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Abstract

We introduce a new output feedback controller for gen-
eral MIMO nonlinear systems which are only observable
on regions of the state and input spaces. Unlike previ-
ous approaches, we do not add integrators at the input
side of the system, and thus avoid the need to design a
stabilizing control law for a higher order system. Ro-
bustness with respect to a class of time-varying distur-
bances is guaranteed, and the performance of any state
feedback controller designed to achieve closed-loop sta-
bility with respect to a set (e.g., a robust controller) is
recovered.

1 Introduction

The past decade has witnessed a growing interest in
the output feedback control problem and the general-
ization and exploitation of a nonlinear separation prin-
ciple. The main ingredients of the approach leading to
the most recent results (see, e.g., [1, 2, 3]) can be sum-
marized as follows: 1) A chain of integrators is added
at the input side of the system, and the state feedback
control law is redesigned to stabilize the “extended sys-
tem.” 2) A high-gain observer is designed to estimate
the derivatives of the system output and, together with
the integrator states, these are used to obtain an es-
timate of the state of the system. 3) This estimate is
employed in the state feedback control law and control
saturation is used to guarantee its global boundedness.
Unfortunately, this approach cannot be used when the
system is not uniformly completely observable (UCO).

In this work we extend the theory developed in [4, 5]
(where a modification to points 2 and 3 above was pro-
posed) to deal with MIMO nonlinear systems affected
by time-varying disturbances, and for which a state
feedback control law can be designed that robustly sta-
bilizes the system (hence, a suitable compact set N is
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made attractive and positively invariant by the state
feedback control law; notice the similarity with the
work in [6]). A major difference between this work
and other approaches, including our previous results,
resides in a modification of point 1 above which entails
employing a high-gain (or, alternatively, sliding mode)
observer for the estimation of the control input deriva-
tives (or, equivalently, the states of the integrators used
in the input dynamic extension in point 1). This mod-
ification results in a simplification of the control design
problem in that the original state feedback controller
can be directly employed by the output feedback con-
troller (i.e., , we eliminate the need to design a control
law for the higher-order “extended system” in point 1
above). We prove that, in the presence of disturbances,
this approach guarantees uniform ultimate bounded-
ness (UUB) of the closed-loop system trajectories with
respect to A/ (in complete analogy with the result of
Theorem 4 in [6], but here we do not investigate con-
ditions needed on the disturbance so that asymptotic
stability is recovered). When no disturbance affects the
system, it is shown that a design that is based on a slid-
ing mode observer recovers the asymptotic stability of
the closed-loop system with respect to A/, while the
high-gain observer achieves UUB.

Due to space constraints, in what follows all the proofs
are omitted.

2 Problem Formulation

Consider the following dynamical system,

&= f(z,u,d)

y = h(z,u) W
where x € R",u € R™,y € RP, f and h are sufficiently
smooth functions, and d € A C R? is an unknown
time-varying disturbance contained in a compact set
A. When no disturbance acts on the plant we replace
d(t) by d®° € A, a known constant “nominal value”
of d(t). Our objective is to construct a robust output



feedback controller which makes a known compact set
uniformly asymptotically stable with a desired region
of attraction. The observability properties of system
(1) are characterized by the observability mapping
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n; = 0, or ng = 0). Note that the vector z contains
only the derivatives of v that end up appearing in the
mapping H for the application at hand. The functions
¢! are defined as follows,
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Assumption A1l (Disturbance). The vector fields f, h
have the property that
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on the domain of definition of gaz
be written as y. = H(z, 2).

Therefore, (2) can

Assumption A2 (Observability). System (1) is ob-
servable over the set X x Y C R™ x R™, i.e., there
exists a set of indices {k1,...,kp} such that the map-
ping ye. = H(x, z) is invertible with respect to x and its
inverse is smooth, for all z € X, z € U.

This assumption is a direct generalization of the observ-
ability assumption found in [4, 5] to the case of MIMO
nonlinear systems. Notice that A2 relaxes analogous as-
sumptions found in the literature (e.g., [7, 1, 3]), where
the authors require UCO, i.e., X x U = R™ x R™x.

Assumption A3 (Robust Dynamic Stabilizability).

There exists a dynamic state feedback controller

Te = fc(xcvx)

u = he(ze, x)

(4)

where . € R"<, f., h. are sufficiently smooth, and such
that A/ C R"™¢ is a positively invariant, uniformly
asymptotically stable compact set for the closed-loop
system

Te = fc(xcvx)
{E:f((E he (xcv )7d)

for all d(t) € A. Let D be the domain of attraction of
N.

(5)

In [6] the authors use a similar assumption, with the ad-
ditional requirement that f. and h. be globally bounded
functions of x, a requirement that is not restrictive since
it can be fulfilled by using saturation functions. On the
other hand, owing to the structure of our output feed-
back controller, this restriction is not needed in our
framework. Notice that, while in [6] d(¢) is a measur-
able exogenous signal, we assume d(t) to be an unmea-
surable disturbance (indeed we do not include d(t) as
an input to the control law (4)), and hence our control
objective is somewhat different.

Next, define the closed-loop system
X =F(x u,d(t))
y=H(x)

[z, 2"

(6)

where y = , the x equation is defined by (5),
and H(x) = h(z,he(xe,x)). Assumption A3 implies
that A is positively invariant and a uniformly asymp-
totically stable set of (6) when u = h.(x).

3 Cascade Observer Designs

The output feedback controller design for UCO sys-
tems involves adding integrators at the input side and
redesigning a stabilizing control law for the extended
system. This technique has the advantage of provid-
ing the exact knowledge of the input derivatives which
are needed for observer design. However, such a dy-
namic extension may introduce a significant complica-
tion in the design of the control law for the extended
system (e.g., when using integrator backstepping on u,
one may observe an explosion of nonlinear terms in v,
particularly when n,, is high). In [10] two dynamically
decoupled high-gain observers are employed to estimate
the derivatives of y (vector y.) and those of u (vector
2). By assuming the explicit knowledge of H™! an es-
timate of x is then calculated as & = H~1(fe,2) (the
hats are used to denote the estimates); see Figure 1.
The dynamic decoupling between the two observers al-
lows for a separate convergence analysis, and it is shown



that the state estimation error converges with arbitrar-
ily fast rate to a small neighborhood of the origin. In
[10] the output feedback control problem was not taken
in consideration and, to the best of our knowledge, this
idea has not been further investigated in the literature.
In previous work [4, 5] we showed how to avoid the need
for the knowledge of H~! by introducing a nonlinear ob-
server for the state x. Furthermore, by projecting the
observer estimates onto an appropriate compact set, we
showed how one can achieve a separation principle for
incompletely observable nonlinear systems. By follow-
ing the same methodology, and using an idea similar to
the one found in [10], we now aim at simplifying the
output feedback controller design, particularly the con-
struction of the stabilizing state feedback control law,
by avoiding the use of integrators at the input side of
the system. In order to do that we have to deal with
two problems. First, by working in the original state
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Figure 1: Observer structures of Tornambé and here.

domain (rather than the y. domain) the two observers
are in cascade, and therefore their dynamics, unlike in
[10], are coupled (see Figure 1). Second, by employing a
high-gain observer to estimate the input derivatives, we
introduce a small asymptotic estimation error, whose
effects on the closed-loop stability must be analyzed.
To this end, we introduce two observer designs, both
involving modifications to the original observer struc-
ture introduced in [4, 5].

3.1 Cascade Design 1: High-Gain Observer For
The Input Derivatives
Consider the following nonlinear observer,
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where L = block-diag[L*, ..., LP], K = block-diag[K",
..., K™, and L!, K’ are Hurwitz vectors of di-
mension k; x 1 and n; x 1, respectively, for ¢ =
1,...,p, 5 = 1,...,m. Analogously, we let A =
block-diag[Al, ..., A™], B = block-diag[B*,...,B™],
C = block-diag[C*,... ,C™], where A%, B{.and C* are

in contr./obs. canonical form and have dimensions
n; X ni, n; X 1, and 1 x n;, respectively. Finally, £¥ =
block-diag[EF, ... ,E¥], where EF = diag|p, p?, ... , p¥i]

Cp
and p € R, and £* = block-diag|7, ... ,E], where
& = diagle,€%,... ,€"] and ¢ € R. Let U 2
[u(lm), e ,us,?’")]T, then the vector Z can be expressed

as 2= Az+ BU, and u = Cz.

Theorem 1 Consider system (1) and suppose A2 is
satisfied for X = R™, U = R™, = and z are confined
to within a compact invariant set ), and U is bounded
for all t > 0. Then, the cascaded observers (7) and
(8) guarantee that & and % are bounded for all t > 0,
and the estimation error converges arbitrarily fast to
an arbitrarily small neighborhood of the origin, i.e., for
all 6, T > 0, there exist p,é, 0 < p,é < 1, such that
|z — x| <9, ||Z2—2z2] <0, for all t > T, whenever
pe(0,p)e€ (0,0,

Note that even when d(t) = d°, i.e., no disturbance
acts on the system, the observers (7), (8) achieve UUB
of the estimation error, only. In other words, in order
to simplify the controller design by avoiding the need
for a dynamic extension at the input side, we pay the
price of loosing the asymptotic stability of the estima-
tion error relative to the result in [4, 5]. On the other
hand, however, when d(t) # d°, we achieve the same
result one would get by adding integrators at the input
side of the system (see [3]).

3.2 Cascade Design 2: Sliding Mode Observer
For The Input Derivatives

As we mentioned earlier, using an high-gain observer
to estimate the input derivatives destroys the asymp-
totic properties of the ideal case when z is perfectly
known and d(t) = d°. One way to recover these
properties is to use a sliding mode observer based on
the equivalent control method (see [11, 12]) to esti-
mate z because of its peculiar property of providing
the derivatives of a signal in arbitrarily small finite
time. In order to do so, we will have to estimate
not only z, but also the vector U. To this end, we

_A . (nl) (WM)T
let Z = [ug,@1,...,uy e Um,y-..,um ], and we

build a sliding mode observer for Z, rather than z. The
nonlinear observer has the form
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where 2 is obtained from Z in an obvi-
ous way, &¥ and L are defined as before,
K=[K'", .. K", K = [Ki,. .. K|, for
i =1,...,m. Similarly, V = block-diag[V*,... , V™,
Vi = diagVi,... V. [,], where Vi = 4; — u,,
Viee = K] sgn(V})]eqﬁ7 for j = 1,...,m,
i = 1,...,m. Finally, A =block-diag[A',... 6 A™],
C = block-diag[C*, ... ,C™], with A® € RratIxnitl
C' € R™*l and (A%, C%) in canonical observable

form. Moreover, sgn(diag[z,... ,zn]) 2 diag[sgn(z1),

. ,sgn(xy, )], where sgn(x) denotes the discontinuous
sign function (i.e., if z > 0 sgn(z) = 1, if z < 0
sgn(z) = —1). The notation [...]eq is the standard way
to denote the equivalent control value of the bracketed
term (see [13] for details about the equivalent control
method).

Theorem 2 Consider system (1) and suppose A2 is
satisfied for X = R", U = R™, = and z are confined
to within a compact invariant set Q, and U is bounded
for allt > 0. Then, observers (9), (10) guarantee that
the following properties hold
(i) Existence and uniqueness of the observer estimates:
The differential equations (9), (10) have bounded and
unique solutions &(t) and %(t), respectively, defined for
all t > 0.

(i) Arbitrarily fast convergence of the estimation error
to an arbitrarily small neighborhood of the origin: For
all 6,T > 0, there exist p, 0 < p < 1, and K > 0
(component-wise) such that || —z|| <4, |2 —z| =0,
for all t > T, whenever p € (0,p), K > K (component-
wise).

(iii) Asymptotic convergence when d(t) = d°: For all
60, T > 0, there exist p*, 0 < p* < 1, and K* > 0
(component-wise) such that |t—z|| <6, ||Z—z| =0, for
allt > T, and & — = as t — oo, whenever p € (0, p*),
K > K* (component-wise).

In practical implementation, the values of the equiva-
lent controls may be obtained by low-pass filtering the
discontinuous terms in the observer (10). Such a filter-
ing may, in general, introduce small estimation errors
(see [13] for a complete analysis of this problem), with
a consequent impact on the observer error Z, which
then may not become identically zero, but rather re-
main small. In such a case, result (iii) of Theorem 2
would be lost. Hence, apart from its theoretical inter-
est, the practical relevance of Theorem 2 remains lim-
ited. Moreover, the lack of Lyapunov analysis in the lit-
erature for the convergence of this observer will force us,
in what follows, to restrict the observability Assump-
tion A2 when this observer is employed in closed-loop
control (see Section 4.2).

4 Robust Output Feedback Stabilizing Control

Our main objective in this section is to extend the
projection idea found in [4, 5] to the case under con-
sideration. Recall that the observers (7), (9) exhibit
peaking; hence, when A2 is not satisfied globally, the
observer states Z, Z may exit the observable region
X xU C R™ x R™, thus rendering the observer equa-
tions (7), (9) undefined. Here, we will modify the Z, 2
equations to guarantee that & and Z are confined to
within X x U, while preserving their convergence prop-
erties.

Considering system (6) and using Assumption A3 we
conclude that u = h.(x) makes the compact set N
positively invariant and uniformly asymptotically sta-
ble with domain of attraction D, for all d(t) € A. If D
is not all of R"™"¢, we can use the converse Lyapunov
theorem introduced in [6] (Theorem 1) to conclude that
there exists a smooth Lyapunov function in D with re-
spect to N, i.e., there exist two Ko functions o and
as and a positive function agz such that,

ar(wn(x)) V() € a2lwn(x),  vxeD  (11)
V() < —as(wn(x), Yxe€D/N  (12)
where wpr(x) is a positive definite function with re-
spect to A, continuous and proper in D (i.e., it tends
to infinity on the boundary of D). See [6] for more
details. Given any ¢ > 0, define the compact sets
Qe 2 {x1V < ¢} and QF 2 {zr e R"|x € Q.}. Con-
sider cg > ¢; > 0 and let Q* be the compact set which
is invariant with respect to the z trajectories (its exis-
tence follows from the smoothness of u = h.(x) which
implies the boundedness of its derivatives). Notice that
for all c; > 0 we have N' C Q% C D. Now consider the
following mapping,

FiR"xR™ — R xR™,  F(z,2) 2 [H(x’z)]

z

then, it is readily seen that F is a diffeomorphism on
X xU C R™ x R™. Next, the following assumption is
needed.

Assumption A4 (Topology of X x U). Assume that
c2 can be selected so that the following condition is
satisfied for some convex compact set Cg,

F (9

c2)

Q%) C Ce Cc F(X,U), (13)

4.1 Observer Estimates Projection: First De-
sign

Recall the coordinate transformation used in the proofs
of Theorem 1 and 2, and let

E=H(z,2), §=H(E2), {=£(-¢ (14)



Note that é = W} &+ 8H(§275’) 5

3 } Z, which is
well-defined when & € X, 2 € U. Next, project

= 2 [ (6d23) - 2] )
16 €3 ) (16)

RN ~ Ng(NgéJerT%) T2
where Pl (5,57272) = f—rlm lfNE f"‘
N2> 0and [€7,2T]T € 8C¢, while P, = &, other-
NZ(N§.§+NZT$)

wise. Slmllarly, PQ (f, f, zZ, Z) = Z—Fgm

if Ng—é—l— NTz>0and [€T,27]T € 9C;, while Py = £
otherwise.

In the definitions above T'y = (S1€%)71(S1€%)~1 Ty =
(S2€7)~1(82€7)~ L, St = SlT, $% = 527 denote the
matrix square roots of Py, P, the positive definite solu-
tions of the Lyapunov equations associated to the Hur-
witz matrices A—L;C and A—LC, respectively; £, E*
are the scalings introduced in the proof of Theorem 1,
and N¢, N, are the £ and z components of the nor-
mal vector N to 0C¢, the boundary of Cg¢, at é, Z i.e.,

N(£,2) = {NET(E, 2), NJ (&, 2)} T. The following lemma

shows that (15), (16) guarantee boundedness and pre-
serve convergence of the estimates z, 2.

Lemma 1 If Aj holds and (15), (16) are applied to
observers (7), (8), respectively, then

(i) Boundedness: [#F" 2P"|T € F~1 (Ce) C X x U,
for allt > 0.

If, in addition, x € QF,,z € QF, then the following is
also true

(ii) Preservation of the original convergence character-
istics: the result of Theorem 1 remains valid for ¥, 37

4.2 Observer Estimates Projection: Second De-
sign

When using a sliding mode observer to estimate z we do
not have the tools to build a projection that preserves
the convergence characteristics outlined in Theorem 2.
This is due to the fact that we do not have a Lyapunov
function for the sliding mode observer outside of the
sliding manifold (to the best of our knowledge, the con-
vergence analyses found in the literature do not provide
it), and our projection design relies on this knowledge.
In order to avoid this problem we need to restrict As-
sumption A2.

Assumption A2’ (Observability). System (1) is ob-
servable over the set X x R™ where X C R™, i.e., the
mapping y. = H(x, z) is invertible with respect to x
and its inverse is smooth, for all z € X, z € R™».

Assumption A2’ requires the uniform observability with

respect to z, but it is still less restrictive than the UCO
assumption commonly found in the literature. Assump-
tion A4 can be consequently relaxed as follows.

Assumption A4’ (Topology of X x U). Assume that
c2 can be selected so that the following condition is
satisfied for some convex compact C¢

F (o

c2)

Q) C Ce C F(X,R™), (17)

where Q7 is defined in the proof of Theorem 2.

Using these assumptions, we do not need to project the
estimate provided by the sliding mode observer, thus
we only need to make sure that &(t) € X for all ¢ > 0.
We do this by modifying projection (15) as follows,

aH}l{Pl (ggzz) aHéP} (18)

~P o
v Br BE

Y Ne(NJE+NTZ) .
where P (f,f,z,z) =¢— Fl% if Ngﬁ +
NTz2>0and [€7,27]T € 9C, while Py = £ otherwise.
Using this projection a result completely analogous to
that found in Lemma 1 holds. Its statement is omitted

for lack of space.

4.3 Closed-Loop Stability
To perform output feedback control, we replace the dy-
namic state feedback compensator (4) by

Te = fc(xa JEP)

P (19)

i = he(@e, &

By the properness of V(x) on D, we have that for any
compact set D' C D there exist ¢1,co large enough so
that D' C Q., C Q,, C D. Taking in account the re-
striction on cp imposed by Assumption A4 (A4’), choose
D’ to be an arbitrary compact set contained in Q.
In the following we will state two closed-loop stability
theorems for the case when d(t) # d° and d(t) = d°,
respectively. The first of the two theorems applies to
both of the observer designs introduced in Section 3,
while the other applies to the second cascade design,
only; in the statement of Theorem 3 we will refer to
the first design (see Section 3.1), pointing out the dif-
ferences relative to the second one in square brackets,
whenever needed.

Theorem 3 Suppose that A1, A2, [A2], A8, A4
[A4°] are satisfied and the initial condition x(0) is con-

tained in D' C Q., ; define the set Q¢ 2 {x:Vx) <d:}
(N C Q.), where d. = azoas *(2Ae) and A is defined in
the proof. Then, for any € > 0 chosen so that d. < cq,
there exist positive scalars p*, e*[K*| such that, for all
p € (0,p), € € (0,€) [K > K* component-wise], the
output feedback control law (19) (where 2F is generated



by (7), (8), (15), (16) [(9), (10), (18)]) renders Q. a

uniformly asymptotically stable positively invariant set
for (6), with domain of attraction containing Q.,, and
it is reached in finite time; moreover all the internal
variables are bounded for all t > 0.

Note that, as ¢ — 0, . becomes arbitrarily close to
N. Thus, Theorem 3 implies that the original uni-
formly asymptotically stable positively invariant set un-
der state feedback is recovered, in the limit as ¢ — 0,
under output feedback. Furthermore, note that the im-
plication of Theorem 3 is essentially identical to one
idea found in [6]. This indicates that using an input
derivative observer is advantageous in that, besides sim-
plifying the controller design, in the presence of distur-
bance it yields the same stability results as when dy-
namic extension is employed at the input side of the
system.

Theorem 4 Suppose that Assumptions A1, A2’, A3,
A4’ are satisfied and the initial condition x(0) is con-
tained in D' C Qe,. If d(t) = d°, i.e., if no disturbance
affects the system, then the output feedback control law
(19) (where 2¥ is generated by (9), (10), (18)) renders
N a uniformly asymptotically stable positively invariant
set for (6), with domain of attraction containing €., .

5 Conclusions

Theorems 3 and 4 establish a separation principle for
incompletely observable MIMO nonlinear systems with
and without disturbances. These results extend and
simplify our previous result in [4, 5], but are inspired
by the same methodology: the output feedback con-
troller design is entirely carried out in the original
system coordinates (hence the analytical knowledge of
H~1 is not needed) and an appropriate projection is
designed to deal with the incomplete observability of
the system and, at the same time, to guarantee sep-
aration between the state feedback controller and ob-
server designs. When Assumptions A2 and A3 hold
globally, Theorems 3 and 4 show that any compact set
in R® x R™ can be made a region of attraction for
the sets Q. and N, respectively. In other words, the
closed-loop system becomes semi-globally stable with
respect to ., NV, respectively. We did not investigate
conditions under which N is asymptotically stable un-
der output feedback even when d(t) # d°. The reader
may refer to the analysis in [6, 3] for more details on
this issue.

Acknowledgement

The authors would like to thank Vadim Utkin for his
helpful comments on sliding mode observers.

References

[1] A. Teel and L. Praly, “Global stabilizability and
observability imply semi-global stabilizability by out-
put feedback,” Systems & Control Letters, vol. 22,
pp. 313-325, 1994.

[2] H. Khalil and F. Esfandiari, “Semiglobal stabi-
lization of a class of nonlinear systems using output
feedback,” IFEE Transactions on Automatic Control,
vol. 38, no. 9, pp. 1412-1415, 1993.

[3] A. Atassi and H. Khalil, “A separation principle
for the stabilization of a class of nonlinear systems,”
IEEE Transactions on Automatic Control, vol. 44,
pp. 1672-1687, September 1999.

[4] M. Maggiore and K. Passino, “Output feedback
control of stabilizable and incompletely observable sys-
tems: Theory,” in Proocedings of the 2000 American
Control Conference, (Chicago, IL), pp. 3641-3645, June
2000.

[5] M. Maggiore and K. Passino, “Output feedback
control of stabilizable and incompletely observable sys-
tems,” IEEE Transactions on Automatic Control, sub-
mitted for publication, 2000.

[6] A. Atassi and H. Khalil, “A separation princi-
ple for the control of a class of nonlinear systems,” in
Proocedings of the 37th IEEE Conference on Decision
and Control, (Tampa, Florida), pp. 855-860, December
1998.

[7]  A. Tornambe, “Output feedback stabilization of
a class of non-minimum phase nonlinear systems,” Sys-
tems € Control Letters, vol. 19, pp. 193-204, 1992.

[8] M. Maggiore and K. Passino, “Output feedback
control of stabilizable and incompletely observable sys-
tems: Jet engine stall and surge control,” in Proocedings
of the 2000 American Control Conference, (Chicago,
IL), pp. 3626-3630, 2000.

[9] M. Maggiore and K. Passino, “Output feedback
control of jet engine stall and surge using pressure mea-
surements,” IEEFE Transactions on Automatic Control,
submitted for publication, 2000.

[10] A. Tornambé, “High-gain observers for non-linear
systems,” International Journal of Systems Science,
vol. 23, no. 9, pp. 1475-1489, 1992.

[11] S. Drakunov and V. Utkin, “Sliding mode ob-
servers. Tutorial,” in Proc. of 34th Conf. Decision
Contr., (New Orleans, LA), pp. 3376-3378, December
1995.

[12] S. Drakunov, “Sliding-mode observers based on
equivalent control method,” in Proc. of 31th Conf. De-
cision Contr., (Tucson, AZ), pp. 2368-2369, December
1992.

[13] V. I Utkin, Sliding Modes in Control and Opti-
mization. Berlin, Heidelberg: Springer-Verlag, 1992.



