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Abstract

This paper considers the estimation of Hammerstein
models. The main result of the paper lies in a spec-
i�cation of a set of suÆcient conditions on the input
sequence, the noise (and the true system) in order to
ensure that a non-linear least-squares approach enjoys
properties of consistency and asymptotic normality and
furthermore, that an estimate of the parameter covari-
ance matrix is also consistent. The set of assumptions is
speci�ed using the concept of near epoch dependence,
which has been developed in the econometrics litera-
ture. Indeed, one purpose of this paper is to highlight
the usefulness of this concept in the context of analysing
estimation procedures for nonlinear dynamical systems.
This setup is utilized in an example, where the static
nonlinearity is due to input saturation.
Keywords: Nonlinear system identi�cation, Hammer-
stein models, asymptotic properties

1 Introduction

This paper deals with the identi�cation of models which
might appear to be very speci�c. However, this class
of systems have been analysed and applied in many
di�erent settings (Tao and Kokotovi�c, 1996; Rangan et
al., 1995; Suykens and Wandewalle, 1998).

Indeed, e.g. the hard saturation considered in this pa-
per seems to be a realistic assumption in many appli-
cations, since usually the control input signals can only
be applied in a certain interval due to technical limi-
tations. Examples include the angle of a rudder, the
opening of a valve, the power input to an electrical mo-
tor (Tao and Kokotovi�c, 1996).

In one sense, the results considered in this paper are not
particularily new. For example, (Ljung, 1978) states
conditions, under which nonlinear least squares estima-
tors are consistent in a very general framework.

However, the di�erence between these pre-existing re-
sults and the results of this paper are that here, by
virtue of a particular stochastic framework applied, the
structure of the required assumptions is signi�cantly
di�erent in a way that may be more natural in applica-
tions of the results.

Speci�cally, whereas (Ljung, 1978) uses assumption im-
posed on the measured input and output data which
imply certain properties of the non-linearities, our as-
sumptions are imposed directly on the nature of the
non-linearities.

Since we are dealing with consistency and asymptotic
normality we need the notion of a true system. How-
ever, we want to emphasize that results in the spirit
of (Ljung, 1978) in which no such true system exists
can also be handled by the framework used in this pa-
per.

A key feature of this paper is the introduction to the
engineering community of tools provided in (P�otscher
and Prucha, 1997) in the context of non-linear models
arising in econometrics and, in particular, the idea of
`Lp near epoch dependence' proves to be of great utility.

This latter concept formularises the dependence of a
process on some other underlying process, and it is
made powerful by the fact that some of the properties of
the underlying process can be transferred to the process
under investigation and furthermore, these properties
are retained under a wide range of possibly non-linear
and dynamic transformations.

It is the aim of this paper to demonstrate the appli-
cation of these tools and concepts in order to �nd suf-
�cient conditions on the additive noise and the input
sequence in order to guarantee consistency, asymptotic
normality and consistency of an estimate of the corre-
sponding covariance matrix for nonlinear least squares
estimates.



The paper is organised as follows: In the next section
we describe the model set and present the necessary
concepts. Section 3 then provides some facts for the
concept of Lp near epoch dependency. In section 4 the
main results of the paper are stated, while section 5
presents the application of these results to the case of
hard input saturation. Section 6 �nishes with a discus-
sion of the obtained results.

2 Model set and estimation criteria

In this paper we deal with discrete time Hammerstein
models, which can be described in the following form:

vt = f(ut; �)
xt+1 = Axt +Bvt
yt = Cxt + nt

(1)

where

yt 2 Rp; ut 2 Rmu ; vt 2 Rmv ; xt 2 Rn;
nt 2 Rp; A 2 Rn�n; B 2 Rn�m; C 2 Rp�n:

It will always be assumed that � 2 �� � Rd� ,
where �� is compact. It will also be assumed that
(A;B;C) = (A(�); B(�); C(�)), i.e. that the system
is parametrised by some parameter vector � 2 ��.
The parameter set �� is assumed to be compact and
f(A(�); B(�); C(�)) : � 2 ��g is assumed to contain
only stable transfer functions. We will also use the no-
tationG(q; �) = C(qI�A)�1B. The direct feedthrough
term is only neglected for notational reasons and a term
D(�) could be included without changing any of the re-
sults of this paper. The full parameter vector � then is
de�ned as � = (�; �) 2 �. Here the parameter set � is
again assumed to be compact.

The estimation criterion we will consider is nonlinear
least squares, i.e. the estimate b� is de�ned as the min-
imising argument of

b� , argmin
�2�

1

N
Tr

"
�

NX
t=1

et(�)et(�)
0

#

where � 2 Rp�p is user de�ned and et(�) = yt � byt(�)
denotes the one step ahead prediction error according
to the model speci�ed by � as:

byt(�) = G(q; �)f(ut; �)

This implies that we do not model the noise nt. Similar
results can be obtained if the noise is suitably modeled
as an ARMA process and estimation is performed by
pseudo maximum likelihood estimation (i.e. using the
Gaussian density as the criterion function). The choice
of the user de�ned parameter � in
uences the estima-
tion accuracy. In the case, where nt is white noise with
zero mean and variance equal to 
 the optimal choice is

equal to � = 
�1, and then the estimates are asymptot-
ically eÆcient and equivalent to ML estimates. In gen-
eral however nt will be correlated and the usual choice
of � will be the identity.

3 Near epoch dependence

The assumptions on the input and the noise will be
stated in the concept of Lp near epoch dependency
which is de�ned as follows:

De�nition 1 A scalar process fytg is called Lp (p > 1)
near epoch dependent (n.e.d.) on some basis process
fetg of size �q; q > 0, if

sup
t2N

Ef(yt � Efyt j et+m; � � � ; et�mg)pg1=p = �(m)

where �(m)=m�r ! 0; r < q. A vector process is called
Lp n.e.d. of size �q on fetg, if each component is Lp
n.e.d. of size �q on fetg.

Thus the size of the n.e.d. gives a hint on the magnitude
of the in
uence of the underlying process fetg for times
far apart. The index p indicates the norm in which the
deviations are measured.

In the following we will use a more restrictive framework
in order to make the exposition simpler. Throughout
the paper we will assume, that the underlying process
fetg is i.i.d. It will also be assumed, that a Lp n.e.d.
process fytg is strictly stationary. Both additional as-
sumptions are not minimal in the sense that similar
results can be obtained for much weaker assumptions.
However for notational simplicity we choose this frame-
work.

To give an example of a Lp n.e.d. process consider the
process

Xt =

1X
j=0

Kjet�j

where fetg is i.i.d. with �nite second moment. IfP1
j=m+1 kKjk22 � m�2q , then fXtg is L2 n.e.d. on fetg

of size �r for all r < q. Thus if the �lter fKjg corre-
sponds to an ARMA system, then fXtg is L2 n.e.d. on
fetg of any size q.

Some of the properties of Lp n.e.d. processes are col-
lected in the next lemma. For proofs and additional
references see (P�otscher and Prucha, 1997).

Lemma 1 Suppose that

1. g(s) ful�lls the following Lipschitz type of condi-
tion on each compact subset � of its domain: For



every compact � there exists a constant C(�) such
that for s; s0 2 � we have that for some p > 1 it
holds that

kg(s)� g(s0)kp � C(�)ks� s0kp

2. fXtg is a strictly stationary process such that
Efkg(Xt)kp2g <1.

3. fXtg is Lp n.e.d. on fetg of size �q.

Then the following holds:

i) The process fg(Xt)g is also Lp n.e.d. on fetg,
but maybe of a di�erent size. If C(�) = C in-
dependent of � then fg(Xt)g is Lp n.e.d. of size
�q.

ii) For every �nite integer k > 0 the process
f[X 0

t; X
0
t�1; � � � ; X 0

t�k]
0g is Lp n.e.d. on fetg of

size �q.
iii) If fXtg is Lp n.e.d. on feXt g of size �q and fYtg

is Lp n.e.d. on feYt g of size �q then f[X 0
t; Y

0
t ]
0g

is Lp n.e.d of size �q on f[(eXt )0; (eYt )0]0g.
iv) If � is of suitable dimension, then f�0Xtg is Lp

n.e.d. of size �q on fetg.
v) fXtg is Lp n.e.d. on fetg of size �r; r < q.

vi) fXtg is Lp0 n.e.d. on fetg of size �q for all 1 <
p0 < p.

vii) If EfkXtkp
0

2 g < 1, then fXtg is Ls n.e.d. on
fetg of size �q for all 1 < s < p0.

viii) If Yt+k = g(Yt; Xt; � � � ; Xt+k), where

kg(Yt; Xt; � � � ; Xt+k)� g( �Yt; �Xt; � � � ; �Xt+k)k2 �
dykYt � �Ytk2 + dxkXt � �Xt; � � � ; Xt+k � �Xt+kk2

0 < dy < 1; dx <1
then fYtg is Lp n.e.d. on fetg of size �q.

ix) If EfkXtk1+"1 g < 1; " > 0 and if fetg is i.i.d.
then fXtg ful�lls a weak law of large numbers,

i.e. N�1
PN

t=1Xt ! EXt, where convergence is
in probability with N !1.

x) Let fXtg be L2 n.e.d. on fetg, which is i.i.d.,
of size �1 and satisfy EXt = 0;EfkXtkr2g < 1,
r > 2. Further de�ne

PN =
1

N
E

8<:
NX
t=1

Xt

 
NX
t=1

Xt

!09=;
Assume, that PN ! P . Then

N�1=2
NX
t=1

Xt ! N (0; P )

as N ! 1, where convergence is in distribution
and N (0; P ) stands for normal distribution with
zero mean and variance matrix P .

Point i) states the invariance of the concept under non-
linear transformations ful�lling Lipschitz type of con-
ditions, and these apply for a large class of practical
relevance such as wavelets, sigmoidal functions used in
neural networks and polynomials.

If the Lipschitz bound is required to be independent of
the set, then polynomials can no longer be used with-
out further requirements. These additional assump-
tions include higher moment conditions, see (P�otscher
and Prucha, 1997, Chapter 6) for a discussion on this
topic. ii) - iv) show that the concepts are robust with
respect to linear transformations. v) - vii) provide an
ordering of sizes and norms used. viii) shows, that some
dynamic transformations are allowed with n.e.d. pro-
cesses. Crucial for the argument here is the restric-
tion dy < 1. However the condition is not as restric-
tive as it might seem on �rst sight, since the condi-
tion has to hold only for some k. Consider a multi-
variate autoregression of �rst order xt+1 = Axt +But.
Even for stable A the norm kAk2 can be larger than
1. However, since all eigenvalues of A lie strictly in-
side the unit circle due to the assumed stability, then
there exists a k such that kAkk2 < 1. Considering

xt+k = Akxt +
Pk�1

j=0 A
jBut+k�j�1 then shows the

n.e.d. of fxtg on futg. Finally ix) and x) will be
central for the investigation of asymptotic properties,
since they allow one to transfer laws of large numbers
and central limit theorems from the underlying process
to the n.e.d. process by checking simple moment con-
ditions.

These tools will be applied in the following in the analy-
sis of the estimates using the model structure described
in section 2.

4 Asymptotic Properties

In this section the asymptotic properties of the least
squares estimate b� are analysed. The discussion will
provide a consistency result, the asymptotic normality
of the parameter vector and �nally also a procedure to
assess the variance matrix of the limiting normal dis-
tribution will be given and consistency thereof stated.

Theorem 1 (Consistency) Assume that the process
fytg is generated by a system of the form (1), where the
following assumptions hold:

1. Linear system: The linear part is assumed to
be parametrised by � 2 ��, where �� is compact.



The family of �lters G(q; �) is uniformely stable.
The true system order n is known.

2. Static Nonlinearity: f(�; �) is parameterised by
a vector � 2 �� � Rd� where �� is compact.
The function f(u; �) is Lipschitz-continuous in
its �rst argument on Rm (kf(u; �)� f(u0; �)k �
Cku� u0k) and is continuous in its second argu-
ment on ��.

3. Input: futg is L2+" near epoch dependent of
size �q (q arbitrary) on some independent pro-
cess feut g and is strictly stationary.

4. Measurement Noise: The measurement noise
process fntg is L2+" near epoch dependent of size
�q (again q is arbitrary) on some independent
process fent g which is also independent of feut g, is
strictly stationary, and satis�es

E fntg = 0; E
�kntk2+"	 <1

for some " > 0.

5. Basis Processes: The independent basis pro-
cesses feut g and fent g satisfy

E

n
keut k2+"

0

o
<1; E

n
kent k2+"

0

o
<1

for some "0 > 0.

6. E�ect of Non-linearities: For some � > 0

E

(�
max
�2��

kf(ut; �)k
�2+")

<1 (2)

7. Identi�ability: Let byt(�) = G(q; �)f(ut; �).
Then byt(�1) = byt(�2) (3)

with probability one for all t if, and only if �1 =
�2. Here the probability is introduced by the
strictly stationary sequence futg.

Then the nonlinear least squares estimate �̂ converges
in probability to the true vector �Æ.

For a proof see (Bauer and Ninness, 1999). Similar
arguments would be possible for strong consistency re-
sults involving higher moment conditions on fntg and
futg and also a restriction on the size of the n.e.d. It is
remarkable that in the nonlinear case, assumptions on
the second moments alone are not suÆcient for consis-
tency. This can be seen easily by using discrete distri-
butions for the input process.

In order to show asymptotic normality only a few more
assumptions are needed:

Theorem 2 (Asymptotic Normality) Let the as-
sumptions of Theorem 1 hold. Furthermore let �Æ be
an interior point of � and let the size q of the n.e.d. of
both fntg and futg be such that q > 1. Additionally we
require the following assumptions:

� f(u; �) is a u-almost everywhere twice continu-
ously di�erentiable function of �. It holds that



 @@�f(u; �)� @

@�
f(u0; �)





 � Cku� u0k:

� The linear dynamical parameterisations
(A(�); B(�); C(�); D(�)) are twice continu-
ously di�erentiable with respect to �.

� There exists a compact neighbourhood ��(�Æ) of
�Æ such that for some " > 0:

E

(
max

�2��(�0)





 @2@�2 f(ut; �)
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)
< 1

E

(
max

�2��(�0)
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2+"

)
< 1 (4)

� With the de�nition of the asymptotic Hessian
R(�Æ) as

R(�Æ) , lim
N!1

E

(
d2

d��T

����
�=�Æ

VN (�)

)

it is assumed that R(�Æ) > 0.

Then p
N(b� � �Æ)! N (0; PÆ)

where convergence is in distribution and PÆ =
R(�Æ)

�1QÆR(�Æ)
�1 denotes the asymptotic variance

matrix. Here

QÆ , lim
N!1

NE

�
d

d�
VN (�Æ)[

d

d�
VN (�Æ)]

T

�

The proof is a consequence of Theorem 6.1. of (Bauer
and Ninness, 1999). The authors want to emphasize,
that the conditions given in the theorem are only suÆ-
cient, but not necessary.

Next the estimation of PÆ will be considered. Again we
follow the suggestions of (P�otscher and Prucha, 1997).
It follows from the proof of the central limit theorem 2
that PÆ is equal to the limit for N !1 of

R(�Æ)
�1

 
1

N
E

NX
s;t=1

 it(�Æ)
T�nt 

j
s(�Æ)

T�ns

!
i;j

R(�Æ)
�1



where  it(�) =
d
d�i
byt(�). From the de�nition of R(�Æ) it

follows, that this quantity can be estimated consistently
from the data as

d2

d��T
VN (�)j�=b�

Therefore it remains to provide conditions for the con-
vergence of the expectation given above and to provide
a technique to estimate this limit. Thus consider

1
NE

PN
t=1  

i
t(�Æ)

T�nt
PN

s=1  
j
s(�Æ)

T�ns =PN�1
l=1�N

(N�jlj)
N Tr

h
E jl (�Æ) 

i
0(�Æ)

T�En0n
T
l �
i
!P1

l=�1Tr
h
E jl (�Æ) 

i
0(�Æ)

T�En0n
T
l �
i

Here the convergence of the sum has to be ensured
by conditions on nt and  

i
t(�Æ) to have covariance se-

quences tending to zero suÆciently fast. A straightfor-
ward idea would be to use the second expression and
replace true covariances with estimated ones. However
this does not lead to consistent estimators, since the
estimates of variances with high lags are known to be
very poor. Therefore the accuracy of the above esti-
mator might be increased by introducing weights (see
P�otscher and Prucha, 1997; Hjalmarsson et al., 1994).
For l � 0 let

b
l( ; i; j) =
1

N

N�lX
t=1

 it(
b�) jt+l(b�)0

b
l(n) =
1

N

N�lX
t=1

bnt(b�)bnt+l(b�)0
where bnt(b�) = yt � byt(b�). Then consider the estimate

bQN =

N�1X
l=1�N

w(l; N)Tr [b
l( ; i; j)�b
l(n)�]
The estimate di�ers from the true quantity given above
in that true covariances are replaced with estimates and
that the weights (N �jlj)=N are replaced with w(l; N).
In the framework of Theorem 2 it can be shown, that
this estimate bQN converges in probability to QÆ under
some mild additional assumptions:

Theorem 3 Let the conditions of Theorem 2 hold and
let the size of the n.e.d. of fntg and futg be �2(r �
1)=(r�2) for some r > 2, such that Efkntk2r+"g <1.
Assume there exists a compact neighbourhood ��(�Æ)
of �Æ such that for some " > 0.
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max

�2��(�Æ)





 @2@�2 f(ut; �)




2+"

)
< 1

E

(
max

�2��(�Æ)





 @@�f(ut; �)




2r+"

)
< 1 (5)

Then if w(l; N) satis�es

max
N2N;0�l�N

jw(l; N)j < 1
lim

N!1
w(l; N) ! 1

lim
N!1

NX
l=1

ljw(l; N)j < 1

the estimate bQN ! QÆ in probability.

The proof follows in a straightforward fashion from
the veri�cation of the assumptions of Theorem 7.1. of
(Bauer and Ninness, 1999), which is based on the cor-
responding theory developed in chapter 13 of (P�otscher
and Prucha, 1997).

The question of the choice of the weighting sequence
w(l; N) is given a heuristic interpretation in (P�otscher
and Prucha, 1997): From the de�nition of the estimated
quantityQÆ it follows, that it essentially is the spectrum
at frequency zero of a stationary process, which is esti-
mated. Therefore the weighting w(l; N) can be chosen
according to the same rules, which govern the choice of
spectral estimates.

5 Application to hard input saturation

In this section we apply the abstract concepts given in
the last section to the Hammerstein model structure,
where the static nonlinearity is given by hard saturation
of unknown level, which is described as follows:

f(u; �1; �2) =

8<:
�1 ;u � �1
u ;�1 � u � �2
�2 ;u � �2

for scalar u. This function will be applied component-
wise implying that there are 2mu saturation points,
which will be denoted as �1;i; �2;i. It will always be
assumed that c � �1;i � �2;i � �c for some �1 <
c < �c < 1. Let � 2 �� � R2m denote the vector of
stacked saturation points. Corresponding to the linear
parametrisation we introduce the notion of nonredun-
dancy: A system G(q; �) is called nonredundant, if all
columns G(q; �)j 6= 0. The reason for this notion is of
course, that a redundant system prohibits the identi�-
cation of the saturation points in at least one coordinate
of ut as the e�ects of the saturation do not appear inbyt(�) in this case. Then we obtain the following result:

Theorem 4 Let fytg be generated by a system of the
form (1). Assume that the additive noise fntg is a
strictly stationary process, which is L2+" (" > 0) n.e.d.
on fent g (i.i.d.), where Ent = 0;Efkntk2+"g < 1 and
Efkent k2+"g < 1. Let the input futg be a strictly sta-
tionary process, which is L2+" (" > 0) n.e.d. on feut g



(i.i.d.), where Efkutk2+"g <1 and Efkeut k2+"g <1.
The input is assumed to be independent of fntg. The
parameter set is assumed to be compact. Correspond-
ing to the input we assume, that the stationary distribu-
tion of [u0t; � � � ; u0t�3n]0 has a density, which is strictly
greater than zero on [�c � "; �c + "]3n+1 for arbitrary
" > 0. Also assume that the order of the system n is
known. Finally assume, that the true system is nonre-
dundant. Then the nonlinear least squares estimateb� 2 � converges in probability to the true parameter
value �Æ.

Furthermore let �Æ be an interior point of � and let the
size �q of the n.e.d. of both fntg and futg be such that
q > 1. Let ut = eut +

P1
j=1Kje

u
t�j , where e

u
t has density

with support Rm. Then R(�Æ) > 0 and the asymptotic
normality holds.

Finally if the size conditions on nt and ut and the mo-
ment condition for nt stated in Theorem 3 hold, then
the estimate Q̂N converges in probability to QÆ for all
weighting sequences ful�lling the restrictions stated in
Theorem 3

Proof: The proof follows from a veri�cation of the as-
sumptions made in the theorems in the last section.
The hard saturation ensures, that all needed moments
exist. The assumptions on the inputs are imposed in
order to ensure identi�ability (consistency part) and
nonsingularity of the asymptotic Hessian (asymptotic
normality part). �

The theorem imposes by no means minimal conditions.
Especially the assumptions on the input might seem
questionable. However we stress again, that the main
purpose of the example is not to state new results in the
estimation context but rather to show, that the frame-
work provided by Lp near epoch dependency leads to
convenient results for the asymptotic properties of non-
linear least squares estimates. Essentially the only re-
strictive assumptions, in the situation where the input
can be chosen freely, include the known system order
and the strict stationarity. Again we note, that the
assumption of stationarity is only introduced for nota-
tional simplicity and can be replaced with weaker as-
sumptions.

6 Conclusions

In this paper the concept of near epoch dependence is
applied to a rather simple model structure. It has been
shown, that the use of this concept leads to the deriva-
tion of the usual asymptotic properties of least squares
estimators based on assumptions on the input and the
model structure as well as the existence of a true system
rather than on assumptions on the input/output data.
The concepts used in this paper seem to be valuable

tools for the analysis of nonlinear dynamical systems,
as they take care of the fact, that for nonlinear sys-
tems di�erent kinds of dependence structures have to
be used than only relying on second moments, as is
done for linear dynamical systems.

The analysis of the Hammerstein models with the hard
saturation nonlinearity resulted in the simple fact, that
we are able to identify the true model (if it exists) con-
sistently, with asymptotically normal parameter esti-
mates, of which the accuracy can be estimated consis-
tently from the data, based solely on the assumption,
that the parameter space is compact (i.e. we have some
kind of a priori knowledge on the location of the param-
eter) and that we are able to construct input sequences,
which vary reasonably in this set and are not limited
to a �nite number of setpoints together with mild as-
sumptions on the noise. These assumptions seem to be
more readily justi�able than the analogous assumptions
given in (Ljung, 1978).
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