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Abstract

In this paper, a non iterative algorithm for the simulta-
neous identi�cation of the linear and nonlinear parts of
multivariable Hammerstein systems is presented. The
proposed algorithm is numerically robust, since it is
based only on least squares estimation and singular
value decomposition. Under weak assumptions on the
persistency of excitation of the inputs, the algorithm
provides consistent estimates even in the presence of
coloured noise. Key in the derivation of the results is
the use of rational orthonormal bases for the represen-
tation of the linear part of the system. An additional
advantage of this is the possibility of incorporating prior
information about the system in a typically black-box

identi�cation scheme.

1 Introduction

In the last decades, many research activities have been
carried out on modelling, identi�cation, and control de-
sign of nonlinear systems. Many dynamical systems
can be better represented by nonlinear models, which
are able to describe the global behaviour of the sys-
tem over the whole operating range, rather than by lin-
ear ones that are only able to approximate the system
around a given operating point. One of the most fre-
quently studied nonlinear models is the Hammerstein
model, which consists of a static (memoryless) nonlin-
earity followed by a linear time-invariant (LTI) system
(see for instance [17], [16], and [15] for analysis, synthe-
sis and structural theory of cascade interconnections of
LTI and zero-memory nonlinear subsystems). These
models have been successfully used to represent nonlin-
ear systems in a number of practical applications in the
areas of chemical processes [7], biological processes [10],
signal processing, communications, and control.

Several techniques have been proposed in the litera-
ture for the identi�cation of Hammerstein models. The
reader is referred to [12, 4, 3, 2, 5, 19, 7, 6], and the
references therein. For the purpose of putting into con-

text the present work, we distinguish three parametric
approaches for the identi�cation of Hammerstein mod-
els. The �rst one is the traditional iterative algorithm
proposed by Narendra and Gallman in [12]. In this
algorithm, an appropriate parameterization of the sys-
tem allows the prediction error to be separately linear
in each set of parameters characterizing the linear and
the nonlinear parts. The estimation is then carried out
by minimizing alternatively with respect to each set
of parameters, a quadratic criterion on the prediction
errors. An analytical counterexample by Stoica [19]
showed that the original algorithm could be divergent
in some particular cases. A second approach, based on
correlation techniques, is introduced in [4, 3, 2]. This
method relies on a separation principle, but with the
rather restrictive requirement on the input to be white
noise. A more recent approach for the identi�cation of
Hammerstein-Wiener systems has been introduced by
Bai in [1]. This algorithm is based on least squares
estimation and singular value decomposition, however
it only applies to the single-input/single-output (SISO)
case, and consistency of the estimates can only be as-
sured for the case of the disturbances being white noise,
or in the noise-free case.

In this paper, a noniterative algorithm for the identi-
�cation of multivariable Hammerstein models is pre-
sented. As in [1], the computational tools employed by
the algorithm are Least Squares Estimation (LSE) and
Singular Value Decomposition (SVD), which results in
numerical robustness under very weak assumptions on
the persistency of excitation of the inputs1. However, in
contrast to [1], the algorithm presented here also applies
to the multivariable case, and in addition, consistency
of the estimates can be assured even in the presence
of coloured noise. Key on the derivations of these re-
sults is the use of orthonormal basis functions for the
representation of the linear part of the Hammerstein
model.

1This is actually not a restriction, since it is clear that any
identi�cation algorithm requires some degree of persistency of
excitation of the inputs. One can only identify the system modes
that are su�ciently excited by the input and can be seen at the
output.



In recent years, there has been a lot of research on the
issue of how to introduce 'a priori' information in the
identi�cation of black box LTI model structures. A nat-
ural answer to this problem has been the use of ra-
tional orthonormal bases for the representation of the
system. Choosing the poles of the bases closed to the
(approximately known) system poles the accuracy of
the estimate can be considerably improved (see [9] for
a detailed review of the use of Orthonormal Bases in
Identi�cation of LTI Systems). It is not intended to
give here a complete overview on Identi�cation using
Rational Orthonormal Bases, and the reader is referred
to [9, 13, 21, 22, 23, 20], and the references therein. An
advantage of using orthonormal bases to model LTI sys-
tems is that the input-output equation can be written
as a linear regression. As a consequence, a parameter
estimate can be obtained in closed form by minimizing
a quadratic criterion on the prediction errors (viz, the
Least Squares Estimate). In addition, since the regres-
sors only depend on past inputs, the estimate is consis-
tent even if the output is corrupted by coloured noise,
under the assumption that the actual system belongs
to the model class (i.e., there is no undermodelling).

In this paper, basis function expansions are used to rep-
resent both the linear and the nonlinear part of the sys-
tem. This results in a linear regressor form so that least
squares techniques can be used to estimate an over-
sized parameter matrix. Then, by recurring to Singu-
lar Value Decomposition and rank reduction, optimal
estimates of the parameter matrices characterizing the
linear and nonlinear parts can be obtained. In compar-
ison with other works, the proposed algorithm has the
following advantages

� It applies to multivariable Hammerstein models.

� It provides consistent estimates even in the pres-
ence of coloured noise.

� No special assumptions on the inputs, other than
the standard persistency of excitation conditions,
are required.

The rest of the paper is organized as follows. In Section
2, the multivariable Hammerstein model is introduced,
and the identi�cation problem is formulated. The op-
timal identi�cation algorithm is derived in Section 3,
while a simulation example illustrating the performance
of the method is presented in Section 4. Finally, some
concluding remarks are provided in Section 5.

2 Problem Formulation

A (multivariable) Hammerstein model is schematically
represented in �gure 1. The model consists of a zero-
memory nonlinear element N (�) in cascade with a

LTI system with transfer function (matrix)2G(q) 2
Hm�n

2 (T). It is assumed that the measured output yk
contains an unknown additive noise component �k. The
input-output relationship is then given by

yk = G(q)N (uk) + �k (1)

where yk 2 Rm , uk 2 Rn , and �k 2 Rm , are the system
output, input, and measurement noise vectors at time
k, respectively. It will be assumed that the nonlinear
block can be described as

N (uk) =

rX
i=1

aigi(uk) (2)

where gi(�) : Rn ! R
n , (i = 1; � � � ; r), are known

smooth vector �elds, and ai 2 R
n�n , (i = 1; � � � ; r),

are unknown matrix parameters.

N (�) G(z)
uk yk

vk

+

+

Figure 1: Hammerstein Model.

On the other hand, the LTI system will be represented
using rational orthonormal bases as follows

G(q) =

p�1X
`=0

b`B`(q) (3)

where b` 2 Rm�n are unknown matrix parameters, and
fB`(q)g

1

`=0 are rational orthonormal bases
3 on H2(T).

The identi�cation problem is to estimate the unknown
parameter matrices ai, (i = 1; � � � ; r), and b`, (` =
0; � � � ; p � 1), characterizing the nonlinear and the
linear parts, respectively, from an N -point data set
fuk; ykg

N

k=1 of observed input-output measurements.

In the following section, an optimal identi�cation algo-
rithm is presented, which is based only in Least Squares
Estimation (LSE) and Singular Value Decomposition
(SVD). Under weak conditions the algorithm delivers
unbiased estimates of the parameter matrices.

2Here, q stands for the forward shift operator, and Hm�n
2 (T)

is the Hardy space of (m�n) transfer matrices whose elements are
in H2(T), the Hardy space of functions that are square integrable
on the unit circle T, and analytic outside the unit disk. With some
abuse of terminology we will refer to Hm�n

2 (T) as the space of
all stable, causal, discrete-time, (m� n) transfer matrices.

3The bases are orthonormal in the sense that

hB`;Bki = �`k;

where �`k is the Kronecker delta, and h�; �i is the standard inner
product in L2(T), de�ned as

hB`;Bki ,
1

2�

Z �

��

B`(e
j!)Bk(ej!)d!



3 Optimal Estimation Algorithm

Substituting equations (2) and (3) in (1), the input-
output relationship can be written as

yk =

 
p�1X
`=0

b`B`(q)

! 
rX

i=1

aigi(uk)

!
+ �k (4)

=

p�1X
`=0

rX
i=1

b`aiB`(q)gi(uk) + �k (5)

It is clear from equation (5) that the parameterization
(2)-(3) is not unique, since any parameter matrices �b`
and ��1ai, for some nonzero scalar �, provide the same
input-output equation (5).

In other words, any identi�cation experiment can
not distinguish between the parameters (b`; ai) and�
�b`; �

�1ai
�
. As it is common in the literature [1, 14],

these two sets of parameters will be called equivalent.
To obtain a one-to-one parameterization, i.e. for the
system to be identi�able, additional contraints must be
imposed on the parameters. A technique that can be
used to obtain uniqueness is to normalize the parame-
ter matrices ai (or b`), that is to assume that kaik2 = 1
(or kb`k2 = 1 ). A similar methodology was employed
in [1] for a scalar Hammerstein-Wiener model. Under
this assumption the parameterization (2)-(3) is unique.

De�ning now

� = [b0a1; � � � ; b0ar; � � � ; bp�1a1; � � � ; bp�1ar]
T
;(6)

�k =
�
B0(q)g

T
1 (uk); � � � ;B0(q)g

T
r (uk); � � � ;

...

Bp�1(q)g
T
1 (uk); � � � ;Bp�1(q)g

T
r (uk)

�T
; (7)

equation (5) can be written as

yk = �T�k + �k; (8)

which is in linear regression form. Considering the N -
point data set, the last equation, and de�ning

YN =
�
yT1 ; y

T
2 ; � � � ; y

T
N

�T
; (9)

VN =
�
�T1 ; �

T
2 ; � � � ; �

T
N

�T
; (10)

�N = [�1; �2; � � � ; �N ] ; (11)

the following equation can be written

YN = �T
N� + VN : (12)

It is well known [11] that the estimate b� that minimizes
a quadratic criterion on the prediction errors �N = YN�
�T
N� (that is the least squares estimate) is given by

b� =
�
�N�

T
N

��1
�NYN = �yNYN ; (13)

provided the indicated inverse exists4 [18].

The problem is how to estimate the parameter matrices
ai, (i = 1; � � � ; r), and b`, (` = 0; � � � ; p � 1) from the

estimate b� in (13).

From the de�nition of the parameter matrix � in (6), it
is easy to see that

� = blockvec (�ab) ; (14)

where blockvec (�ab) is the block column matrix ob-
tained by stacking the block columns of �ab on top of
each other, and where �ab has been de�ned as

�ab =

26664
aT1 b

T
0 aT1 b

T
1 � � � aT1 b

T
p�1

aT2 b
T
0 aT2 b

T
1 � � � aT2 b

T
p�1

...
... � � �

...
aTr b

T
0 aTr b

T
1 � � � aTr b

T
p�1

37775 = abT ; (15)

with the following de�nitions for the matrices a and b,

a = [a1; a2; � � � ; ar]
T
; (16)

b =
�
bT0 ; b

T
1 ; � � � ; b

T
p�1

�T
: (17)

An estimate b�ab of the matrix �ab can then be obtained
from the estimate b� in (13). The problem now is how
to estimate the parameter matrices a and b from the
estimate b�ab. It is clear that the closest, in the 2-
norm5 sense, estimates ba and bb are such they minimize
the norm 


b�ab � babbT


2

2
: (18)

That is, �ba;bb� = argmin
a;b

�


b�ab � abT



2
2

�
: (19)

The solution to this optimization problem is provided
by the Singular Value Decomposition (SVD) [8] of the

matrix b�ab. The result is summarized in the following
Theorem.

Theorem 3.1 Let b�ab 2 R
nr�mp have rank k > n,

and let the 'economy-size' SVD of b�ab be given by

b�ab = Uk�kV
T
k =

kX
i=1

�iuiv
T
i (20)

4The inverse exists, provided that the regressors �k are per-
sistently exciting (PE) in the sense that there exist some integer
`0, and positive constants �1 and �2 such that

�2I �

k0+`0X
k=k0

�k�
T
k � �1I > 0:

5The 2-norm of a matrix A = (aij)(m�n) is the norm induced
by the 2-norm (or Euclidean norm) of vectors

kAk2 = sup
w 6=0

kAwk2
kwk2



where �k is a diagonal matrix containing the k

nonzero singular values (�i; i = 1; � � � ; k) of b�ab

in nonincreasing order, and where the matrices
Uk =

�
u1 u2 � � � uk

�
2 R

nr�k and Vk =�
v1 v2 � � � vk

�
2 R

mp�k contain only the �rst k

columns of the unitary matrices U 2 R
nr�nr and

V 2 Rmp�mp provided by the full SVD of b�ab,b�ab = U�V T ; (21)

respectively6. Then, the matrices ba 2 R
nr�n andbb 2 Rmp�n that minimize the norm




b�ab � abT



2
2
; are

given by�ba;bb� = argmin
a;b

�


b�ab � abT



2
2

�
= (U1; V1�1) ;

(22)

where U1 2 R
nr�n , V1 2 R

mp�n , and �1 =
diag f�1; �2; � � � ; �ng are given by the following parti-
tion of the 'economy size' SVD in (20),

b�ab =
�
U1 U2

� ��1 0
0 �2

� �
V T
1

V T
2

�
; (23)

and the approximation error is given by


b�ab � babbT


2
2
= �2n+1: (24)

Proof: See Appendix. �

Based on this result, the nonlinear identi�cation algo-
rithm can then be summarized as follows.

Algorithm 3.1

Step 1: Compute the least squares estimate b� as
in (13), and the matrix b�ab such that

b� = blockvec
�b�ab

�
: (25)

Step 2: Compute the 'economy size' SVD of b�ab

as in Theorem 3.1 , and the partition of this de-
composition as in equation (23).

Step 3: Compute the estimates of the parameter
matrices a and b as

ba = U1; (26)bb = V1�1; (27)

respectively. �

6In equation (21), the matrix � 2 Rnr�mp is given by

� =

�
�mp

0

�
; for nr � mp;

or

� =
�
�nr 0

�
; for nr � mp:

An important issue in any identi�cation method is that
of the consistency of the estimates, i.e. the convergence
of the estimated parameters to the 'true' values as the
number of data pointsN tends to in�nity. Suppose that
the real system belongs to the model class (de�ned by
equations (1)-(8)). Therefore, the observed data have
actually been generated by

yk = �T0 �k + �0k ; (28)

for some sequence
�
�0k
	
, where �0 can be considered

as the 'true' parameter vector. Since the regressors �k
depend only on past inputs, then they are uncorrelated
from the noise. It is well known [11] that, under these

conditions, the least squares estimate b� is strongly con-
sistent, in the sense that b� converges (with probability
one) to �0 as N ! 1, under the assumption on per-
sistency of excitation of the regressors (as expressed in
footnote 4). Moreover, the consistency of the estimateb� holds even in the presence of coloured noise.

The convergence of the estimate b� implies that b�ab !
�ab with probability one asN tends to in�nity (denotedb�ab

a.s.
�! �ab). Noting now that


babbT � abT




2
2

=



babbT � b�ab + b�ab ��ab




2
2
;

�



babbT � b�ab




2
2
+



b�ab ��ab




2
2
;

= �2n+1 +



b�ab ��ab




2
2
; (29)

and taking into account that �ab is a rank n matrix,
then 


babbT � abT




2
2

a.s.
�! 0

as N tends to in�nity. Now, from the uniqueness of
the decomposition abT , it can be concluded that ba a.s.

�!
a, and bb a.s.

�! b as N tends to in�nity. The result is
summarized in the following theorem.

Theorem 3.2 Let ba and bb be computed using the iden-
ti�cation Algorithm 3.1. Then, under the uniqueness
condition, and the assumption on persistency of exci-
tation of the regressors (as expressed in footnote 4),ba a.s.
�! a, and bb a.s.

�! b as N tends to in�nity. The result
holds even in the presence of coloured noise. �

4 Simulation Example

To illustrate the proposed identi�cation scheme, a sim-
ulation example is provided in this section. The nonlin-
ear 'true' system consists of a third order linear discrete
system with transfer function

G(z) =
z2 + 0:7z � 1:5

z3 + 0:9z2 + 0:15z � 0:002
; (30)



preceded by a static nonlinearity described by a fourth
order polynomial of the form

N (uk) = 0:8585uk + 0:0149u2k � 0:5113u3k � 0:0263u4k:
(31)

The nonlinear characteristic is shown as curve A (solid
line) in �gure 2. The system was excited with the de-
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 Nonlinear Characteristic
A: True
B: Estimated

A 

B 

Figure 2: True (solid line) and Estimated (dashed line)
nonlinear characteristic.

terministic input

uk = sin(0:0005�k) + 0:5 sin(0:0015�k)

+ 0:3 sin(0:0025�k) + 0:1 sin(0:0035�k);

and the output was corrupted with zero-mean coloured

noise with spectrum ��(!) =
0:64�10�8

1:2�0:4 cos(!) .

For the purposes of identi�cation, the linear subsys-
tem was represented using the rational Orthonormal
Bases with Fixed Poles (OBFP) studied in [13, 9], that
have the more common FIR, Laguerre [21, 23], and
Kautz [22, 23] bases as special cases. The bases are
de�ned as

B`(q) =

0@
q
1� j�`j

2

q � �`

1A `�1Y
i=0

�
1� �iq

q � �i

�
; (32)

and they allow prior knowledge about an arbitrary
number of system modes to be incorporated in the
identi�cation process. By choosing the poles of the
bases (�0; �1; � � � ; �p�1), closed to the (approximately
known) dominant system poles, the accuracy of the es-
timation can be considerably improved with respect to
the case of using FIR, Laguerre or Kautz bases, where
the poles need all to be at the same �xed location [9].
In this example, the poles of the bases were chosen at
f�0:01;�0:2;�0:7g, so that a third order linear model
was identi�ed. The estimated transfer function was
(compare with the 'true' transfer function (30))

bG(z) = 1:0012z2+ 0:6808z � 1:4832

z3 + 0:91z2 + 0:149z + 0:0014
:

On the other hand, a fourth order polynomial was used
to represent the nonlinear part of the model. The es-
timated nonlinear model was (compare with the 'true'
nonlinearity (31))

bN (uk) = 0:8829uk � 0:0747u2k � 0:4483u3k � 0:1183u4k:

The estimated nonlinear characteristic is represented as
curve B (dashed line) in �gure 2.

Finally, the measured (solid line) and estimated
(dashed line) outputs are plotted in �gure 3, where a
good agreement between them can be observed (they
are almost indistinguishable one from the other).

0 1 2 3 4 5 6
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0

0.01
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0.03

0.04
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Time [s]

Measured (solid line) and Estimated (dashed line) Output

Figure 3: Measured (solid line) and Estimated (dashed
line) Outputs.

5 Concluding Remarks

In this paper, a noniterative method for the identi�-
cation of multivariable Hammerstein systems has been
presented. The proposed method is numerically robust,
since it relays only in Least Squares Estimation and
Singular Value Decomposition, and provides consistent
estimates under weak assumptions on the persistency
of excitation of the inputs, even on the presence of
coloured noise. The key issue here is the representa-
tion of the linear part of the system using orthonormal
basis functions which allows to write the ouput equation
in linear regressor form, with the (deterministic) regres-
sors being uncorrelated from the noise. In addition, the
use of rational orthonormal bases allows 'a priori' infor-
mation one can have about the dominant dynamics of
the linear part, to be incorporated in the identi�cation
process, to improve the estimation accuracy.
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Appendix

Proof of Theorem 3.1 Let the Singular Value De-
composition of the matrix b�ab 2 Rnr�mp be given by

b�ab =
kX

i=1

�iuiv
T
i : (33)

where k is the rank of b�ab. Appealing to Theorem 2.5.2
in [8], the rank-n matrix � 2 Rnr�mp (n < k) which is

closest, in the 2-norm sense, to b�ab is given by

� = �n ,

nX
i=1

�iuiv
T
i ; (34)

and the approximation error is given by


b�ab ��n




2
2
= �2n+1: (35)

Considering now the partition of the 'economy size'
SVD of b�ab in (23), it is clear that

�n = U1�1V
T
1 = (U1) (V1�1)

T
;

what concludes the proof, by equating

ba = U1; (36)bb = V1�1: (37)

�


