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Abstract

We examine the H,,—control problem for a class of
continuous time linear systems subject to Markovian
jumps in the parameters(LSMJP). We extend the re-
sults in [9] in two directions: we give necessary and
sufficient conditions for the existence of a feedback con-
troller which stochastically stabilizes the LSMJP and
ensures that a certain Lo induced norm be less than a
prespecified value. In addition, we consider the case in
which the state-space of the Markov chain takes value
in a countably infinity set. The solution here is given
in terms of a countably infinite set of coupled algebraic
Riccati equations(ICARE).

1 Introduction

A significant research thrust in linear systems with
Markovian jump parameters (LSMJP) has occurred
during the past two decades. This can be con-
firmed by the fairly amount of literature on this sub-
ject (see, e.g., [3], [5]-[12], [15]-[18], and references
therein). In addition, further insights has been gained
through these years in applications, generally dealing
with systems that are subject to abrupt changes in
their structures, which encompasses fault tolerant and
high integrity systems such as aircraft control systems,
robotic manipulator systems, space stations structures
such as solar arrays and antennas, government policy
changes(see, e.g. [4], [14] and [22]).

Since the pioneer work of Zames (see [24]), interest in
the Ho, control problem has increased steadily, with
emphasis in the linear case(see, e.g., [21] and references
therein).

Regarding the LSMJP, the H, control was previously
studied in [9] and [19] for the continuous time and in
[12] for the discrete time problem. The technique in
[9] and [12] provides sufficient conditions for a solution
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whereas in [19] the differential game interpretation for
the problem is employed. In [7] the Hy, problem refers
to the discrete-time case with a countably infinite state
space for the Markov chain and, unlike previous works
with this setting, necessary and sufficient conditions
are obtained.

In this paper we consider the combined situation of
continuous-time LSMJP with countably infinite state
space for the Markov chain, and obtain necessary and
sufficient condition for the existence of a feedback con-
troller that stochastically stabilizes the LSMJP while
ensuring that the Ly induced norm is less than a pre-
specified value.

In its content, this paper is closely related to [7]. How-
ever, technically they are rather different. For instance,
we use heavily the tools from operator theory in infinite
dimensional spaces, making particular use of the theory
of semigroup from which we provide an essential equiv-
alence result that bounds up the concept of stochastic
stabilizability (SS) and stochastic detectability (SD)
with the spectrum of certain infinite dimensional Ba-
nach space operators, a result adapted from [11]. More-
over, we introduce a natural adaptation of the decom-
plexification concept, described in [1, Section 18], for
nonlinear complex functions with range in R, which
allows us to focus differentiability on certain decom-

R

plexifications g in liew of the original functions g (see

Section 2).

The paper content is as follows. In Section 2 we present
the essential definitions and notations. In Section 3 we
state the H,, problem, its probabilistic structure and
some preliminaries. The main results are exhibited in
the Section 4

2 Notations and Assumptions

We shall denote by M(C™,C"), the normed linear
space of all n by m complex matrices and, for simplic-
ity, we shall write M(C") whenever n = m. We shall
write = , " and * for complex conjugate, transpose
and conjugate transpose, respectively. We shall use
the notation L > 0 and L > 0 if a self adjoint matrix is
positive semidefinite or positive definite, respectively.
We denote M(C")*={L € M(C"); L = L* > 0}. As
usual, ||-|| will stand for the euclidean norm in C", in
R™ and in the product space R™ x C", as well as for



the spectral induced norm in M(C™). In addition, we
denote by ¢ the pure imaginary complex number with
unitary modulus.

Let H{"" (resp. H™™) be the linear space made up
of all infinite sequences of complex matrices H = (Hj,
H,,...), H; € M(C™,C") such that >0 [|H;|]| < oo
(resp. sup{||H;l|, i = 1,2,...} < o). For H € H{""
(resp. H € H™™) we define a norm in H{"" (resp.
HIE™) by [IHIl, = 357 [|Hill < oo (resp. [IH]|, =
sup{||H;||, i =1,2,...}). We shall write H} and H?
whenever n = m, H?' = {H € H", H; € M(C")*,
i =1,2,..%and H" = {H € H", H; € M(C")*,
1= 1,2, } For H = (Hl,HQ, ) and L = (Ll,LQ, )
in ’H{‘Jr we shall use the notation H < L to indicate
that H; < L; for each ¢ in N. We have that H <
L= |Hll, < [IL;-

For any complex Banach or Hilbert space X, we de-
note by B(X) the Banach space of all bounded linear
transformations of X into X with the uniform induced
norm represented by ||-||, and for L € B(X) we denote
o (L) the spectrum of L.

We denote by 14 {.} the Dirac measure and write
{n}and sometimes n for any process {n(t),0 <t < T},
whenever it is clear whether T is finite or not, and E[]
denotes the usual mathematical expectation.

We define the Hilbert space C = L»([0,00); C™)
made up of all functions f [0 oo) — C™ with the
inner product (f,g) = [;° f t)dt < co and norm

denoted by || fll, = (fy~ IIf(t || dt)l/2 < 00, for every
f,geCh.

Let (Q,F,P) be a complete probability space carry-
ing a right continuous filtration {F; : ¢ € [0,00)}
with F; being the o- field generated by the observed
process {(z(s),0(s)), 0 < s < t}. With such an un-
derlying space, let us define the Hilbert space C™
= Ly(Q,F,P;C™) made up of all second order C™-
valued random variables (r.vs.) with inner product
given by (z,y) = E[z*y] and norm denoted by ||z||,

1/2

=F [||:n||2] for every =,y € C™, the Hilbert space
LY = Ly([0,00); C™) made up of all processes {y(t),
t > 0} equipped with the inner product (z,y) =
IS Elz(t)*y(t)]dt < oo and norm denoted again by
lzll, = (37 Elllz(t)|"]dt)/? < o, for every z,y €
L7, and the set C™ C L7J* made up of all processes
x € L% adapted to {F; : ¢t € [0,00)} i.e., such that
z(t) € La2(Q, F, P;C*). We have that C™ is a closed
linear subspace of LJ* and therefore a Hilbert space.
We also define C7' the set made up of all processes
{y(t), 0 <t < T}, y(t) € La(Q, Fi, P; C™) and denote
O the set of all Fy-measurable r.vs. taking values in
N.

3 Problem Statement and Preliminaries

We shall be interested in the following class of stochas-
tic differential equations.

{ x (t) = 4y o(t )1’( )+ Bg(t)u( ) +D0(t)’w(t), t>0
:L’()ZLL’UEC(SL, 9()_90660
(1)

where 29 € C!, w € C}, and u € C™. The vec-
tor z(t) € L2(Q, F;,P,C") denotes the state, u(t) €
Lo(Q, F, P,C") and w(t) € Lo(CP), t > 0, denotes the
system’s control input and the noise, respectively. The
system’s parameters are fed by a Markov process {0(t),
t > 0} with right continuous trajectories and an infi-
nite countable state space N = {1,2,...}. We assume
that {6(t),t¢ > 0} has stationary standard transition
probability matrix function {Ps(7,j)}i jen in that, for
5 >0,
Py(i,5) = P{O(t+s) =7 | 0(t) =i}
_ [ Aijs+o(s) i #]
- { 1+ Ags+o(s) i=j

with transition rates A;; > 0 for 4 # j. The Markov
process {6(t),t > 0} is conservative and stable in that
o0

Z /\ij:—/\ii§6<00,i€N
J=1,j#1

where c does not depends on ¢. We assume that A()

By, D, , are such that for each i € N, 0(t) =

Ag t) = Al y Bg(t) = B; , Dg(t) =D; y deﬁned on the
spaces M(C"), M (C™,C"), M (CP,C") , respectively,
are constant matrices. In addition, the parameters are
supposed norm bounded in that A = (4 A,,...) € HL
y B = (BLB2,...) S Hg,n 5 D = (DLDQ,...) S H([))(,)n
We consider zg a second order C" valued r.v. which
may depend on the random variable 8y and we shall
denote Vy the joint distribution of (zg,8g). We assume
the random variables 6(¢ + s), t > 0, s > 0, condition-
ally independent of zg, given 6(t). Whenever necessary
we shall write Ey,(.) to indicate the expected value of
some function of z(t) given by (1) with assigned joint
distribution Vy.

The following definitions are essential to solve the H oo
control problem.

Definition 1 (Stochastic stabilizability) We say that
the system (A,B,A) is stochastically stabilizable
(SS) if there exists K € HY™ such that, for any joint
distribution Vo of the initial conditions (0o, xo) we have

that -
| B[l < @)

where x(t) is given by (1) with u(t) = —Kypz(t) and
w(t) =0, i.e,

i (1) = Fyyalt), ¢>0 3)
with Fys) = A,y — By Ky, - In this case we say that
(8) is stochastically stable and K stabilizes(A, B, \).



Definition 2 (Stochastic detectability) Set C =
(C1,Cs,...) € H". We say that the system (C, A, A) is
stochastically detectable (SD) if there exists H € HI:"
such that, for any joint distribution Vo of the initial
conditions (8o, xo) we have that

/OOO E [lo(®)|*] dt < o0 (4)

where x(t) is given by

T (t) = Fypyz(t), t>0 (5)
with Foipy = A, — Hy,,Cy,y- In this case we say
that (5) is stochastically detectable and H stabilizes

(C, A4, A).

For arbitrary initial condition (69, o) let us consider
the homogeneous dynamic system

{ z (t) = Fypa(t) t>0 (©)
2(0) =0 6(0) =0,
where F' = (F1,F;,..) € MY, and define Q(t) =
(Q1(t),Q2(t),...), t >0 ,where

Mt i=1,2,.

Qi(t) = Elz(H)x(t)" 11g()
(7)

In addition, for H = (H;, Hs,...) € H}, we define
the operator D such that D(H) = (Dy(H),D2(H),...)
where
D;(H) = H;F; + F;H; +Z)\JZH
j=1
The next proposition is due to Fragoso and Baczynski
[11].

z}] € M(

i=1,2,.. (8)

Proposition 1 Let z(t) be given by (6) with arbitrary
F € HZ. Then Q(t),t > 0, defined by (7), belongs to
HT and satisfies the Banach space Riccati differential
equation

{ (t) =
Q(0) =

where D is given by (8).

D(Q(t), t>0

The following lemma is due to Fragoso and Baczynski
[11] and is a fundamental tool for the homogeneous
case.

Lemma 2 Consider the opera-
tor D given by (8) for some
K = (Kl,K2, ) € H&m, Cc = (01,02,...) S
H2T, and H = (Hy, Ho, ...) € HE.
The system (A,B,A) is SS with stabilizing K if
and only if

sup{ReX ;)\ €
where F; = A, — BK, i=1,
Similarly the system (C, A, A) i
if and only if

sup{ReX ;A € 0(D)} <0 (11)
where F; = A, —H,C, i=1,2,..

a(D)} <0 (10)
2,.
18 SD with stabilizing H

Q" € M1, Q¥ = Elzoxilipy—yy), i=1,2,...
(

Consider now (1) with u(t) = —Ky)x(t) and the op-
erator D as defined in (8) with F; = A, — B, K,.

Lemma 3 For arbitrary initial condition (6g,x0) let
us consider the inhomogeneous dynamic system

(t) = Fypx(t) + Dopyw(t) >0
B il R 12

6(0) = 6o
where F' = (F1,F,,..) € HY.For every t > 0
let’s define to = 0 and the random wvariable & =

B(tm—1), ... ,0(t1), tm—1,...,t1). Then, the trajectory
of the state process {x} with jump times t; < ty < ... <
tm, m=1,2 ... is represented by

:L’(t) = exp(F9(tm_1)(t —tm )) exp(FH(tm 2)(tm 1
—tm—2))-..exp(Fy(,)(t2 — tl))eXP(F0ot1 + ft

exp(Fg(tm_l)(t—T))Dg(T)w( dT+ E ft exp

Fe(tm_l)(t —tm-1)) exp(Fy(t,_o)(Em-1 — tmfz))
- eXP(Fy(t,_ ;) (bm—ja1 = tm—j)) exp(Fy(t,,_;_y) (bm—j
—T7))Dy(ryw(r)dr
Proof:  See [11], or [18]. n
The next proposition is a key result in this work.
Proposition 4 Consider the operator given in (8).
Then sup{ReX ;X € 0(D)} < 0 if and only if x € C"

for every w € C%, zy € CF, and 6y € Oy, where z
is defined as in (1).

Proof: (=) A consequence of Lemma 3 and Propo-
sition 1. (<) A consequence of Lemma 2. m

For C = (C1,Cy,..) € MY, set M; = C:C; ,

i=1,2,..., M = (My,M>,...) € HY. Let’s define for
H = (H, H,,..)

€ H™F the linear operators E(H) =
(E1(H),&(H), ...), G(H) = (Gi(H),Ga(H),...) and the
non linear operator T(H)=(T1(H),T2(H),...), where
> NjHj;  Gi(H) = B} H; (13)

J=10#]
?i(H):Mi+A;Hi+HiAi_HiBiB;Hi+Ei(H)+>\iiHi

+ Gi(H +Z>\UH

The following result is a stralghtforward modification
of theorem 37 in [11].

Proposition 5 Suppose (A,B,A) stochastically

stabilizable and (C, A, ) stochastically detectable.

Then there exists only one solution L = (L, Lo, ...) €

HF such that for each i € N,

Ti(L)=M; + A; L + L;A; — LiB; B} L + £;(L) + Ais L
=M; + (Al - BiJi)*Li + Li(Ai - BiJi) + J;Ji

o)
+ Z Aiij =0
j=1



where J; = B} L;. Furthermore, J = (Ji,J3,...) stabi-
lizes (A, B, \).

For (z9,w,q) € (C§ x C}, xC™), K € HZ™, we define
the linear operator X (6o,-) from C§ x C7, xC™ to
C" as

Xk (0o, 0, w,q) =z (14)

where z is defined as in (1) above with wu(t) =
—Ko)x(t) + q(t), q(t) € C™. From proposition 4 it
is clear that if sup{Re\ ;A € 0(D)} < 0, then z € CJ
and XK(Q(), ) € IB[C{)L X C% xC™ | Cn]

Define now z: [0,00) 3 ¢t — 2(t) € C" as

z(t) = Cyyz(t) + Noryu(t) (15)

where C(), N, , are such that for each i € N,
0(t) = i, Cyyy = Ci , Ngy = Ny , which are con-
stant matrices. In addition, C' = (C1,Cs,...) € HL"
N = (NLNQ, ) S Hg,r satisfy:

Clowy=Now=n =0 Nigw=iyNow=n =1, (16)
for each ¢+ € N. We have that z € C" and the
operator Zk(fp,-) € B[CY x CH x C™ , C"] is de-
fined as Zk (0o, xo,w,q) = z, where z is defined as in
(15). Finally let us define the operators X9 (6o, ) and
Z%(0o,-), in B[CY, , C"] and B[CY, ,C"] respectively,
as

X?((ao, ‘):XK(QU,O,’LU,O); Z?((a[)) '):ZK(e[):O)w)O)

Consider the system (1) and let § > 0 be arbitrarily
chosen. Our Hcontrol problem is to find necessary
and sufficient conditions to assure existence of a con-
trol K = (K1, K»,...) € HX™ that stabilizes (4, B, A)
according to the definition (1) and is such that

SUPy, co, ||Z?((90, )|| < 0. (17)
for Z9. (6, -) defined as in (15) and (17).

4 Main results
Theorem 6 Suppose that (C, A, A) is SD and consider
0 > 0 fized. Then there exists K = (Ki,K,,...) €
H™ | that stabilizes (A,B,A) and is such that
SUPy, co ||Z%(90,-)|| < 0§, if and only if there exists
= (P, Py, ...) € H% satisfying:
(i)Mi+(Ai_BiKi+%DiGi)*Pi+Pi(Ai_BiKi+%DiGi)
[ee]
+ K} K;—G;Gi+> AijP; =0 forall i € N.
j=1
where

1
K; = B:Pz; G; = —D;(Pi, fOT‘ all i € N.

)

(13) sup{ReX ;X € 0(D)} < 0 where D is defined as in
and (8), with F; = A; — B;K; + %DiGi, for all i € N.

Proof:  « (Sufficiency): Is a straightforward con-
sequence of Propositions 7, 8 and 9 below, which is
proved in [18].

Proposition 7 Suppose that (i) and (i) of the theo-
rem hold. Then K = (K1, K>...) stabilizes (A, B, A).

For the remainder of this section we consider, for arbi-
trary 6y € ©g, w € CB,

z=X%(0o,w) ,Z = Z% (0, w).
Proposition 8 Suppose that (i) and (i) of the theo-
rem 6 hold. Then

2115 = 8*(llwll; = [I7[13) (18)
where r € C}, s deﬁfied as
r(t) = 5Go(t)z(t) — w(t) (19)

Define now the operator W(fy,-) € B[C])] as
W(b,-) = LGX%(69,) — I, that is, for w € CP,
W(Go,w) = w, where w(t) = $Gppz(t) — w(t), for
any t € [0,00).

Proposition 9 Suppose that (i) and (i) of the theo-
rem are satisfied. Then the operator w defined above
is invertible.

= (Necessity):

The necessity part is a consequence of the following
propositions, which is proved in [18].

Consider J = (J1,J2,...) and L = (Ly, Lo,...) € HZF
as in proposition 5. For any (2o, w, q) € C§ x C}, xC™,
B € ©p where w is such that w : ¢ € [0,00) = w(t) €
Ly(CP), g : t € [0,00) = q(t) € La(, Fz, P;C™). Set
z = X;(00,x0,w,q) and z = Z (8o, x0,w,q) as defined
n (14) and (15) respectively, replacing K for J. In
this case u(t) = —Jy)x(t) +¢(t). For each 8y € Oy we
define the cost given by the operator J (6o, xo,w,q) :
ChrxCh xC™ =R as

J (6o, x0,w,q)=||Z;(00, 0, w, Q)Hz - 57 ||w||2

/ B ([ Cory 0
+ | =Tonyz(®) +a®)| = 8 [lw ()] *dt.

We want to solve the minimax problem 7 (0o, z0) =
SUP,c o inf,ecm J (6o, To,w,q) We shall first solve the
minimization problem

Proposition 10 Consider 8y € Oy fized and xg
€ Cy. Suppose that (C, A, A) is SD and there exists
K = (K1, Ks,...) € HE™ such that stabilizes (A, B, A)

Z3(bo, )H < § for some § > 0. Then,
there exists Q : CT, — C™ such that Q € B[C,C™].
Moreover,

T (00, zo,w) = inf eem J (8o, zo, w, q)
where ¢ = Q(w).

and Supy ce,

= J (6o, 0, w,q)



Let us now solve the maximization problem.

Proposition 11 Consider 6y € ©o fized.  Sup-
pose that (C,A,A) is SD and there evists K =
(K1, Ks,...) € HE™ such that stabilizes (A, B, A)

Z%(HO,-)H < & for some 6 > 0. For

fized o € Cl there exists a unique element w € C%
such that

j(ao,l'o) = supwecgj(t‘)o,:rg,w) = j(eo,xg,ﬁ)\)

Furthermore, for some W(fy,.) € B[CY,CH], w =
W(ao,l'o).
From propositions 10 and 11 we have that for each

6o € O, zo € Cf} there exists @ € C}, and ¢ € C™ such
that

and Supy, ce,

~

-.7(607370) = SqueC’[’) infqecmj(aoawoawa q) (20)
= \7(607 o, ﬁ;: Z]\)

For each i € N, o € C", we can define now, P =
(Py, Ps,...) with P; € B[C"], and P; > 0 as

~

J(i,x0) = x5 Pixg > 0 (21)

In order to prove that P = (Py, P, ...) as defined above
satisfies the conditions (i) and (ii) of Theorem 6, we
shall consider the truncated minimax problem.

Let us turn attention to the Banach space Riccati dif-
ferential equation with finite time horizon.

For C = (01,02,...) € HY", set M; = C:CZ , 1
1,2,..., M = (Ml,Mg, ) S Hg:_ For H = (Hl,HQ,
€ H™' let us define the non linear operator 7 (H)

(Ti(H), T2(H),...), where

Ti(H) = M; + A{H; + H;A; — H;B; B} H;
+&(H) + NiiH; + 3 H;D; D} H;

~—

(22)

For finite T and L € H"} arbitrarily fixed, the Banach
space Riccati differential equation is written as

{ PT () +T (PT®) =0, te(0,T)
PT(T)=1L where
(23)
PT(t) = (P (t), P} (1), ...) (24)

The proposition below can be found in [11] and guaran-
tees the existence of solution to the Riccati differential
equation (23).

Proposition 12 For T € [0,00) and terminal data L
€ H" arbitrarily fized there exists a solution PT(.) :
[0,00) = HZF for (23), continuous for t € [0,T] and
continuous differentiable for t € (0,T). Moreover, this
solution is unique (within the class of solutions with
these properties).

By its turn, the Riccati differential equation (23) can
be written as (see [11])

d pT—t —t —
{I%I(DOT) Z(OL)+T(PT (0)) =0, te(0,T) (25)

For simplicity, we shall note in the sequel P°(0) = P°,
and PT(0) = PT. So, let us define the sequences:
PT:(P1T7P2T:"')7 PzTeM((Cn)

PO = (P2, PY,..) = (L1, Lo, ...)

KT = (kI ,KI,..), KIeM (C*,Cm™)

GT = (GT,GY,..), GTeM (C*,CP)

where K = BfPl'; GI = tD;Pr, i € N. We also
define 7T as
2
jT(907x07w7 q) = fOT E920,1‘0(||00(T‘)m(r)||
2
+[|=Tomyz(r) +q(r)]|” = 8 [lw(r)||*)dr  (26)
+£U(T)*L9(T)£E(T)
jT(eony) = SupwEC; inquijT(a())xO;w) q)
(27)

Proposition 13 For u(t) = —Jyz(t) +q(t), where J
is defined as in Proposition 5, the cost defined in (26)
reads as follows

jT(Oo,l’o,w,q) = .
B Booeo (|~ (o) = K ) ) + a0
2
—5° Hw(r) - %GHT(;)’“a:(r)H Yr] + E (23 PL o)
(28)

with PHT(t_)t € HX satisfying (25).

Proposition 14 Consider 6y € ©o fized.  Sup-
pose that (C,A,A) is SD and there ezists K =
(K1,Ksy...) € HM™ such that it stabilizes (A, B,A)
and supy co HZ%(GO, )H < 4, for some 6 > 0. Then
for each T > 0 we have

ﬂ(007m0) = J(007x07ﬁ)\TaaT) =FE (wspoTOZUO) (29)

where
1GTE 3T (1) t €10,7)]
o' (t) =4 2700 ’ 30
T =9 is7 B0
T—t\ ~
(8) = (Joy — K ) 870 te[0,T]
0 t>T
(31)
and
?If'\T :XJ(007'7"07@T7&\T)' (32)
Proof: Follows imediatelly from Proposition 13. m

Proposition 15 [0,7] >t — PT (t) = P € H", satis-
fies

{ PT (t) + T (PT(t)) =0,
PT(T) =P

if and only if P satisfies T (P) = 0.

te (0, T) (33)



Definition 3 We say that P = (Py, Ps,...) is a posi-
tive semidefinite solution of the ICARE if and only if
P € H™ and satisfies the ICARE

T(P)=0 (34)
Proposition 16 Suppose (A,B,A) is SS and
(C,A,A) is SD. Then, for arbitrary terminal condi-
tion L € H™" the value PT (0) = PT of the unique
solution PT(t) € H™F, t € [0,T) to (23), converges to
P; € M(C™)* (defined in (21) ), as T — oo, for each
i € N. Furthermore P(0) = P = (P, P»,...) € H%F
and satisfies the ICARE (84).
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