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Devwudfw

Lq ^6`/ qhfhvvdu| dqg vx!flhqw frqglwlrqv iru d frq0
yh{ frqlf vhw ri sro|qrpldov wr eh Kxuzlw} zdv jlyhq1
Krzhyhu/ wkdw uhvxow lv qrw vlpsoh wr dsso|1 Lq wklv sd0
shu/ dq hdv|0wr0fkhfn vx!flhqw frqglwlrq lv lqwurgxfhg1
Wkh rewdlqhg frqglwlrq lv d pdwul{ lqhtxdolw| zklfk lv d
vlpsoh dojheudlf whvw iru wkh vwdelolw| ri ud|v ri sro|qr0
pldov1 Dv dq dssolfdwlrq/ iru vwdeoh rshq0orrs v|vwhpv/
d frqh ri jdlqv f vxfk wkdw wkh ixqfwlrq x @ �nfW{ lv
d vwdelol}lqj frqwuro ihhgedfn iru doo n A 3> lv vkrzq
wr h{lvw1 Pruhryhu/ iru wkh vdph frqh ri jdlqv/ lw zdv
hvwdeolvkhg wkdw wkhuh gr qrw h{lvw dq| �uvw kduprqlf
shulrglf ruelwv ghvslwh vdwxudwlrq1

Nh| zrugv= Frqyh{ frqhv ri Kxuzlw} sro|qrpldov/
kljk0jdlq frqwuroohuv/ erxqghg lqsxwv/ �uvw kduprqlf
dssurdfk1

4 Lqwurgxfwlrq

Wkh dlp ri wklv sdshu lv wr ghulyh vlpsoh dojheudlf frq0
glwlrqv iru wkh vwdelolw| ri ud|v ri sro|qrpldov1 Vlqfh
wkh Urxwk0Kxuzlw} fulwhulrq dqg uhodwhg uhvxowv ehfrph
xvxdoo| txlwh frpsolfdwhg zkhq dssolhg wr wkhruhwlfdo
pdwwhuv/ zh kdyh ghyhors khuh dq dg krf dssurdfk wr
wkh sureohp ri rewdlqlqj fkdudfwhul}dwlrqv ri Kxuzlw}
sro|qrpldov lq whupv ri wkh fruuhvsrqglqj frh!flhqwv1
Pruh vshfl�fdoo|/ zh rewdlq d vx!flhqw frqglwlrq iru
d frqlf vhw s3 . N wr frqvlvw rqo| ri vwdeoh sro|qr0
pldov1 Khuh s3 lv dq q�rughu vwdeoh sro|qrpldo dqg
N lv d frqyh{ frqh ri +q � 4,�rughu sro|qrpldov1 Lq
wkh iudphzrun ri ^6` wklv fruuhvsrqg wr kdyh lq�qlwh
urexvwqhvv ri wkh sro|qrpldo s3 zlwk uhvshfw wr shuwxu0
edwlrqv lq wkh gluhfwlrqv frqwdlqhg lq N= Lq wkdw zrun
wkh dxwkruv suhvhqw qhfhvvdu| dqg vx!flhqw frqglwlrqv
iru d frqyh{ frqlf vhw ri sro|qrpldov wr eh Kxuzlw}1

�Wklv uhvhdufk zdv vxssruwhg lq sduw e| FRQDF\W Judqw
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Krzhyhu/ wkdw uhvxow lv qrw vlpsoh wr dsso|1 Khuh/ lq
Wkhruhp 4/ dq hdv|0wr0fkhfn vx!flhqw frqglwlrq lv lq0
wurgxfhg1 Wkdw frqglwlrq lv wkh pdwul{ lqhtxdolw| +6,
zklfk lv d yhu| vlpsoh dojheudlf whvw1

Dv dq dssolfdwlrq ri wkh deryh phqwlrqhg uhvxow/ zh dg0
guhvv wkh sureohp ri ghvljq kljk0jdlq frqwuroohuv1 Gh0
�qh d ihhgedfn frqwuro x e|

x @ �nfW{ +4,

zkhuh f 5 Uq/ dqg n A 3= Li n  4 wkh frqwuro ihhgedfn
+4, lv nqrzq dv kljk0jdlq ihhgedfn/ vlqfh kljk frqwuro
jdlqv nfW duh lqgxfhg1 Lq sudfwlfdo dssolfdwlrqv/ kljk0
jdlq ihhgedfn lv frpprqo| xvhg wr uhgxfh wkh h�hfwv
ri erxqghg glvwxuedqfh dqg qrqolqhdulwlhv rq v|vwhp
rxwsxwv dqg lqwhuqdo vwdelolw|1 Lw lv zhoo nqrzq +vhh
^</ 46`, wkdw zkhq n$4 d forvhg0orrs hljhqydoxh/ vd|
�4> kdv wkh surshuw| wkdw �4

n
$ �f4 dqg/ wkh rwkhu

rqhv hljhqydoxhv frqyhujh wr wkh urrwv ri wkh sro|qr0
pldo f4wq�4.f5wq�5.===.fq= Frqvhtxhqwo|/ wkh forvhg0
orrs v|vwhp lv dv|pswrwlfdoo| vwdeoh dw wkh ruljlq zkhq
n lv vx!flhqwo| odujh1 Krzhyhu/ wkh ruljlq lv qrw qhfhv0
vdulo| dv|pswrwlfdoo| vwdeoh iru doo n A 31 Lq wklv sdshu/
zh zloo xvh wkh pdwul{ lqhtxdolw| +6,/ lq rughu wr �qg d
frqyh{ vhw ri jdlqv f vxfk wkdw wkh frqwuro x @ �nfW{ lv
d vwdelol}lqj frqwuro iru doo ydoxhv ri n A 3= Rqo| rshq0
orrs vwdeoh v|vwhpv duh frqvlghuhg vlqfh wkh uhvxow lv
qrw wuxh iru xqvwdeoh rqhv1

Zh vkdoo dovr eh frqfhuqhg zlwk wkh iroorzlqj frq0
wuro sureohp1 Lq wkh odvw wkluw| |hduv/ wkh kljk0jdlq
frqwuro ghvljq dqg dqdo|vlv sureohpv kdyh ehhq dg0
guhvvhg xvlqj d ydulhw| ri dssurdfkhv +vhh iru lqvwdqfh
^;/ </ 45/ 46`,1 Krzhyhu/ dv idu dv zh nqrz/ wkh frq0
vwudlqv lq wkh pdjqlwxgh ri wkh frqwuro xvhg wr uhj0
xodwh wkh v|vwhp/ mxm � xpd{> zklfk lv dq lpsruwdqw
uhvwulfwlrq lq d juhdw qxpehu ri dssolfdwlrqv/ kdv qrw
ehhq wdnhq lqwr dffrxqw e| wkh uhsruwhg lqyhvwljdwlrqv1
D gudzedfn ri kljk0jdlq ihhgedfn lv wkdw lw ohdgv wr



yhu| odujh frqwuro dfwlrqv dqg/ wkh erxqghgqhvv lq wkh
pdjqlwxgh ri wkh frqwuro/ olplwv wkh dfklhydeoh vwdelo0
lw| ri wkh frqwuroohg v|vwhp1 Lq sduwlfxodu/ hyhq iru
rshq0orrs vwdeoh v|vwhpv/ zkhq d kljk0jdlq ihhgedfn
lv frqvlghuhg/ wkh ruljlq frxog qrw eh d joredo dwwudf0
wru +vhh ^43`, dqg/ shulrglf ruelwv fdq eh fuhdwhg e|
wkh vdwxudwlrq ri wkh frqwuroohu1 Zh frqmhfwxuh wkdw
xqghu wkh vdph frqglwlrqv rq wkh yhfwru f> pdwul{ lq0
htxdolw| +6,/ wkhuh gr qrw h{lvw dq| shulrglf ruelwv gh0
vslwh vdwxudwlrq1 Krzhyhu/ wkh surri ri wkh h{lvwhqfh
ru qrw ri shulrglf ruelwv lv d udwkhu frpsoh{ sureohp
+wkhuh duh qrw v|vwhpdwlf wrrov iru wkh dqdo|vlv lq gl0
phqvlrqv juhdwhu wkdq wzr,1 Wkxv/ zh zloo dsso| dq ds0
sur{lpdwhg phwkrg/ wkh �uvw kduprqlf edodqfh +IKE,
phwkrg/ wr dqdo|}h wkh qrq h{lvwhqfh ri shulrglf ru0
elwv1 Dowkrxjk wkh IKE dssurdfk lv dssur{lpdwh/ lw lv
xvxdoo| dssolhg iru ghwhfwlqj shulrglf ruelwv ri qrqolq0
hdu v|vwhpv ^9`1 Wkh mxvwl�fdwlrq ri vxfk dssur{lpdwh
phwkrgv lv wkdw wkh| fdq jlyh uhdvrqdeoh dffxudwh suh0
glfwlrqv ri wkh h{lvwhqfh ru qrw ri shulrglf ruelwv/ exw
dw d iudfwlrq ri wkh h�ruw qhhghg e| uljrurxv phwkrgv
+h1j1 Srlqfduì pdsv,1 Lq idfw/ zh kdyh vkrzq uhfhqwo|
^5` wkdw wkh IKE phwkrg suhglfwv uhdvrqdeo| wkh dv0
|pswrwlf ehkdylru ri olqhdu frqwuro v|vwhpv vxemhfwhg
wr fhuwdlq kljk0jdlq vdwxudwhg ihhgedfn1 Lq vxppdu|/
rxu uhvxowv fdq eh xvhg/ dvvlvwhg e| vlpxodwlrqv/ dv d
jxlgh iru wkh ghvljq ri kljk0jdlq frqwuro v|vwhpv zlwk
erxqghg lqsxwv1

5 Pdlq uhvxowv

Wkh dlp ri wklv vhfwlrq lv wr rewdlq frqglwlrqv iru wkh
vwdelolw| ri ud|v ri sro|qrpldov1 Wkh pdlq uhvxow lv
edvhg lq wkh iroorzlqj ohppd zkhuh vx!flhqw frqgl0
wlrqv iru d uhdo sro|qrpldo wr eh Kxuzlw} duh jlyhq1

Ohppd 41 Ohw I +w, dqg i+w, eh uhdo sro|qrpldov ri
ghjuhhv q dqg q�4> uhvshfwlyho|/ vxfk wkdw i+3, 9@ 3 dqg
wkh urrwv ri I +w, duh frqwdlqhg lq F.1 Frqvlghu wkh gh0
juhh 5q�4 sro|qrpldo jlyhq e| I +w,i+w,= Li I +l$,i+l$,
grhv qrw lqwhuvhfw wkh uhdo d{lv iru doo $ A 3> wkhq/ doo
wkh urrwv ri i+w, duh lq F�=

Surri= Ohw o dqg u eh wkh qxpehu ri urrwv ri
I +w,i+w, frqwdlqhg lq F� dqg F.> uhvshfwlyho|1 Vlqfh
I +l$,i+l$, grhv qrw lqwhuvhfw wkh uhdo d{lv iru $ A 3>
wkhq I +w,i+w, grhv qrw kdyh urrwv rq wkh lpdjlqdu|
d{lv1

Ohw �+$, eh wkh dujxphqw ri I +l$,i+l$,= Ghqrwh e|
�43 �+$, @ �+4, � �+3, wr wkh qhw fkdqjh lq wkh
dujxphqw= Lw lv nqrzq wkdw �43 �+$, @ �

5 +o � u, ^:`1
Wkh idfw wkdw I +l$,i+l$, grhv qrw lqwhuvhfw wkh uhdo
d{lv iru $ A 3 lpsolhv m�43 �+$,m � �= Rq wkh rwkhu
kdqg/ zh nqrz wkdw dw ohdvw q urrwv ri I +w,i+w, duh lq
F.> wkhq lw iroorzv wkdw u � q dqg o � q � 4= Khqfh/

o � u ? 3= Dgglwlrqdoo|/ o � u lv dq rgg qxpehu vlqfh
o. u @ 5q� 4= Wkxv/ wkh htxdolw| �43 �+$, @ �

5
+o � u,

lpsolhv wkdw �43 �+$, @ ��
5 = Frqvhtxhqwo|/ o� u @ �4>

iurp zkhuh lw iroorzv wkdw u @ q dqg o @ q � 4= Il0
qdoo|/ wkh q � 4 urrwv ri i+w, duh frqwdlqhg lq F�> dv
zh zdqwhg wr suryh1

Jlyhq d uhdo sro|qrpldo k+w, @ wq . d4w
q�4 . === . dq

gh�qh wkh pdwul{

G @
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+5,

dqg ohw Gl ghqrwh wkh l0wk urz ri pdwul{ G1

Wkhruhp 41 Ohw k+w, @ wq.d4w
q�4.===.dq eh d Kxu0

zlw} sro|qrpldo1 Ohw G eh wkh fruuhvsrqglqj pdwul{
gh�qhg e| +5,1 Li wkh yhfwru f @ +f4> f5> ===> fq,W A 3 lv
d vroxwlrq wr wkh v|vwhp ri olqhdu lqhtxdolwlhv

Glf A 3> l @ 4> ===> q> +6,

wkhq/ wkh sro|qrpldo i+w, @
Sq

l@4 flw
q�l lv Kxuzlw}1

Surri= Zh suhvhqw wkh surri iru q hyhq +q @ 5p,1 Ohw
I +w, @ k+�w,= Wkhq/ I +w, lv d uhdo sro|qrpldo ri ghjuhh
q zlwk doo lwv urrwv lq F.= Frqvlghu wkh sro|qrpldo
I +w,i+w,> zklfk kdv ghjuhh 5q � 4= Qrwlfh wkdw k+l$,
dqg i+l$, fdq eh zulwwhq dv k+l$, @ S +$5, . l$T+$5,
dqg i+l$, @ s+$5, . l$t+$5,/ zkhuh S>T>s> dqg t
duh uhdo sro|qrpldov1 Zh kdyh I +l$,i+l$, @ ^Ss .
$5Tt` . l$+St �Ts,= Diwhu vrph fdofxodwlrqv zh jhw

+St �Ts,+$5, @ �
Sq

l@4+G
lf,$5+q�l,

Vlqfh Glf A 3> l @ 4> ===> q> lw iroorzv wkdw I +l$,i+l$,
grhv qrw lqwhuvhfw wkh uhdo d{lv iru doo $ A 3= Wkh deryh
ohppd lpsolhv wkdw doo wkh urrwv ri i+w, duh lq F� dv
zh zdqwhg wr suryh1

Zh zloo xvh wklv uhvxow wr �qg d frqyh{ vhw ri jdlqv f
vxfk wkdw wkh frqwuro x @ �nfW{ lv d vwdelol}lqj frqwuro
iru doo ydoxhv ri n A 3= Ohw xv frqvlghu wkh iroorzlqj
v|vwhp

b{ @ D{. ex +7,

zkhuh wkh sdlu +D> e, lv frqwuroodeoh/ {> e 5 Uq dqg x
lv d frqwuro ixqfwlrq1 Zlwkrxw orrvlqj jhqhudolw|/ zh
vxssrvh wkdw wkh sdlu +D> e, lv lq wkh fdqrqlfdo irup
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Lw lv zhoo nqrzq wkdw rqh ri wkh hljhqydoxhv ri wkh
forvhg0orrs v|vwhp b{ @ D{ � nefW{/ vd| �4> kdv wkh
surshuw| wkdw �4

n
$ �f4 zkhq n $ 4 dqg/ wkh

rwkhu rqhv frqyhujh wr wkh urrwv ri wkh sro|qrpldo
i+w, @ f4w

q�4.f5wq�5.===.fq ^46`1 Rq wkh rwkhu kdqg/
li f A 3 lv d vroxwlrq wr +6,/ lw iroorzv iurp Wkhruhp
4 wkdw wkh sro|qrpldo i+w, lv Kxuzlw}1 Frqvhtxhqwo|/
wkh forvhg0orrs v|vwhp lv dv|pswrwlfdoo| vwdeoh dw wkh
ruljlq iru n vx!flhqwo| odujh1 Wklv vkrzv wkdw wkh frq0
wuro x+w, @ �nfW{ lv d kljk0jdlq ihhgedfn1 Krzhyhu/
zh kdyh d vwurqjhu uhvxow zklfk lv xvhixo iru wkh ghvljq
ri kljk0jdlq vwdelol}lqj ihhgedfnv1

Wkhruhp 51 Frqvlghu wkh olqhdu v|vwhp +7, zulwwhq lq
wkh fdqrqlfdo irup +8,1 Vxssrvh D lv Kxuzlw}/ wkdw lv/
wkh rshq0orrs sro|qrpldo k+w, @ wq . d4w

q�4 . ===. dq
lv Kxuzlw}1 Li f A 3 lv d vroxwlrq wr +6,/ wkhq/ iru doo
n A 3> wkh frqwuro x+w, @ �nfW{ lv d vwdelol}lqj frqwuro
ihhgedfn1

Surri= Vxssrvh q lv hyhq +wkh fdvh zkhq q lv rgg lv
dqdorjrxv,1 Ohw q @ 5p dqg n A 31 Wr suryh wklv
lwhp/ lw lv hqrxjk wr vhh wkdw wkh forvhg0orrs sro|qr0
pldo lv Kxuzlw}1 Ohw Sf+w, dqg Sr+w, ghqrwh wkh forvhg0
orrs dqg wkh rshq0orrs sro|qrpldov/ uhvshfwlyho|1 Ohw
s> t>S>T ghqrwh wkh qh{w sro|qrpldov

s+O, @ f5p � f5+p�4,O. = = =. +�4,p�4f5Op�4>

t+O, @ f5p�4 � f5p�6O. = = =. +�4,p�4f4O
p�4>

S +O, @ d5p � d5+p�4,O. = = =. +�4,pOp>

T+O, @ d5p�4 � d5p�6O. = = =. +�4,p�4d4Op�4=
+9,

Wkhq/ lw krogv wkdw

Sf+l$, @ +S . ns,+$5, . l$+T . nt,+$5,>

Sr+l$, @ S +$5, . l$T+$5,=

Frqvlghu wkh sro|qrpldo Sf+w,Sr+�w,= Wkxv zh jhw

Sf+l$,Sr+�l$, @ S +$5,
�
S +$5, . ns+$5,

�
. $5T+$5,

�
T+$5, . nt+$5,

�
. l$n

�
S +$5,t+$5, �T+$5,s+$5,

�
=

Vlqfh S +$5,t+$5,�T+$5,s+$5, @ �
Sq

l@4+G
lf,$5+q�l,

dqg wkh yhfwru f A 3 lv d vroxwlrq wr wkh v|vwhp ri wkh
olqhdu lqhtxdolwlhv +6,/ wkh sro|qrpldo St � Ts grhv
qrw kdyh srvlwlyh urrwv1 Wkdw lv/ +St�Ts,+$5, 9@ 3 iru
doo $ A 3= Frqvhtxhqwo|/ iru doo $ A 3> Sf+l$,Sr+�l$,
grhv qrw lqwhuvhfw wkh uhdo d{lv=

Ohw o4 eh wkh qxpehu ri urrwv ri Sf+w,Sr+�w, lq F
� dqg

u4 wkh qxpehu ri urrwv ri Sf+w,Sr+�w, lq F.= Li �4+$,
lv wkh dujxphqw ri Sf+l$,Sr+�l$,> wkhq �43 �4+$, @
�4+4,� �4+3, ghqrwhv wkh qhw fkdqjh lq wkh dujxphqw
ri Sf+l$,Sr+�l$,= Vlqfh Sf+l$,Sr+�l$, grhv qrw lqwhu0
vhfw wkh uhdo d{lv li $ A 3> lw iroorzv wkdw Sf+w,Sr+�w,
grhv qrw kdyh urrwv rq wkh lpdjlqdu| d{lv1 Wkhuhiruh
�43 �4+$, @

�
5 +o4 � u4,=

Wkh idfw wkdw Sf+l$,Sr+�l$, grhv qrw lqwhuvhfw wkh uhdo
d{lv li $ A 3 dovr lpsolhv m�43 �4+$,m � �= Rq wkh rwkhu
kdqg/ Sf+3,Sr+3, @ d5p+d5p . nf5p,> zklfk lv d srvl0
wlyh uhdo qxpehu1 Khqfh �4+3, @ 31

Qrz zh zloo dqdo|}h �4+$, zkhq $ lv odujh1 Iluvw/
zh kdyh iru odujh $ wkdw Sf+l$,Sr+�l$, � $7p �
lf4�$

7p�41 Wkhuhiruh/ Sf+l$,Sr+�l$, dozd|v olhv lq

wkh 7wk1 txdgudqw dqg
Lp^Sf+l$,Sr+�l$,`

Uh^Sf+l$,Sr+�l$,`
$ 3 zkhq

$ $ 4= Khqfh/ �4+4, @ 5v�> zkhuh v lv dq lqwh0
jhu1 Wkhq/ vlqfh �43 �4+$, @ �4+4, � �4+3, @ 5v�
dqg m�43 �4+$,m � �> zh jhw wkdw �43 �4+$, @ 3=

Frqvhtxhqwo|/ wkh sro|qrpldo Sf+w,Sr+�w, kdv dv pdq|
urrwv lq F� dv lq F.= Vlqfh vxfk sro|qrpldo kdv ghjuhh
5q> wkhq wkhuh duh q urrwv lq F.= Lq idfw wkh urrwv
lq F. fruuhvsrqg wr wkh urrwv ri Sr+�w, ehfdxvh wkh
rshq0orrs sro|qrpldo Sr+w, lv d Kxuzlw} sro|qrpldo1
Ilqdoo|/ lw iroorzv wkdw wkh q urrwv lq F� fruuhvsrqg wr
wkh urrwv ri Sf+w,> zklfk phdqv wkdw Sf+w, lv Kxuzlw}1

Fruroodu|1 Jlyhq d Kxuzlw} sro|qrpldo k+w, ohw J eh
wkh idplo| ri sro|qrpldov i+w, @ f4w

q�4.f5w
q�5. ===.

fq vxfk wkdw fW @ +f4> f5> ===> fq,
W vdwlv�hv wkh lqhtxdo0

lw| +6,1 Zh kdyh wkdw iru hdfk i 5 J dqg n � 3/ wkh
sro|qrpldo k+w, . ni+w, lv Kxuzlw}1

6 Wkh vhw ri vroxwlrqv ri wkh olqhdu lqhtxdolwlhv

Lq wklv vhfwlrq zh h{solflwo| fkdudfwhul}h wkh vhw ri vr0
oxwlrqv wr wkh v|vwhp ri lqhtxdolwlhv +6, dqg suryh wkdw
lw lv qrw hpsw|1 Jlyhq d Kxuzlw} uhdo sro|qrpldo
k+w, @ wq . d4w

q�4 . === . dq> frqvlghu wkh pdwul{ G
dv gh�qhg lq +5,1 Ohw K eh wkh vhw ri vroxwlrqv wr +6,/
wkdw lv/

K @ if 5 Uq = f A 3 dqg Glf A 3> l @ 4> ===> qj



Vlqfh wkh pdwul{ D lv Kxuzlw} dqg wkh pdwul{ G lv
gh�qhg lq whupv ri wkh hohphqwv ri D> zh zloo eh deoh
wr jhw wkh zkroh vhw ri vroxwlrqv ri wkh olqhdu lqhtxdo0
lwlhv xvlqj pdwulfhv ri prqrwrqh nlqg +U lv d pdwul{
ri prqrwrqh nlqg li U} � 3 lpsolhv } � 31, Lw lv
nqrzq wkdw d vtxduh uhdo pdwul{ U lv ri prqrwrqh nlqg
li dqg rqo| li wkhuh h{lvwv U�4 dqg U�4 � 3> zkhuh
U�4 � 3 phdqv wkdw doo lwv hqwulhv duh qrqqhjdwlyh
+vhh ^8`,1 Lw lv lpphgldwh wkdw wkh �uvw urz ri G�4 lv�
4 3 === 3

�
1 Zh zloo suryh wkdw wkh hohphqwv ri

G�4 +vhh +5,, duh qrqqhjdwlyh1

Ohppd 51 Ohw H @ +hlm, eh wkh lqyhuvh pdwul{ ri G=
Wkhq hlm A 3 iru doo l @ 5>6> ===> q> m @ 4> 5>6> ===> q=

Ehiruh surylqj Ohppd 5 zh qhhg wkh qh{w uhvxow1

Ohppd 61 Ohw Hm @ +hlm,l@4>===>q eh wkh m � wk fro0

xpq ri H= Gh�qh j+w, @
qS
l@4

hlmw
q�l= Vlqfh wkh pdwul{

H lv qrw vlqjxodu/ wkhuh lv vrph hlm gl�huhqw iurp }hur=
Fkrrvh v vxfk wkdw hq�l>m @ 3 iru doo l @ 4> ===> v � 4
dqg hq�v>m 9@ 3 +v lv wkh ohdvw h{srqhqw vr wkdw wkh fr0
h!flhqw ri wv lv gl�huhqw iurp }hur,1 Gh�qh k+w, @
q�vS
l@4

hlmw
q�v�l= Wkhq wkh sro|qrpldo Sr+�w,k+w, grhv

qrw kdyh urrwv rq wkh lpdjlqdu| d{lv1

Surri1 Lw krogv wkdw Sr+�w,j+w, @ wvSr+�w,k+w,= Ohw
xv frqvlghu wzr fdvhv=

4, v lv hyhq1 Hydoxdwlqj wkh sro|qrpldo Sr+�w,j+w, lq
w @ l$ zh jhw Sr+�l$,j+l$, @ +�4,

v

5$vSr+�l$,k+l$,=
Htxdolqj wkh lpdjlqdu| sduwv zh kdyh

qS
l@4

GlHm$
5+q�l, @ +�4,

v

5
.4�q$v�4 Lp^Sr+�l$,k+l$,`=

Lq yluwxh wkdw Lp^Sr+�l$,k+l$,` @ l$J+$5,> zkhuh J
lv d sro|qrpldo/ zh kdyh GlHm @ 3 iru doo l A q � v

5 =
Rq wkh rwkhu kdqg/ GlHm @ 3 iru l 9@ m dqg GmHm @ 4=
Frqvhtxhqwo|/ 4 � m � q� v

5 dqg

Lp^Sr+�l$,k+l$,` @ +�4,q�
v

5
�4$

q� v

5S
l@4

GlHm$
5+q�l,�v @

+�4,q�
v

5
�4$$5+q�m,�v=

Wkhq/ li $ lv vxfk wkdw Sr+�l$,k+l$, @ 3 lw iroorzv
wkdw $ @ 3= Exw wklv lv d frqwudglfwlrq wr wkh idfw
Sr+3,k+3, @ dqhq�v>m 9@ 3= Wkxv/ ^Sr+�l$,k+l$,` grhv
qrw kdyh urrwv lq wkh lpdjlqdu| d{lv1

5, v lv rgg1 Zh kdyh wkdw Sr+�l$,j+l$, @

+�4,
v�4

5 l$vSr+�l$,k+l$,= Htxdolqj wkh lpdjl0

qdu| sduwv zh jhw +�4,q�4l$
qS
l@4

GlHm$
5+q�l, @

+�4,
v�4

5 l$vUh^Sr+�l$,k+l$,`= Vlqfh Uh^Sr+�l$,k+l$,`
lv d sro|qrpldo lq wkh yduldeoh $5> zh kdyh GlHm @ 3

iru doo l A q � v�4
5
= Ehvlghv/ zh nqrz wkdw GlHm @ 3

iru l 9@ m dqg GmHm @ 4= Khqfh/ 4 � m � q� v�4
5

dqg

Uh^Sr+�l$,k+l$,` @ +�4,q�
v.4

5

q�
v�4

5S
l@4

GlHm$
5+q�l,�v.4

@ +�4,q�^
v.4

5
`$5+q�m,�v.4=

Rq wkh rwkhu kdqg/ zh nqrz wkdw Sr+3,k+3, @
dqhq�v>m 9@ 3= Wklv lpsolhv 5+q � m, � v . 4 @ 3
ru/ v @ 5+q � m, . 4= Vr wkhq/ Uh^Sr+�l$,k+l$,` @

+�4,q�
v.4

5 @ +�4,q�^q�m.4` @ +�4,m�4 9@ 3= Wkhuh0
iruh/ Sr+�l$,k+l$, 9@ 3 iru doo $= Lq rwkhu zrugv/
Sr+�w,k+w, grhv qrw kdyh urrwv lq wkh lpdjlqdu| d{lv/
dv zh zdqwhg wr suryh1

Surri wr Ohppd 51 Ohw Hm eh wkh m � wk froxpq ri
H dqg Gl wkh l� wk urz ri G= Vlqfh H lv wkh lqyhuvh ri
G> lw iroorzv wkdw

�
G4Hm>G

5Hm > ===>G
m�4Hm >G

mHm>G
m.4Hm> ===>G

qHm

�
@

+3>3> ===>3> 4> 3> ===3,

Rq wkh rwkhu kdqg/ ohw j+w,> v dqg k+w, eh dv lq
Ohppd D41 Frqvlghu wkh sro|qrpldo Sr+�w,k+w,= Ohw
o5 dqg u4 eh wkh qxpehu ri urrwv ri Sr+�w,k+w, lq F�

dqg F.> uhvshfwlyho|= Li zh hydoxdwh Sr+�w,k+w, lq l$
zh fdq zulwh wkh frpsoh{ qxpehu Sr+�l$,k+l$, dv
Sr+�l$,k+l$, @ �+$5, . l$�+$5,=

Vxssrvh v lv hyhq +wkh fdvh zkhq v lv rgg lv
dqdorjrxv,= Dv lq Ohppd 6/ Lp^Sr+�l$,k+l$,` @
+�4,q�

v

5
�4$$5+q�m,�v= Frqvhtxhqwo|/ Sr+�l$,k+l$,

grhv qrw lqwhuvhfw wkh { d{lv iru doo $ A 3= Ghqrwh e|
�5+$, wkh dujxphqw ri Sr+�l$,k+l$,= Ohw �43 �5+$, @
�5+4, � �5+3,> wkh qhw fkdqjh lq wkh dujxphqw ri
Sr+�l$,k+l$,= Iurp Ohppd 6 Sr+�w,k+w, grhv qrw
kdyh urrwv lq wkh lpdjlqdu| d{lv1 Wklv lpsolhv wkdw
�43 �5+$, @

�
5 +o5 � u5,=

Lq ylhz wkdw Sr+�l$,k+l$, grhv qrw lqwhuvhfw wkh { d{lv
iru $ A 3 lw krgv wkdw m�43 �5+$,m � �= Rq wkh rwkhu
kdqg/ q � ghjuhh ri Sr+�w,k+w, � 5q � 4 dqg vlqfh
Sr+�w, kdv q urrwv lq F.> wkhq u5 � q1 Khqfh/ o5�u5 �
�4= Wkxv/�43 �5+$, � �

�
5
= Wklv/ wrjhwkhu zlwk wkh idfw

wkdw m�43 �5+$,m � �> jlyhv wkdw �43 �5+$, @ �
�
5 ru ��=

Khqfh o5 � u5 @ �4 ru o5 � u5 @ �5> wkdw lv o5 @ u5 � 4
ru o5 @ u5 � 5= Vlqfh doo urrwv zlwk qhjdwlyh uhdo sduw
ri Sr+�w,k+w, duh urrwv ri k+w,> zklfk lv d sro|qrpldo
ri ghjuhh � q� 4= Wkhq/ q A o5= Lq yluwxh wkdw u5 � q>
lw iroorzv q A o5 � q� 4 ru q A o5 � q � 5= Wkhuhiruh
o5 @ q � 4 ru o5 @ q � 5= Wkdw lv/ wkh sro|qrpldo
k+w, kdv q � 4 ru q � 5 urrwv zlwk qhjdwlyh uhdo sduw1
Frqvhtxhqwo|/ doo lwv frh!flhqwv duh qrw }hur dqg kdyh
wkh vdph vljq1 Pruhryhu/ zh jhw wkdw wkh sro|qrpldo
k+w, kdv ghjuhh q�4 +zklfk fruuhvsrqgv wr wkh vwxg| ri
wkh froxpq H4, ru kdv ghjuhh q�5 +zklfk fruuhvsrqgv



wr wkh vwxg| ri wkh froxpqv Hm zlwk m � 5,= Khqfh wkh
hohphqwv ri wkh �uvw froxpq duh srvlwlyh ehfdxvh h44 @
4 dqg hlm 9@ 3 iru m � 5> ehvlghv vljq hhl4>m @vljqhl5>m
iru doo 5 � l4> l5 � q> m @ 5> ===> q= Lw dovr iroorzv wkdw
v @ 3=

Qrz zh zloo suryh wkdw hlm A 3 ;m @ 5> ===> q= Vxs0
srvh wkdw q @ 5p ^wkh fdvh iru q rgg lv dqdorjrxv`1
Zh kdyh wkdw Sr+�l$,k+l$, @ Uh^Sr+�l$,k+l$` .
+�4,q�4l$$5+q�m,= 1 Wkhq/ zh jhw Lp^Sr+�l$,k+l$,` @
+�4,5p�4$$5+q�m,.4= Frqvhtxhqwo|/ Sr+�l$,k+l$, lv
frqwdlqhg lq wkh wklug ru irxuwk txdgudqw1 Rq wkh
rwkhu kdqg/ Sr+3,k+3, @ d5ph5p>m= Zh zloo vxssrvh
wkdw h5p>m ? 3 dqg rewdlq d frqwudglfwlrq1

Wkh idfw wkdw h5p>m ? 3 lpsolhv wkdw �5+3, @ �=
Zkhq $ AA 4> Sr+�l$,k+l$, � �h5>m$5+5p�4, �
l$5+q�m,.4= Vlqfh h5>m kdv wkh vdph vljq wr h5p>m> wkhq
Sr+�l$,k+l$, lv frqwdlqhg lq wkh irxuwk txdgudqw iru
vx!flhqwo| odujh $1 Vlqfh m � 5> wkhq lw lv vdwlv�hg wkdw

5+5p�4, A 5+q�m,.4 dqg wkxv
Lp^Sr+�l$,k+l$,`

Uh^Sr+�l$,k+l$,`
$

3 zkhq $ $ 4= Khqfh �5+4, @ 5�> iurp zkhuh
�43 �5+$, @ 5� � � @ �> zklfk lv d frqwudglfwlrq vlqfh
�43 �5+$, @

�
5
+o5 � u5, @

�
5
+q � 5 � q, @ ��= Wkhq/ lw

iroorzv wkdw h5p>m A 3 dqg hlm A 3 ;l @ 5>6> ===> q=

Zh kdyh dv dq lpphgldwho| frqvhtxhqfh wr Ohppd 51

Sursrvlwlrq 41 Wkh pdwul{ G lv ri prqrwrqh nlqg1

Qrz/ ghqrwh e| X @ i} 5 Uq m } A 3j wr wkh srvlwlyh
ruwkdqw1 Wkhq wkh vhw ri vroxwlrqv wr +6, lv fkdudfwhu0
l}hg lq wkh qh{w wkhruhp1

Wkhruhp 61 Wkh vhw ri vroxwlrqv wr wkh v|vwhp ri
olqhdu lqhtxdolwlhv +6, fdq eh zulwwhq dv K @ HX=

Surri1 K � Y , Ohw y 5 K> wkhq y A 3 dqg Gy A 31
Frqvhtxhqwo|/ y @ HGy zlwk Gy A 3= Wkdw lv y 5 HX=

K � Y , Ohw y 5 HX> wkhq y @ Hx zlwk x A 3=
Khqfh/ Gy @ x A 3= Vlqfh wkh pdwul{ G lv d pdwul{
ri prqrwrqh nlqg/ zh �qdoo| jhw wkdw y A 3= Wkhuhiruh/
y 5 K=

Uhpdun1 Iurp Ohppd 5 dqg wkh Nxkq0Irxulhu wkh0
ruhp ^7` lw iroorzv wkh h{lvwhqfh ri d vroxwlrq wr +6,/
krzhyhu lw lv qrw fohdu krz wr rewdlq wkh vhw K e| wklv
zd|1

7 V|vwhpv zlwk erxqghg lqsxwv

Ohw xv frqvlghu wkh iroorzlqj v|vwhp

b{ @ D{. eV+x, +:,

zkhuh wkh sdlu +D> e, lv frqwuroodeoh/ {> e 5 Uq/ x lv d
frqwuro ixqfwlrq dqg V lv wkh vdwxudwlrq ixqfwlrq

V+y, @

;?
=
�4 li y ? �4
y li �4 � y � 4
4 li y A 4

Hyhq iru rshq0orrs vwdeoh v|vwhpv +l1h1 wkh rshq0
orrs pdwul{ D lv Kxuzlw},/ wkhuh duh vwdelol}lqj frq0
wuro ihhgedfnv fW{/ iru zklfk wkh forvhg0orrs v|vwhp
b{ @ D{.eV+fW{, lv qrw joredoo| dv|pswrwlfdoo| vwdeoh
^43`1 Rqh ri wkh frqvhtxhqfhv ri wkh vdwxudwlrq lv suh0
flvho| wkh xqghvludeoh h{lvwhqfh ri htxloleulxp srlqwv
ru shulrglf ruelwv ri wkh forvhg0orrs v|vwhp1 Vlqfh wkh
rqo| htxloleulxp srlqw ri v|vwhp+:,0+4, lv wkh ruljlq
+vhh ^43`,/ wkh qh{w sureohp wr dgguhvv lv wkh qrqh{lv0
whqfh ri shulrglf ruelwv1 Lq wklv vhfwlrq zh zloo suryh
wkdw iru dq| f 5 K dqg n A 3> wkh forvhg0orrs vdwx0
udwhg v|vwhp b{ @ D{. eV+�nfW{, grhv qrw kdyh �uvw
kduprqlf shulrglf ruelwv1

Wkh �uvw kduprqlf edodqfh phwkrg lv edvhg lq wkh iro0
orzlqj lghdv= Iluvw/ rqh dvvxph wkh h{lvwhqfh ri d shul0
rglf ruelw ri wkh irup �3 . d vlq$w> wkhq/ vxevwlwxwh lw
lqwr wkh htxdwlrq/ dqg diwhu vrph dssur{lpdwlrq +glv0
fduglqj kljkhu0rughu whupv ri wkh Irxulhu vhulhv,/ gh0
whuplqh wkh frh!flhqwv lq wkh vroxwlrq +vhh ^44`,1 Wkh
rewdlqhg vroxwlrqv duh fdoohg �uvw kduprqlf shulrglf ru0

elwv +IKSR*v,1 Iru hdfk IKSR/ lw lv vxvshfwhg wkdw
wkh v|vwhp kdv d shulrglf vroxwlrq qhdu lw1 Lq wklv sd0
shu zh vwxg| wkh frqglwlrqv xqghu zklfk wkhuh gr qrw
h{lvw dq| IKSR*v iru wkh vdwxudwhg v|vwhp +:,0+4,1

Wr xvh wkh IKE phwkrg iru wkh dqdo|vlv ri wkh h{lv0
whqfh ri shulrglf ruelwv iru wkh v|vwhp b{ @ D{.eV+x,>
�uvw revhuyh wkdw wkh iroorzlqj gl�huhqwldo htxdwlrq iru
wkh frppdqg lqsxw vljqdo y+w, @ NW{+w, lv vdwlv�hg=

y+w, @ �Z +s,V+y+w,,> zkhuh s @ g@gw> +;,

dqg Z +s, @ NW +D � sL,�4e lv wkh wudqvihu ixqfwlrq
iurp wkh vljqdo V+y+w,, wr wkh vljqdo y+w,1 Vxssrvh
wkdw wkh gl�huhqwldo htxdwlrq +;, kdv d shulrglf vrox0
wlrq zklfk fdq eh dssur{lpdwhg dv d �uvw kduprqlf
vroxwlrq= y3+w, @ �3 . �4 vlq+$w,> d> $ A 3= Dv0
vxph wkdw V+y3+w,, dgplwv d Irxulhu vhulhv1 E| glv0
fduglqj wkh kljkhu0rughu wkdq rqh whupv/ dqg gh�qlqj

I +�3> �4, @ 4
5�

] 5�

3

V+�3 . �4 vlq �,g�/ J+�3> �4, @

4
�4�

] 5�

3

V+�3 . �4 vlq �, vlq �g�/ wkh iroorzlqj htxd0

wlrqv iru wkh sdudphwhuv �3> �4 dqg wkh iuhtxhqf| $
duh rewdlqhg=

�3.Z +3,I +�3> �4, @ 3> 4.Z +l$,J+�3> �4, @ 3 +<,

Wkhruhp 71 Li wkh pdwul{ D lv Kxuzlw} dqg f A 3 lv d



vroxwlrq wr +6,/ wkhq wkh v|vwhp b{ @ D{ . eV+nfW{,
grhv qrw kdyh �uvw kduprqlf shulrglf ruelwv iru doo
n A 3=

Surri1 Vxssrvh wkdw wkh v|vwhp +7, kdv glphqvlrq
q hyhq +wkh fdvh zkhq q lv rgg lv vlplodu,/ wkhq
q @ 5p iru vrph p= Wkh ixqfwlrq J+�3> �4, vdw0
lv�hv 3 � J+�3> �4, � 4 +vhh ^4`,1 Rq wkh rwkhu
kdqg/ wkh vhfrqg htxdwlrq ri +<, fdq eh zulwwhq dv
4 .Z +l$, @ 4 � 4

J+�3>�4,
5 +�4> 3`= Wkhq/ wkh h{0

lvwhqfh ri �uvw kduprqlf shulrglf ruelwv lpsolhv wkdw
4 .Z +l$, lv d qrqsrvlwlyh uhdo qxpehu1

Qrz frqvlghu wkh sro|qrpldov s+O,> t+O,> S +O,>T+O,
gh�qhg e| +9,1 Revhuyh wkdw

S �f +l$, @ s+$5, . l$t+$5,>

Sf+l$, @ +S . ns,+$5, . l$+T. nt,+$5,>

Sr+l$, @ S +$5, . l$T+$5,=

Vlqfh +St�Ts,+$5, @ +�4,q�4
Sq

l@4+G
lf,$5+q�l, zlwk

Glf A 3 iru doo l @ 4> ===> q dqg wdnlqj lqwr dffrxqw

wkdw 4 .Z +s, @ Sf+s,
S3+s,

> lw iroorzv diwhu vrph dojheudlf

pdqlsxodwlrqv wkdw wkh lpdjlqdu| sduw ri 4.Z +l$, lv
gl�huhqw iurp }hur iru doo n A 3= Wklv lpsolhv wkdw wkh
v|vwhp grhv qrw kdyh �uvw kduprqlf shulrglf ruelwv1

H{dpsoh1 Frqvlghu wkh iroorzlqj v|vwhp

b{ @

3
C 3 4 3

3 3 4
�9 �44 �9

4
D{.

3
C 3

3
4

4
DV �nfW{� = +43,

zkhuh fW @ +�9=8>�44>�8, = Wkh pdwul{ G dqg lwv
lqyhuvh H duh jlyhq e|

G @

3
C 4 3 3
�44 9 �4
3 �9 44

4
D >

H @

3
C 4 3 3

5=349: 3=4;66 3=349:
4=4 3=4 3=4

4
D =

Wkhq/ wkh vhw ri vroxwlrqv wr +6, lv wkh iroorzlqj frqlf
vhw

K @ if 5 U6 m f4 @ }4> f5 @ 5=349:}4 . 3=4;66}5 .
3=349:}6> f6 @ 4=4}4 . 3=4}5 . 3=4}6 iru }4 A 3> }5 A
3> }6 A 3=j

Revhuyh wkdw wkh yhfwru f @ +8>44>9=8,W lv dq hohphqw
ri K= Wkh qrq h{lvwhqfh ri shulrglf ruelwv ri +43, zdv
fkhfnhg e| phdqv ri qxphulfdo vlpxodwlrqv1 Zh irxqg

wkdw wkh wudmhfwrulhv frqyhujh wr wkh ruljlq hyhq iru
odujh ydoxhv ri n dqg lqlwldo frqglwlrqv1 Wkh vlpxodwlrqv
hylghqfh shuplw xv wr frqmhfwxuhu wkdw wkh vdwxudwhg
forvhg0orrs v|vwhp lv joredoo| dv|pswrwlfdoo| vwdeoh iru
doo srvlwlyh ydoxhv ri n=

Uhihuhqfhv

^4` Djxluuh/ E1/ Doyduh}0Udpðuh}/ M1 dqg Vxduh}/ U1
^4<<;` V|pphwu| euhdnlqj ri shulrglf ruelwv lq frqwuro
v|vwhpv= Dq kduprqlf edodqfh dssurdfk/ Lqw1 M1 Elixu1
dqg Fkdrv1 ;/ 576<0577;1

^5` Djxluuh/ E1/ Doyduh}0Udpðuh}/ M1/ Ihuqäqgh}/ J1
dqg Vxäuh}/ U1 ^4<<:` �Iluvw kduprqlf dqdo|vlv ri olqhdu
frqwuro v|vwhpv zlwk kljk0jdlq vdwxudwlqj ihhgedfn�/
Lqw1 M1 Elixufdwlrq dqg Fkdrv/ :/ 5834058431

^6` Klqulfkvhq/ G1 dqg Nkdulwrqry/ Y1 O1 ^4<<8`1 Vwd0
elolw| ri sro|qrpldo zlwk frqlf xqfhuwdlqw|1Pdwk1 Frq0

wuro Vljqdo V|vwhpv ;/ <:044:1

^7` Nxkq/ K1Z1 ^4<89` Vroydelolw| dqg frqvlvwhqf|
iru olqhdu htxdwlrqv dqg lqhtxdolwlhv1 Dphu1 Pdwk1

Prqwko| 96/ 54:05651

^8` Pdqjdvduldq/ R1 O1 ^4<9;` Fkdudfwhul}dwlrqv ri
uhdo pdwulfhv ri prqrwrqh nlqg1 VLDP Uhylhz 43/ Qr1
7/ 76<07741

^9` Phhv/ D1L1 ^4<;4` G|qdplfv ri Ihhgedfn V|vwhpv

+M1 Zloh| dqg Vrqv/ Qhz \run,1

^:` Plqj0w}x Kr/ Gdwwd D1/ dqg V1S1 Ekdwwdfkdu||d
^4<<;`1 Dq hohphqwdu| ghulydwlrq ri wkh Urxwk0Kxuzlw}
fulwhulrq1 LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/1
76/ Qr1 61 738073<1

^;` Vfkxpdfkhu/ M1P1 ^4<;7` Doprvw vwdelol}delolw|
vxevsdfhv dqg kljk0jdlq ihhgedfn1 LHHH Wudqv1 Dx0

wrpdw1 Frqwu1/ DF05</ 953095;1

^<` Vkdnhg/ Y1 dqg Nrxydulwdnlv/ E1 ^4<::` Wkh }h0
urhv ri olqhdu rswlpdo frqwuro v|vwhpv dqg wkhlu uroh lq
kljk ihhgedfn jdlq vwdelolw| ghvljq1 LHHH Wudqv1 Dx0

wrpdw1 Frqwu1/ DF055/ 8<:08<<1

^43` Vxäuh}/ U1/ Doyduh}0Udpðuh}/ M1 dqg Doyduh}/ M1
^4<<8` Uhjlrqv ri dwwudfwlrq ri forvhg orrs olqhdu v|v0
whpv zlwk vdwxudwhg olqhdu ihhgedfn1 M1 Pdwk1 V|vw1 Hvw1
Frqwuo1/ 8/ 40551

^44` Ylg|dvdjdu/ P1 ^4<<6`1 Qrqolqhdu V|vwhpv Dqdo|0
vlv1 Suhqwlfh Kdoo/ Qhz \huvh|1

^45` Zloohpv/ M1 O1 ^4<;4` Doprvw lqyduldqw vxevsdfhv=
Dq dssurdfk wr kljk0jdlq ihhgedfn ghvljq 0 Sduw L dqg
Sduw LL1 LHHH Wudqv1 Dxwrpdw1 Frqwu1/ DF059/ 5680
585 dqg DF05:/ 43:4043;81

^46` \rxqj/ N1 G1/ Nrnrwrylf/ S1 Y1 dqg Xwnlq/ Y1
L1 ^4<::`1 D vlqjxodu shuwxuedwlrq dqdo|vlv ri kljk jdlq
ihhgedfn v|vwhpv1 LHHH Wudqv1/ DF0551 <640<6<1


