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Abstract

In [3], necessary and sufficient conditions for a con-
vex conic set of polynomials to be Hurwitz was given.
However, that result is not simple to apply. In this pa-
per, an easy-to-check sufficient condition is introduced.
The obtained condition is a matrix inequality which is a
simple algebraic test for the stability of rays of polyno-
mials. As an application, for stable open-loop systems,
a cone of gains ¢ such that the function v = —kcTz is
a stabilizing control feedback for all £ > 0, is shown
to exist. Moreover, for the same cone of gains, it was
established that there do not exist any first harmonic
periodic orbits despite saturation.

Key words: Convex cones of Hurwitz polynomials,
high-gain controllers, bounded inputs, first harmonic
approach.

1 Introduction

The aim of this paper is to derive simple algebraic con-
ditions for the stability of rays of polynomials. Since
the Routh-Hurwitz criterion and related results become
usually quite complicated when applied to theoretical
matters, we have develop here an ad hoc approach to
the problem of obtaining characterizations of Hurwitz
polynomials in terms of the corresponding coefficients.
More specifically, we obtain a sufficient condition for
a conic set pg + K to consist only of stable polyno-
mials. Here pg is an n—order stable polynomial and
K is a convex cone of (n — 1)—order polynomials. In
the framework of [3] this correspond to have infinite
robustness of the polynomial pg with respect to pertur-
bations in the directions contained in K. In that work
the authors present necessary and sufficient conditions
for a convex conic set of polynomials to be Hurwitz.

TThis research was supported in part by CONACYT Grant
2115-31014.

However, that result is not simple to apply. Here, in
Theorem 1, an easy-to-check sufficient condition is in-
troduced. That condition is the matrix inequality (3)
which is a very simple algebraic test.

As an application of the above mentioned result, we ad-
dress the problem of design high-gain controllers. De-
fine a feedback control u by

u=—kc'z (1)

where ¢ € R", and k > 0. If k£ >> 1 the control feedback
(1) is known as high-gain feedback, since high control
gains kcT are induced. In practical applications, high-
gain feedback is commonly used to reduce the effects
of bounded disturbance and nonlinearities on system
outputs and internal stability. It is well known (see
[9, 13]) that when k — oo a closed-loop eigenvalue, say
A1, has the property that Akl- — —c; and, the other
ones eigenvalues converge to the roots of the polyno-
mial 127 ot 2 +...4¢,. Consequently, the closed-
loop system is asymptotically stable at the origin when
k is sufficiently large. However, the origin is not neces-
sarily asymptotically stable for all £ > 0. In this paper,
we will use the matrix inequality (3), in order to find a
convex set of gains ¢ such that the control u = —kcT x is
a stabilizing control for all values of & > 0. Only open-
loop stable systems are considered since the result is
not true for unstable ones.

We shall also be concerned with the following con-
trol problem. In the last thirty years, the high-gain
control design and analysis problems have been ad-
dressed using a variety of approaches (see for instance
[8, 9, 12, 13]). However, as far as we know, the con-
strains in the magnitude of the control used to reg-
ulate the system, |u| < Umax, which is an important
restriction in a great number of applications, has not
been taken into account by the reported investigations.
A drawback of high-gain feedback is that it leads to



very large control actions and, the boundedness in the
magnitude of the control, limits the achievable stabil-
ity of the controlled system. In particular, even for
open-loop stable systems, when a high-gain feedback
is considered, the origin could not be a global attrac-
tor (see [10]) and, periodic orbits can be created by
the saturation of the controller. We conjecture that
under the same conditions on the vector ¢, matrix in-
equality (3), there do not exist any periodic orbits de-
spite saturation. However, the proof of the existence
or not of periodic orbits is a rather complex problem
(there are not systematic tools for the analysis in di-
mensions greater than two). Thus, we will apply an ap-
proximated method, the first harmonic balance (FHB)
method, to analyze the non existence of periodic or-
bits. Although the FHB approach is approximate, it is
usually applied for detecting periodic orbits of nonlin-
ear systems [6]. The justification of such approximate
methods is that they can give reasonable accurate pre-
dictions of the existence or not of periodic orbits, but
at a fraction of the effort needed by rigorous methods
(e.g. Poincaré maps). In fact, we have shown recently
[2] that the FHB method predicts reasonably the as-
ymptotic behavior of linear control systems subjected
to certain high-gain saturated feedback. In summary,
our results can be used, assisted by simulations, as a
guide for the design of high-gain control systems with
bounded inputs.

2 Main results

The aim of this section is to obtain conditions for the
stability of rays of polynomials. The main result is
based in the following lemma where sufficient condi-
tions for a real polynomial to be Hurwitz are given.

Lemma 1. Let F(t) and f(f) be real polynomials of
degrees n and n—1, respectively, such that f(0) # 0 and
the roots of F(t) are contained in C*. Consider the de-
gree 2n—1 polynomial given by F(t)f(t). If F(iw) f (iw)
does not intersect the real axis for all w > 0, then, all
the roots of f(t) are in C™.

Proof: Let I and r be the number of roots of
F(t)f(t) contained in C~ and C7, respectively. Since
F(iw)f(iw) does not intersect the real axis for w > 0,
then F(t)f(t) does not have roots on the imaginary
axis.

Let 8(w) be the argument of F(iw)f(iw). Denote by
AF8(w) = 6(c0) — 6(0) to the net change in the
argument. It is known that A§PO(w) = Z(I —r) [7].
The fact that F(iw)f(iw) does not intersect the real
axis for w > 0 implies |AFA(w)| < 7. On the other
hand, we know that at least n roots of F(t)f(t) are in
C™, then it follows that » > n and [ < n — 1. Hence,

Il —r < 0. Additionally, I — r is an odd number since
I 47 = 2n — 1. Thus, the equality A§*O(w) = Z(I —7)
implies that A§°0(w) = —%. Consequently, I —r = —1,
from where it follows that » = n and I = n — 1. Fi-
nally, the n — 1 roots of f(t) are contained in C, as
we wanted to prove. ]

Given a real polynomial h(t) = t" + a t" ' + ... + a,
define the matrix

1 0 0 0 0 0
—as  a; —1 0 0 0
D= a4y —a3 G2 —Q1 0 0
0 0 0 0 Ap—9 —Qp_3
0 0 0 0 e —Qp Qp1

(2)

and let D? denote the i-th row of matrix D.

Theorem 1. Let A(t) = t"+a,t™ 1 +...4+a, be a Hur-
witz polynomial. Let D be the corresponding matrix
defined by (2). If the vector ¢ = (c1, ¢z, ...,cn)T > 0 is
a solution to the system of linear inequalities

[Dic>0i=1,...n,] (3)

then, the polynomial f(t) = Y"1 | ¢;t" ¢ is Hurwitz.

Proof: We present the proof for n even (n = 2m). Let
F(t) = h(—t). Then, F(t) is a real polynomial of degree
n with all its roots in CT. Consider the polynomial
F(t)f(t), which has degree 2n — 1. Notice that h(iw)
and f(iw) can be written as h(iw) = P(w?) 4+ iwQ(w?)
and f(iw) = p(w?) + iwq(w?), where P,Q,p, and q
are real polynomials. We have F(iw)f(iw) = [Pp +
w?Qq] + iw(Pq — Qp). After some calculations we get

(Pg—Qp)(w?) = — 30 (Dic)w?n D

Since Dic > 0,4 = 1,...,n, it follows that F(iw)f(iw)
does not intersect the real axis for all w > 0. The above
lemma implies that all the roots of f(¢) are in C™ as
we wanted to prove. [

We will use this result to find a convex set of gains ¢
such that the control u = —kc”' is a stabilizing control
for all values of & > 0. Let us consider the following
system

&= Azr+bu (4)

where the pair (4,b) is controllable, 2,6 € R™ and u
is a control function. Without loosing generality, we
suppose that the pair (A,b) is in the canonical form



0 1 .0 0
0 0 -0 0
A= o =] B
0 0 . 0
—Gp —Qp-1 - —01 J 1

It is well known that one of the eigenvalues of the
closed-loop system & = Ax — kbe’ z, say A1, has the
property that Ak‘- — —c; when k& — oo and, the
other ones converge to the roots of the polynomial
() = cit™ ' 4-cot™ 2 +...+c, [13]. On the other hand,
if ¢ > 0 is a solution to (3), it follows from Theorem
1 that the polynomial f(t) is Hurwitz. Consequently,
the closed-loop system is asymptotically stable at the
origin for % sufficiently large. This shows that the con-
trol u(t) = —kc'x is a high-gain feedback. However,
we have a stronger result which is useful for the design
of high-gain stabilizing feedbacks.

Theorem 2. Consider the linear system (4) written in
the canonical form (5). Suppose A is Hurwitz, that is,
the open-loop polynomial h(t) = t" +a1t" ' +... +a,
is Hurwitz. If ¢ > 0 is a solution to (3), then, for all
k > 0, the control u(t) = —kc!z is a stabilizing control
feedback.

Proof: Suppose n is even (the case when n is odd is
analogous). Let n = 2m and k > 0. To prove this
item, it is enough to see that the closed-loop polyno-
mial is Hurwitz. Let P.(t) and P,(t) denote the closed-
loop and the open-loop polynomials, respectively. Let
P, q, P, denote the next polynomials

(L) = cm—Cxmnl+...+ (=)™ L™,
¢L) = cam1—CamsL+...+(=1)" e L™,
P(L) = am— Ggpm-n)L +...+(=1)™L™,

QL) = agm-1—a2m sL+...+(=1)""ta L™ L.

(6)
Then, it holds that
Peiw) = (P+kp)(w?) +iw(Q + kq)(w?),

P,(iw) = P(w?) +iwQ(w?).

Consider the polynomial P,(¢)P,(—t). Thus we get
PA(i0)Py(i) = P() [P() + kp(?)] + 2Q(e)

[Q(w?) + kq(w?)] + iwk [P(w?)q(w?) — Q(w?)p(w?)] -

Since P(w?)g(w?)— Q?)p(?) = — I (Dic)un
and the vector ¢ > 0 is a solution to the system of the
linear inequalities (3), the polynomial Pg — Qp does
not have positive roots. That is, (Pg— Qp)(w?) # 0 for
all w > 0. Consequently, for all w > 0, P.(iw)P,(—iw)
does not intersect the real axis.

Let 1; be the number of roots of P.(t)P,(—t) in C and
71 the number of roots of P.(t)P,(—t) in CT. If 6 (w)
is the argument of P.(iw)P,(—iw), then A{0;(w) =
61 (00) — 61(0) denotes the net change in the argument
of P.(iw) P,(—iw). Since P.(iw)P,(—iw) does not inter-
sect the real axis if w > 0, it follows that P.(¢)P,(—t)
does not have roots on the imaginary axis. Therefore

Agogl(W) = %(Zl — 7"1).

The fact that P,(iw)P,(—iw) does not intersect the real
axis if w > 0 also implies |AF*0(w)| < 7. On the other
hand, P,(0)P,(0) = a2y, (a2m + ko), which is a posi-
tive real number. Hence 6(0) = 0.

Now we will analyze 6;(w) when w is large. First,
we have for large w that P,(iw)P,(—iw) =~ w*™ —

ici6w*™ 1. Therefore, P.(iw)P,(—iw) always lies in

Im[ P, (iw) P, (—tw)]
the 4th. drant and 0 wh
e quadrant an Re[P (1) P, ()] — 0 when
w — oo. Hence, #;1(c0) = 2sm, where s is an inte-

ger. Then, since AJH;(w) = 61(c0) — 6:(0) = 2s7
and |A§C0(w)| < 7, we get that A§01(w) = 0.

Consequently, the polynomial P,(t)P,(—t) has as many
roots in C~ as in CT. Since such polynomial has degree
2n, then there are n roots in C*. In fact the roots
in CT correspond to the roots of P,(—t) because the
open-loop polynomial P,(t) is a Hurwitz polynomial.
Finally, it follows that the n roots in C™~ correspond to
the roots of P.(t), which means that P.(t) is Hurwitz.
|

Corollary. Given a Hurwitz polynomial h(t) let G be
the family of polynomials f(¢) = c;t™ ' 4-cot™ 24 ... +
¢, such that ¢ = (¢q, ¢z, oy cn) ! satisfies the inequal-
ity (3). We have that for each f € GG and k > 0, the
polynomial A(t) + kf(t) is Hurwitz.

3 The set of solutions of the linear inequalities

In this section we explicitly characterize the set of so-
lutions to the system of inequalities (3) and prove that
it is not empty. Given a Hurwitz real polynomial
h(t) = t" + a1t" ' + ... + a,, consider the matrix D
as defined in (2). Let H be the set of solutions to (3),
that is,

H={ceR":c>0and Dic>0, i=1,...,n}



Since the matrix A is Hurwitz and the matrix D is
defined in terms of the elements of A, we will be able
to get the whole set of solutions of the linear inequal-
ities using matrices of monotone kind (R is a matrix
of monotone kind if Rz > 0 implies 2 > 0.) It is
known that a square real matrix R is of monotone kind
if and only if there exists R~' and R~' > 0, where
R™! > 0 means that all its entries are nonnegative
5]). It is immediate that the first row of D!

(see
(10
Ho

0 ) We will prove that the elements of
ee (2)) are nonnegative.

/\

Lemma 2. Let I = (e;;) be the inverse matrix of D.
Then e;; >0 foralli=2,3,...,n,5=1,2,3,...,n

Before proving Lemma 2 we need the next result.

Lemma 3. Let E; = (ei5)i=1,.n
umn of E. Define g(t) =

be the j — th col-
n .

>~ e;t" . Since the matrix
i=1

L is not singular, there is some e;; different from zero.
Choose s such that e, ;; =0 foralli=1,..,5 -1
and e, ,; #0 (s is the least exponent so that the co-
efficient of ¢* is different from zero). Define h(t) =
n—s )

> €it" °7'. Then the polynomial P,(—t)h(t) does
i=1

not have roots on the imaginary axis.

Proof. Tt holds that P,(—t)g(t) = t*P,(—t)h(t). Let
us consider two cases:

1) s is even. Evaluating the polynomial P,(—t)g(t) in
t = iw we get P,(—iw)g(iw) = (=1)3w* P,(—iw)h(iw).
Equaling the imaginary parts we have

3 DIEjw? Y = (=1) 5+ 7w M m [P, (—iw)h(iw)).
i=1

In virtue that Im|[P,(—iw)h(iw)] = iwG(w?), where G
is a polynomial, we have DiEj =0 forallt >n — §.
On the other hand, D'E; =0 for i # j and D' E; = 1.
Consequently, 1 < j <n — 5 and

I[P, (—iw)h(iw)] =
=1
(_1)n7 gflww2(nfj)fs.

Then, if w is such that P,(—iw)h(iw) = 0 it follows
that w = 0. But this is a contradiction to the fact
P,(0)h(0) = anen—sj # 0. Thus, [P,(—iw)h(iw)] does

not have roots in the imaginary axis.

2) s is odd. We have that P,(—iw)g(iw) =
(—1) T iw® P, (—iw)h(iw).
nary parts we get (—1)" 1zu)Z:DE w2 =

Equaling the  imagi-

=1
(—1)%2'0‘)5 Re[P,(—iw)h(iw)]. Since Re[P,(—iw)h(iw)]
is a polynomial in the variable w?, we have D* ;=0

(_1)n7§ w Z DzE w2(n i)—s _

By =0

for all 7 >

s—1

s n 2 . .
(—1)" =Y Dipjwn i)t
i=1

Re[P,(—iw)h(iw)] =

— (_1)n7[%’—1lw2(n7j)75+1.
On the other hand, we know that P,(0)h(0)

Anén—s; 7 0. This implies 2(n — j) — s+ 1 =
or, s = 2(n — j) + 1. So then, Re[P,(—iw)h(iw)]
(—1)" = = (—=1)n i+ = (—1)J~! £ 0. There-
fore, P,(—iw)h(iw) # 0 for all w. In other words,
P,(=t)h(t) does not have roots in the imaginary axis,
as we wanted to prove. [

ol

Proof to Lemma 2. Let £; be the j —th column of
F and D" the i —th row of D. Since F is the inverse of
D, it follows that

(D'E;,D?E;,...,Di"\E;, DIE;, DIt1E; . D"E;) =
(0,0,...,0,1,0,...0)

On the other hand, let g(t), s and h(t) be as in
Lemma Al. Consider the polynomial P,(—t)h(t). Let
Iy and r; be the number of roots of P,(—t)h(t) in C~
and C7T, respectively. If we evaluate P,(—t)h(t) in iw
we can write the complex number P,(—iw)h(iw) a

P,(—iw)h(iv) = a(w?) + iwB(w?).

Suppose $ is even (the case when s is odd is
analogous). As in Lemma 3, Im[F,(—iw)h(iw)] =
(—1)"" 37 lww* ™75 Consequently, P,(—iw)h(iw)
does not intersect the x axis for all w > 0. Denote by
fo(w) the argument of P,(—iw)h(iw). Let AP (w) =
f2(00) — 62(0), the net change in the argument of
P,(—iw)h(iw). From Lemma 3 P,(—t)h(t) does not
have roots in the imaginary axis. This implies that

Agoﬂg(w) = %(12 — 7"2).

In view that P,(—iw)h(iw) does not intersect the z axis
for w > 0 it hods that |A§*02(w)| < 7. On the other
hand, n < degree of P,(—t)h(t) < 2n — 1 and since
P,(—t) has n roots in C™, then ro > n. Hence, Iy —75 <
—1. Thus, A§°02(w) < —%. This, together with the fact
that |A§f2(w)| < 7, gives that A§F0z(w) = —F or —.
Hence lo —rg = —lorly—ro=—-2 that islpo =712 — 1
or lo = ro — 2. Since all roots with negative real part
of P,(=t)h(t) are roots of h(t), which is a polynomial
of degree < n — 1. Then, n > ly. In virtue that ro > n,
it follows n > lp > n— 1 or n > Iy > n — 2. Therefore
lo = n—1orly = n—2. That is, the polynomial
h(t) has n — 1 or n — 2 roots with negative real part.
Consequently, all its coefficients are not zero and have
the same sign. Moreover, we get that the polynomial
h(t) has degree n—1 (which corresponds to the study of
the column Fj) or has degree n —2 (which corresponds



to the study of the columns E; with j > 2). Hence the
elements of the first column are positive because e1; =
1 and e;; # 0 for 7 > 2; besides sign ee;, ; =signe;, ;
for all 2 < iq,i2 < mn, 7= 2,...,n. It also follows that
s=0.

Now we will prove that e;; > 0 Vj = 2,...,n. Sup-
pose that n = 2m [the case for n odd is analogous].
We have that P,(—iw)h(iw) = Re[P,(—iw)h(iw] +
(—1)" Yiww?™=3) | Then, we get Im[P, (—iw)h(iw)] =
(—1)2m~ L =)+1 . Consequently, P,(—iw)h(iw) is
contained in the third or fourth quadrant. On the
other hand, P,(0)h(0) = azmean ;. We will suppose
that eg;, ; < 0 and obtain a contradiction.

The fact that es,; < O implies that 02(0) = .
When w >> 1, P,(—iw)h(iw) = —eg jw?@m 1 _
jw2(=+1 SQince e2,; has the same sign to ez, ;, then
P,(—iw)h(iw) is contained in the fourth quadrant for
sufficiently large w. Since j > 2, then it is satisfied that
2(2m—1) > 2(n—j)+1 and th I[Py (—iw)h(iw)]
(2m 1) ARG RS RolB (—iw)h(iw)]
0 when w — oo. Hence f3(co) = 27, from where
AFl2(w) = 27 — m = w, which is a contradiction since
AFOz(w) = Z(lz —72) = 5(n —2—n) = —7. Then, it
follows that es, ; > 0and e;; >0V =2,3, ..., n. n

We have as an immediately consequence to Lemma 2.
Proposition 1. The matrix D is of monotone kind.

Now, denote by U = {2z € R" | 2z > 0} to the positive
orthant. Then the set of solutions to (3) is character-
ized in the next theorem.

Theorem 3. The set of solutions to the system of
linear inequalities (3) can be written as H = FEU.

Proof. H C V) Let v € H, then v > 0 and Dv > 0.
Consequently, v = IDv with Dv > 0. That isv € EU.

H D V) Let v € EU, then v = Fu with v > 0.
Hence, Dv = w > 0. Since the matrix D is a matrix
of monotone kind, we finally get that v > 0. Therefore,
veH [ |

Remark. From Lemma 2 and the Kuhn-Fourier the-
orem [4] it follows the existence of a solution to (3),
however it is not clear how to obtain the set H by this
way.

4 Systems with bounded inputs

Let us consider the following system

& = Ax + bS(u) (7)

where the pair (A4,b) is controllable, z,b € R™, u is a
control function and S is the saturation function

-1 if v<—1
S(v) = v if —-1<0v<1
1 if v>1

Even for open-loop stable systems (i.e. the open-
loop matrix A is Hurwitz), there are stabilizing con-
trol feedbacks ¢z, for which the closed-loop system
i = Ar+0S(c"x) is not globally asymptotically stable
[10]. One of the consequences of the saturation is pre-
cisely the undesirable existence of equilibrium points
or periodic orbits of the closed-loop system. Since the
only equilibrium point of system(7)-(1) is the origin
(see [10]), the next problem to address is the nonexis-
tence of periodic orbits. In this section we will prove
that for any ¢ € H and k& > 0, the closed-loop satu-
rated system & = Ax + bS(—ke’ x) does not have first
harmonic periodic orbits.

The first harmonic balance method is based in the fol-
lowing ideas: First, one assume the existence of a peri-
odic orbit of the form ag + a sin wt, then, substitute it
into the equation, and after some approximation (dis-
carding higher-order terms of the Fourier series), de-
termine the coefficients in the solution (see [11]). The
obtained solutions are called first harmonic periodic or-
bits (FHPO’s). For each FHPO, it is suspected that
the system has a periodic solution near it. In this pa-
per we study the conditions under which there do not
exist any FHPO’s for the saturated system (7)-(1).

To use the FHB method for the analysis of the exis-
tence of periodic orbits for the system & = Az +bS(u),
first observe that the following differential equation for
the command input signal v(t) = K7 z(t) is satisfied:

v(t) = —W(p)S(v(t)), wherep=d/dt, (8)

and W(p) = KT(A — pI)~'b is the transfer function
from the signal S(v(t)) to the signal v(f). Suppose
that the differential equation (8) has a periodic solu-
tion which can be approximated as a first harmonic
solution: wvo(t) = ap + aysin(wt), a,w > 0. As-
sume that S(vg(f)) admits a Fourier series. By dis-
carding the higher-order than one terms, and defining

27
Flag,aq) = %/ S(ag + aysin)df, G(ag,aq) =
0
27

1 S(ag + o4 sinf)sin 8df, the following equa-

Q1 T

tions for the parameters ag,a; and the frequency w
are obtained:

ao+W(0)F(ag, 1) = 0; 1+ W (iw)G (o, 1) =0 (9)

Theorem 4. If the matrix A is Hurwitz and ¢ > 0 is a



solution to (3), then the system & = Ax + bS(kc''z)
does not have first harmonic periodic orbits for all
k> O.

Proof. Suppose that the system (4) has dimension
n even (the case when n is odd is similar), then
n = 2m for some m. The function G(ag,;) sat-
isfies 0 < G(ap,a1) < 1 (see [1]). On the other

hand, the second equation of (9) can be written as

L+ W(iw) = 1 - goimy € (-00,0]. Then, the ex-
istence of first harmonic periodic orbits implies that

1+ W (iw) is a nonpositive real number.

Now consider the polynomials p(L), ¢(L), P(L),Q(L)
defined by (6). Observe that

P} (iw) = p(w?) +iwg(w?),
Py(iw) = (P + kp)(w?) + iw(Q + kq)(w?),
P,(iw) = P(w?) +iwQ(w?).

Since (Pg—Qp)(w?) = (=1)" 31 (Dic)w* ™ V) with
D¢ > 0 for all ¢ = 1,...,n and taking into account
that 1+ W(p) = 53_837 it follows after some algebraic
manipulations that the imaginary part of 1+ W (iw) is
different from zero for all £ > 0. This implies that the

system does not have first harmonic periodic orbits. m

Example. Consider the following system

0 1 0 0
= 0 0 1 Jz+[ 0 |S(ke"z). (10)
—6 —11 —6 1

where ¢!’ = (—6.5,—11,—5). The matrix D and its
inverse F are given by

1 0 0
D=|[-11 6 -1},
0 -6 11
1 0 0
E = | 20167 0.1833 0.0167

1.1 0.1 0.1

Then, the set of solutions to (3) is the following conic
set

H ={cec R¥|c; = 21,c0 = 2.01672; + 0.183322 +
0.016723,c3 = 1.121 + 0.129 + 0.123 for 21 > 0, 29 >
0, 23> 0.}

Observe that the vector ¢ = (5,11,6.5)" is an element
of H. The non existence of periodic orbits of (10) was
checked by means of numerical simulations. We found

that the trajectories converge to the origin even for
large values of &k and initial conditions. The simulations
evidence permit us to conjecturer that the saturated
closed-loop system is globally asymptotically stable for
all positive values of k.
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