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Abstract

A procedure is given for the effective solution of an
infinite-string supervisory control problem under par-
tial observations, for the case where the plant and
specification languages are represented by finite w-
automata (automata on infinite strings), and the ob-
servation mask by a finite Moore automaton. This
solves an w-language version of the standard central-
ized supervisory control problem under partial obser-
vations. It is shown that a natural extension to de-
centralized control is undecidable, even if the plant,
the specification languages and the masks are repre-
sented by finite automata. This undecidability result
carries over to the finite-string case.

1 Introduction

This article reports positive and negative results on
effective computation of supervisors for partially-
observed discrete event systems (DES). First, a su-
pervisory control problem under partial observations
is effectively solved. This extends earlier results
by taking account of infinite-string languages, rep-
resented by finite automata on infinite strings, or w-
automata. While partial observations naturally in-
duce a nondeterministic automaton model (or, more
precisely, a universal or V-automaton model), it turns
out that the complex procedure for “determinization”
of w-automata can be avoided in the computation

of a solution to our problem. The result also ex-
tends earlier work by allowing for a more general ob-
servation mechanism — that of arbitrary causal, or
“prefix-preserving,” maps from the event alphabet to
an observations alphabet; because such maps do not
merely project event strings onto substrings of ob-
servable events, this extension requires a proper ac-
count of the role of control inputs in observation.

The main idea of our construction is to reduce
the problem to the case of complete observations.
In general, the control mechanism for the complete-
observations version is such that the set of “control
patterns” is not closed under union; this reflects the
fact that (even under the standard control mecha-
nism) the partial-observations problem need not have
a maximally permissive solution.

The aforementioned procedure constitutes a con-
trol synthesis algorithm for centralized supervision.
A decentralized version of the synthesis problem
turns out to be undecidable. This negative result
is established by adapting results on synthesis of re-
active systems and multiple-person games of incom-
plete information [1, 2]. The result applies not only to
infinite-string synthesis problems, but also to simple
variations of finite-string problems that have already
been studied in the literature.

In section 2 we recall the necessary preliminary
notions. Section 3 defines a framework for central-
ized supervisory control problem with partial obser-

vations. In section 4 a control synthesis problem



is defined and it is shown how results from the w-
language theory of supervisory control can be used
to compute solutions to this control problem. Sec-
tion 5 shows that the extension of the problem to
decentralized control is undecidable. Section 6 gives
some concluding remarks.

2 Preliminaries

Let X be a finite alphabet. X* denotes the set of
all finite strings over X, including the empty string,
1y. The expression X* represents the set of infinite
strings over . The union of X* and X¢ is denoted
by X*°.

Any L C ¥* is called a *-language over ¥ and any
S C ¥ an w-language over X.

For any k € ¥* and v € ¥*°, kv stands for the
concatenation of the two strings.

Define the map pre 25" 5 2% py
pre: V= {keX*: (FveV)(k<v)}. Thus,
pre(V) is the set of all finite prefixes of strings in V.
For any R C ¢, we call pre(R) C ¥* the prefix of
R. For any K C ¥*, we call pre(K) the x-closure of
K. If K = pre(K) we say that K is x-closed.

The limit of a *-language K is the set of all infinite
strings whose prefixes are all contained in K. The
operator clo : 27 — 257 gives for every w-langage
R the set of all infinite strings all of whose prefixes
are contained in pre(R). We call clo(R) the w-closure
of R. If R = clo(R) we say that R is w-closed; if
R = clo(R) N S (where S C 3¢) we say that R is
closed relative to or with respect to S.

3 Control of DES under partial
observations

3.1 Discrete event systems

We model a DES as a pair G = (L(G), S(G)) € 2*" x
2% consisting of a * — language L(G) called the % —
behaviour of G and an w —language S(G) called the
w — behaviour of G [3].

The *—behaviour L(G) is assumed to be *x—closed,
ie, pre(L(G)) = L(G). We also assume that

pre (S(G)) C L(G). If the reverse inclusion holds,
then we say that G is deadlock-free.

We represent a DES by a Rabin automaton (see,
for example, [4, 5]):

G =(%,X,0,z0,{(Rp,Ip),p € P})

where Y is the alphabet of events, X is the set of
states, 6:2 x X — X is the transition function, zg is
the initial state and Vp € P, {(R,, I,) € 2% x 2% de-
fines a Rabin acceptance condition: an infinite string
is accepted by the automaton if a corresponding path
through the transition structure of the automaton
visits R, infinitely often and I, “almost always,” for
some p € P. The w-languages accepted by such
Rabin “w-automata” are called w-regular. The Ra-
bin w-automaton (X%, X,d,zo, {(Rp,I,),p € P}) ac-
cepts S(G) and the * — automaton (2,X,6,zg, X)
accepts L(G). These languages will also be denoted
S(G) and L(G), respectively.

The Rabin automaton introduced above is deter-
ministic, in the sense that the transition function as-
signs (at most) a single successor state to the current
state and alphabet symbol. Consequently, a given
symbol string has at most a single corresponding path
through the transition structure of the automaton.
One may more generally employ a transition func-
tion of the form

§: 0 x X — 2%

(where 2% denotes the powerset of X), in which case
there may be many successor states; consequently, a
given string may have many possible paths through
the transition structure. A wuniversal automaton ac-
cepts such a string if all corresponding paths satisfy
the Rabin acceptance condition.

3.2 Partially-observed DES

We assume that G is only partially observed, which
means that the supervisor cannot observe some
events and cannot distinguish among others. We
model this situation by introducing an observation



mask between the DES and the supervisor :

M:L(G) — X
]-E — 120
0103...0n, +— M(0103...0n_1)a
or
0109...0, +—— M(O’lo'g...O'nfl)

where
Y., is the observable alphabet,
and

a is the symbol observed by V when G gen-
erates the event o, after generating the se-
quence 0103...0,_1.

When a = o, we say that o, is completely ob-
servable after the sequence oy09...0,_1. Otherwise
(a # o,) we say that o, is partially observable af-
ter the generation of 0105...0,—1. The last clause of
the definition applies if there is no observation, in
which case o, is said to be completely unobservable
after 0y03...0,_1- Note how the observation mask
has memory in the sense that the observation of an
event depends on the preceding actions that had been
made.

We extend M to x-langages in the standard way:

M(K) == {M(s): s € K} VK C L(G).

It is also natural to extend M to w-languages by
defining

M(K) :=lim(M (pre(K))), VK C S(G).

3.3 Supervisors

To the DES G we add a means of control: we asso-
ciate with the alphabet ¥ a nonempty family C' C 2%
of control patterns, C = {I';,1 <1i < n}. A supervisor
of (G, M) (G partially observed through the observa-
tion mask M) is a partial function V : £} — C.

The action of the supervisor V' on the DES G is
given by the DES V/G, where

(i) L(V/QG), the x-language synthesized by V, is
defined by the following recursion:

(a) 1y € L(V/G).
(b) Forallk € £*, 0 € %

ko € L(V/G) <= keL(V/G) and M(k) €
dom(V) and ko € L(G)

and o € V(M(k))

(ii) S (V/@G), the w-language synthesized by V, is
given by

S (V/G) = lim (L (V/G)) N S(G).

We say that V is a complete supervisor for G
if M(L(V/G)) C dom(V), and we say that V is
deadlock-free if V/G is a deadlock-free DES.

4 Effective control synthesis

4.1 The supervisory control and ob-
servation problem for w-languages
(SCOP¥)

Our aim is to solve the following problem :

Problem 4.1 Given the DES G = (L(G), S(Q))
(which is the process under control), defined on the
alphabet ¥, and an w—language £ C X“ such that
E C S(G), construct a complete, deadlock-free su-
pervisor V for GG such that

S(V/G)CE

To simplify the computation, we restrict attention
to the case where the w-behaviour S(G) of the plant
is lim (L(G)). Thus we assume that G is represented
by a finite Rabin automaton with a trivial acceptance
condition:

g = (ZaXG76G7xOG7 (XGaXG))

such that the x-automaton (X, X¢, d¢, o, Xg) rec-
ognizes L(G). We assume also, without loss of gener-
ality [4], that the specification E is represented by a
finite, universal Rabin automaton with a total transi-
tion function and a single accepting state-subset pair.

R = (EvXEv(SEvaEa (REalE')) -



We finally assume that the observation mask M :
3* — X7 is represented by a finite Moore automa-
ton :

A\M = (EvXM73M75:\0M7 Z:Ov/):>

4.2 Controlled Discrete-Event Sys-
tems (CDES)

The control synthesis problem is complicated by the
fact that among the information at the supervisor’s
disposal is not only that provided by the mask M
but also that contained in the sequence of control ac-
tions that the supervisor itself has applied. To render
this information more explicit, we enrich the alphabet
by adding the control patterns to the event symbols,
bringing in the controlled DES:

GC = (E X C, X, (50,330, {(Rp,fp),p S P})
where d¢ (2 X C) x X — X is defined as:

0(o, ) if (o, ) is defined

and o el
undefined otherwise

dc((o,T),2) =

We associate with the alphabet ¥ x C' the follow-
ing family of control patterns Cc = {T'¢,,1 < i < n}
where I'c, = {(0,T;) : 0 € T';}. (We say that I'¢;, is
induced by T';.)

We complete the enrichment of the alphabet by
extending the mask M to strings over ¥ x C. We
define the map M¢ which produces a “place-holder,”
€, for completely unobservable events:

Mc : L(Ge) — ((Z,U{e}) xO)"
lexe = Lz,uehxe
(Ul,Fl)...(O'n,Fn) — Mc((O']_,Fl)...(a,Fn)
or
(01,11)...(on, ) +—

Of course, these € events must not be exploited in a
control law, so we adapt the definition of a supervisor
accordingly:

Definition 4.2 Let G be DES, G¢ the controlled
DES associated to G, and Mg the observation mask

defined above. A supervisor for (Gc, 1\70) is a par-

tial function
Ve : (S, U{e}) x C) — Ce

which satisfies the following condition :
Vmy,me € (X x C)*

Te(Mo(my)) = me(Me(mz)) = Ve (Mce(my)) =
Vo MO(mQ)

where 7 is the natural projection from (X, U {e})xC
to X, x C

4.3 Control of Rabin automata

We can prove that the supervision of (G, M) is equiv-
alent to the supervision of (G¢, M¢), so in order to
resolve our intial problem, we have to find a complete

deadlock-free supervisor for (GC, J\Afc)
The first thing to do is to construct the automaton

gc = (Z X Ca XG75G(;7$0G7 (XGaXG))

which represents the CDES G ¢, and also the univer-
sal Rabin automaton

RC = (Z X CaXEaéEc)l‘OEa (RE)IE)) .

which represents the specification on the closed-loop
behaviour Vo /G¢ (which is Ec = P71(E)).

Then we combine the automata representing G¢
and the specification language E¢c, so we compute
the product Go X R¢. The result of this operation is
the automaton

Ac=(ExC,X,dc, o, (R,I)).

MC((U1,F1)---(€, Fn)Our control synthesis problem is equivalent to that

of controlling A¢c to the satisfaction of its own ac-
ceptance condition. However, A¢ being partially ob-
served (and, in general, universal rather than deter-
ministic), we cannot apply the known control syn-
thesis methods of [5] to it directly. Our next step is
therefore to transform A¢ into an automaton defined
over the observation alphabet.



4.3.1 Control of a universal automaton over

(S, U{e}) x C

If we apply the observation mask Mo to the automa-
ton Ac we obtain a universal automaton A, that ac-
cepts precisely the set of observation sequences that
are produced only by the generation of legal strings.

Consider the Rabin automaton of the previous sec-
tion

Ac = (2 x C, X, 0c, xo, {(RpaIp)a pe P})

Assume that ]\7(; is represented by a finite Moore
automaton :

Ay = (Z X C,XM,JM,IOM,EOU {6},/\)

then it is possible to construct the automaton A, =
((EO U{e}) x C, Y5, 00, Yo, {(ROP,IOP),p € P})

that represents G, = (Mo (L(Ge)) , Mc (S(Gc))>.
We associate with G, the following family of control
patterns, induced in a natural way by those of C"

Co:{roial SZSN},

where
i, ={(o,T;):0€X,and o’ €T,z € Xy
such that das ((0',T;), zpr) is defined and
A(oum (0", 1), 201)) = 0}

We write T';, = M¢(T¢,), where I'c, = {(o,}) :
o € I';} and we say that T'o; is the observed image of
Te,.

i

4.3.2 Control of a deterministic Rabin au-
tomaton

While the automaton A, can be considered com-
pletely observed (since it is defined on the observation
alphabet) it is, in general, universal. This compli-
cates control synthesis, as there may be many paths
corresponding to a given sequence of observations,
and a controller must naturally apply the same se-
quence of control patterns along any two such paths.
We shall solve this problem by converting A, into
a deterministic automaton that, for our purposes, is
equivalent.

The construction is inspired by the determiniza-
tion procedure for finite automata on words, and also
by results on determinization of Biichi automata [4].
Thus, after generation of a given string k, the state z
of the deterministic automaton will record the set of
all states in which the universal automaton may find
itself after generating strings that have the same pro-
jection as k . In fact, the state of the deterministic
automaton Ay will be a pair z = (21, 22) of two state
subsets: z! will be the subset of A,-states that are
reachable by the word in question and z? those that
are reachable by words that have the same projection
as the given word.

We further enrich the state set by “colouring” the
states of A, according to the following rules:

e At the beginning, all the elements are coloured
”white”.

e Each element of an A,-state is coloured ”green”
if it is in R, or all its predecessors are coloured
"green”.

e Each element of an Ag-state is coloured "red” if
it is not in I,.

While reading a word w we identify “breakpoints”.
The initial state is one breakpoint. Furthermore, a
“red breakpoint” occurs whenever any A,-state is
marked red; a “green breakpoint” occurs when all A,-
states in the current A4-state are marked green. At
breakpoints, the corresponding colours are removed
from the A,-states. Intuitively, an A,-state is green if
all paths that lead to it have passed through R, since
the last green breakpoint; an A,-state is red if some
path that leads to it has passed outside of I, since the
last red breakpoint. The word w is accepted if, on
reading w, the automaton passes through infinitely
many green breakpoints but only finitely many red
breakpoints (Note that this is a Rabin acceptance
condition).

4.3.3 Epsilon-invariance

We must force the controller for our deterministic Ra-
bin automaton to ignore e-events. For this we com-
pute a product of A; with the automaton .4; that
rejects any strings along which there is a change of



control pattern after an e-event. This will ensure the
e-invariance of the languages generated by the result-
ing automaton:

The stucture of the Biichi automaton A; is the fol-
lowing :

A = (B U{e}) x C, Xeo,0c0,To,,5 Leo)
with
Xeo = {®o,,, T1, T2, ey T, Tp}, n = |C].
T = Xeo \ {zp}-
deo : ((ZU{e}) x C) Xeo — Xeo
CICAN)) = T,
(xocoa (6 Fz)) = T
(zi, (e, T4)) — T
(zi, (e, T)) — T
(xza( )) —
(zp, (U,F ) — Tp

The last thing to do is to compute the product
of Ay and A;. The result of this operation is the
deterministic Rabin automaton Ay, .

It can be proved that the supervision of Ag, (in the
classic fashion [5]) is equivalent to the supervision of

o

Together, the results of this section show that
SCOP¥ can be reduced to the problem of control-
ling a deterministic, completely observed Rabin au-
tomaton to the satisfaction of its own acceptance con-
dition. The latter control problem, which is in fact
equivalent to other well-known problems in automata
theory, is solved in [5]. This yields an effective proce-
dure for deciding solvability of SCOP“ and for com-
puting a solution if one exists.

In the next section we show that a decentralized
version of SCOP¥ admits no such effective solution.

5 Decentralized control synthe-
sis

In this section we show, by the methods of [1, 2],
that a decentralized version of the above problem is
undecidable. For this we assume that C' is closed
under intersection and bring in the standard defini-
tion of the conjunction of two supervisors V; and V5;

namely,

ViAVa: L(G)—C

s = Vi(s)NVa(s), Vse L(Q)
We can now define a decentralized supervision
problem for w-languages (DCP*):

Problem 5.1 Given A C E C S(G), observation al-
phabets T;,7 = 1,2 and masks M; : L(G) — T;, find
complete, deadlock-free supervisors V; : L(G) — C
such that kerM; < kerV;,¢ = 1,2, the conjunction
Vi A V4 is deadlock-free, and

ACS(VinVz/G)CE

Theorem 5.2 The solvability of DCP“ is undecid-
able.

Proof sketch: Following [1, 2], we show that, given
a Turing machine M, we can construct an instance
of DCP* that has a solution if and only if M halts
on the empty input. It follows that the existence of
solutions to DCP¥ is undecidable.

Suppose that the event alphabet ¥ contains two
disjoint subalphabets, say I; and Ko, each suffi-
ciently rich to encode sequences of configurations of
M. We shall formulate an instance of SCP¥ whose
solution requires both supervisors to use the respec-
tive subalphabets to simulate the sequence of con-
figurations through which M passes on reading the
empty input. In order to do so we assume that we
can extend the subalphabets ; to

B =K U {Si, N;},i = 1,2

Intuitively, the symbol S; will be used by the plant
to “signal” supervisor V; to move to the next sym-
bol in its encoding of the sequence of configurations,
while N; will signal it to skip directly to the next
configuration.

The generator is so constructed that symbols in
{S;,N; : i = 1,2} alternate with symbols from
K1 U Ks. Furthermore, any symbol in S; U N; is im-
mediately followed by a symbol in I;, ¢ = 1,2. By the
definition of the observation and control mechanisms,



the latter symbol may be “chosen” from XC; by the su-
pervisor V;: for this, the supervisor chooses a control
pattern containing only the appropriate symbol, to-
gether with S;, N; and all the symbols in ¥;,j # i.
The mask M; will be the natural projection of ¥ onto
Y.;. Indeed, neither supervisor observes or controls
any symbols of the other supervisor’s subalphabet:
supervisor S; observes only events in ¥;, and all of
its control patterns include X;.

The generator will perform “random” checks on
the two substrings over X3 and K9 in an effort to
disqualify them as representing the trajectory that
M follows on the empty input. It will elicit the next
symbol or configuration in a sequence by means of the
symbols S; and N;, and in so doing check whether the
appropriate substrings do in fact represent configura-
tions of M, and whether the (7 + 1)th configuration
is in fact the successor of the ith. Tests of the lat-
ter sort are carried out by checking that the struc-
ture of the state transition function is obeyed, that
tape head movement is correct, and so forth. Because
the generator can compare one sequence against the
other, it requires only a finite number of states to per-
form these tests (despite the fact that the encoding
of a configuration of M may require an arbitrarily
long substring). If ever it detects an inconsistency
in the sequences, it enters a “dead end” state, where
no transitions are possible; if it detects an accept-
ing configuration of M, it enters a state where it
loops, generating strings containing only some sym-

bol & € £\ (£; U ). This defines the finite be-
haviour L(G) of the generator; its infinite behaviour
is defined by S(G) = lim(L(G)) N X*a*. The mini-
mal acceptable sublanguage A C S(G) is empty; the
maximal legal language is E = S(G).

Because neither supervisor can observe (either di-
rectly or indirectly) the actions of the other, the only
control strategy that is sure to avoid the generator’s
dead-end state is that whereby each supervisor V;
ensures that the KC; substring indeed represents the
sequence of configurations through which M passes
upon reading the empty input; moreover, this strat-
egy yields deadlock-free supervision if and only if the
empty input is accepted by M.

It follows that solvability of DCP“ is undecidable.

The w-language framework is not essential to this
result; absence of blocking can play the role of
deadlock-freedom in the finite-string case. Note also
that a standard control mechanism, based on a par-
tition of the event alphabet into controllable and
uncontrollable symbols, suffices for the construction
used in the proof.

6 Conclusion

We have shown how to solve effectively a supervisory
control synthesis problem with partial observations
in the (w-regular) infinite-string setting. A straight-
forward generalization of this problem to the case of
decentralized control is undecidable. As the undecid-
ability result applies also to finite-string problems, it
may not be possible to relax the significant assump-
tions that underlie existing synthesis algorithms.
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