x 22}

With the help of the formula of the fourth-product mo-
ment, matrix S can be expressed by the elements of
the matrix P; as follows,

Sk (i, 5)=P{ (1, ) PET (1, )+PE L ) PE (6, 7), - (3.20)

where A(4, j) is the (¢, 7)th element of matrix 4. Equa-
tion (3.14) and (3.19) are the time update equations
of the first and second order moments of z,41 condi-
tioned on measurements Yj;. The measurement update
equations of the second order filter are the same as the
extended Kalman filter. This is because the measure-
ment model in our case is linear h(z;) = Cwy, the sec-
ond order or the first order linearization of A(z) makes
no difference.

The advantage of this second order filter is that
it achieves a much better result than the extended
Kalman filter while the computational cost is slightly
increased. We summarize the second order conditional
mean filter as follows,

Signal Model:

Tr41 (I—l—TA—I—TD)l‘k + Thuy,
yp = Cap+ vy
(Oan(O))a Vg ~ (OaR)

b

Lo

Filter Equations:

e Initialization

- Px(O) 0
PO _|: 0 Pd:|’

e Measurement Update

K, = PrHY(HP;H" +R)™!

P, = P;—KiHP]

bpo= @+ K(ye — Ciy)

d = di + K~ Ciy)

P {c{k, jeig(/ + TA+ T D) <1
dy, leig(I+TA+TDy)|>1

e Time Update

0 0
(Sy is given by equation (3.20))
T = U +TA+ TDy)i+Tdiag{ PF}+Tbuy,

_ Sy 0
Pk+1:JkPkaT+[k ]

4 Simulation Results

In this paper we have chosen a 80mmx80mm 2D square
medium as the test object, shown in Figure 4.1. The
scattering and absorption coefficients of the homoge-
neous medium are 1.0 and 0.01 mm™!, respectively.
We put three absorbers (A,B,C) inside the medium.
Their positions, sizes and absorption coefficients are:

A:(30,40), 15mmx15mm, 0.02mm=!
B: (50,30), 10mmx10mm, 0.015mm~
C: (25,15), Smmx5mm, 0.02mm=1.

1



Figure 4.1: The Test Medium: 80mm x80mm

EKF One Source

S| S
.

SOF One Source

||

Figure 4.2: Comparision of Estimated §u, between EKF
and SOF with One Source “S”

In Figure 4.1, the value of the difference 6, in the ab-
sorption coefficient is represented by the gray scale with
white representing 0 and black representing 0.01lmm™1.
As shown in Figure 4.1, the FEM-mesh is 16x16 so the
grid size 18 bmmx5mm. The dimension of our state-
space model is 16x16=256. Therefore the vector du,
or d we want to identify has 256 elements.

The detectors are assumed to locate all along the
boundary of the medium, so for the 16 x16 case there
are 60 detectors totally. The source set-up is either sin-
gle source or four sources located also on the boundary
of the medium. We discretize the system with 10 pico
second. The measurement data are read out from the
detectors every 100 pico second. The simulation results
of the extended Kalman filter (EKF) and the second
order filter (SOF) are shown in Figure 4.2 and Figure
4.3.

As shown in the simulation results, the extended
Kalman filter with one source performs poorly whereas
the second order filter with four sources performs ex-
tremely well. Both extemded Kalman filter with four
sources and second order filter with single source can
improve the performance of the extended Kalman fil-
ter with single source while the improvement of using
higher order filter is more significant than using multi-
ple sources.

5 Conclusion
In this paper, we use the nonlinear filtering method
to solve the inverse problem in the diffusion equation.
This image reconstruction problem is presented using
a state-space model and the associated signal process-

EKF Four Sources SOF Four Sources
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S & I 8 @

S S|

Figure 4.3: Comparison of Estimated éu, between EKF
and SOF with Four Sources “S”

ing method. Our method is tested against a two-
dimensional real case and gives good results. One of
the future research problems under investigation is the
inverse problem of three-dimensional object.
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