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Abstract
A method is presented to impose localization in con-

troller design for distributed arrays with underlying

spatial invariance. The method applies to problems

where the performance objective (e.g., stabilization, H2

or H1 control) can be stated in terms of the search

for a suitable Lyapunov matrix over spatial frequency.

By restricting this matrix to be constant across fre-

quency, controller localization can be naturally im-

posed. Thus we obtain suÆcient conditions for the

existence of a controller with the desired localization

and performance, which take the form of linear matrix

inequalities (LMIs) over spatial frequency. For one-

dimensional arrays, we further show how to convert

these conditions exactly to �nite dimensional LMIs by

means of the KYP lemma.

1 Introduction
Recently there has been renewed interest in the

control of arrays of distributed units with sensing,
actuation and control capabilities. This situation,
considered long ago in the context of vehichle pla-
toons [7], is now stimulated by the possibility of
building spatially distributed control arrays based
on micro electro-mechanical systems (MEMS) for
sensing and actuation together with embedded in-
telligence, for applications such as control of 
uid

ow [6]. A schematic of such array is depicted in
Figure 1. Inherent in the above control paradigm

= ACTUATOR = SENSOR = IC

Figure 1: Distributed control array

is a notion of localization. Informally, a controller is
localized if the control action at any given position
is a function of information coming from a �nite
number of neighboring positions. When the control
is based only on information coming from the po-
sition where it actuates, the controller is said to be
decentralized. Finally, a controller which requires
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information from all the in�nite array to actuate
on a speci�c position is referred to as centralized.

It is well-known that decentralized control is a
diÆcult problem: particularly, no tractable general
methods exist to optimize controllers with this ad-
ditional constraint. The same holds for localized
control. The main hope for success in the control
array situation lies in the consideration of special
structures, and/or the relaxation of optimality.

One such structure considered in recent work
[1, 2, 3] is the spatial invariance in the underly-
ing dynamics. In particular spatial Fourier trans-
forms can be applied to quadratic-based optimiza-
tion criteria (H2, H1), reducing the design to
frequency-dependent Riccati equations [2, 9]. Also
in [3, 4], LMI methods which extend those in LPV
control [8] are used to design controllers with ra-
tional multi-dimensional structure and H1 norm
guarantees. The above papers have used spatial
invariance to indirectly attack the problem of lo-
calization; in [9], it is shown how quadratically op-
timal controllers exhibit exponential decay rates in
space, thus providing some degree of localization.
The controller structure on [3] can be interpreted
as each unit connected exclusively with its neigh-
bors, however in principle with instantaneous feed-
through terms. These observations have led to al-
gorithms which combine fast communication with
control, and studies of their performance [3, 10].

In this paper we take a di�erent approach; we
directly impose localization in the design, and for
this we pay some price in terms of conservatism.
Namely, we �nd conditions for the existence of lo-
calized controllers that satisfy certain performance
speci�cations (stability, H2, H1), but as opposed
to [2], these conditions will only be suÆcient.

The results apply to feedback control problems
that in the standard �nite-dimensional case can be
reduced to LMI computation by means of a cer-
tain change of variables; the distributed versions of
these problems are reviewed in Section 2. In Sec-
tion 3 we introduce the notion of localization for
controllers. In Section 4 we present design methods
in terms of LMIs across spatial frequency. In Sec-
tion 5 we seek �nite dimensional versions of these
conditions; A numerical example is presented in



Section 6. Some concluding remarks are given in
Section 7.

2 Background
In this section we review the essential background

for this paper; for a more detailed treatment see [2].

We will be concerned with distributed parame-
ter linear time-invariant dynamical systems where
signals are indexed by time t and by a discrete spa-
tial coordinate k 2 Zd, where Z denotes the set of
integers. Consider the following state space repre-
sentation for a plant:

d

dt
 (k; t) =A (k; t) +B1w(k; t) +B2u(k; t); (1)

z(k; t) =C1 (k; t) +D11w(k; t) +D12u(k; t);

y(k; t) =C2 (k; t) +D21w(k; t) +D22u(k; t)

where the operators A, Bj , Ci, Dij for i = 1; 2
and j = 1; 2 act on `2 := ff : Zd ! C r j kfk22 :=P

k2Zd jf(k)j
2 < 1g, for suitable dimensions d; r.

At a �xed t the state is  (�; t), the disturbance
w(�; t), the control is u(�; t) and the performance
speci�cations variable z(�; t) are all functions in `2.

We denote the Fourier transform by:f(�) =
F(f) =

P
k2Zd f(k)e

jhk;�i; where � 2 [��; �]d is
the Fourier frequency, h�; �i denotes the scalar prod-
uct and [��; �]d denotes [��; �] � [��; �]. An
operator A is shift invariant if it commutes with
the bilateral shift operator S in `2, i.e. SA =
AS. The Fourier transform (F) of a shift in-
variant operator A, de�ned by AF := FAF�1,
is a multiplication operator, i.e, there is a func-
tion A(�) : [��; �]d ! C

n�n such that [AFf ](�) =
A(�)f(�).

We assume the dynamics (1) are spatially invari-
ant [2, 9], which amounts to requiring the opera-
tors A, Bj , Ci, Dij to be shift invariant. The key
property of spatially invariant dynamics is that it
is diagonalized by the Fourier transform over the
spatial domain.

Applying spatial Fourier transform on (1) with
the assumption of spatial invariance, results in:

@ 

@t
(�; t)=A(�) (�; t)+B1(�)w(�; t)+B2(�)u(�; t); (2)

z(�; t)=C1(�) (�; t)+D11(�)w(�; t)+D12(�)u(�; t);

y(�; t)=C2(�) (�; t)+D21(�)w(�; t)+D22(�)u(�; t);

where A(�), Bj(�), Ci(�), Dij(�) are multiplication
operators; thus the dynamics amount to a decou-
pled family of systems over spatial frequency.

For performance speci�cations on the map Gzw

from w to z, the Plancherel theorem implies that
for quadratic criteria (H2, H1) the problem also
decouples over spatial frequency. This means that
optimal control problems can also be solved in a
decoupled fashion over �, thus reducing the com-
plexity of optimization.

Controllers resulting from optimal syntheses are
spatially invariant, and can be represented on the
space frequency domain as:

d c

dt
(�; t) =Ac(�) c(�; t) +Bc(�)y(�; t)

u(�; t) =Cc(�) c(�; t) +Dc(�)y(�; t); (3)

where Ac(�), Bc(�), Cc(�) and Dc(�) are matrix
valued functions of �.

We restrict our performance requirements to H2,
since with only minor changes all the results pre-
sented here can be easily applied to any quadratic
optimization criteria such as H1.

The objective is then to design feedback con-
trol laws to satisfy H2 performance requirements.
From here on, we assume that the plant (1) has
D11 = D22 = 0; and that D12 and D�

21 have full
column rank. These assumptions are not essential
but simplify the resulting formulae.

We start reviewing the problem of state-feedback,
i.e, when C2 = I and D21 = 0. In this case, for the
relevant performance criteria, there is no loss of
generality if we assume the controllers to be static
and spatially invariant, and we express it in the
spatial transform domain as u(�; t) = F (�) (�; t):

The resulting closed-loop system has the form

@ 

@t
= [A(�)+B2(�)F (�)] +B1(�)w (4)

z = [C1(�)+D12(�)F (�)] +D11(�)w:

To gain some insight on the main result, we go
through the simple task of state feedback stabi-
lization: a feedback law u(�; t) = F (�) (�; t) is
stabilizing if and only if for every � 2 [��; �]d

there exists a solution X(�) > 0 to the Lyapunov
inequality [A(�) + B2(�)F (�)]X(�) +X(�)[A(�) +
B2(�)F (�)]

�<0: That is not an LMI, but is easily
turned into one by adopting the change of vari-
ables Y (�) = F (�)X(�), an idea which goes back
to [5]. With this change, the search for a stabilizer
amounts to �nd a X(�) > 0 that solves the LMI

A(�)X(�)+B2(�)Y (�)+X(�)A(�)�+Y (�)�B2(�)
�<0;
(5)

over �, and then computing F (�) = Y (�)X(�)�1.

A completely analogous procedure applies to the
state-feedback H2 problem. We state the follow-
ing result (see e.g. [12] for the �nite dimensional
versions):

Proposition 1 (State Feedback) Given 
 > 0,
there exists a feedback gain F (�) that internally
stabilizes the closed loop system (4) and satis�es
kGzwk

2
H2

< 
 if and only if for each � 2 [��; �]d,
there exist X(�) = X(�)�, Z(�) = Z(�)� and Y (�)
such that the following inequalities are satis�ed for



each �:

�
A(�)B2(�)

� �X(�)
Y (�)

�
+

�
X(�) Y (�)T

�� A(�)T
B2(�)

T

�
+

+B1(�)B1(�)
T
< 0 (6)�

X(�) (
(�))T


(�) Z(�)

�
> 0; (7)

1

(2�)d

Z
[��;�]d

Tr[Z(�)]d� < 
; (8)

where 
(�) = C1(�)X(�)+D12(�)Y (�): A suitable
feedback is given by F (�) = Y (�)[X(�)]�1:

Another result we will need is the following propo-
sition on output feedback synthesis, which is a
straightforward derivation from the �nite dimen-
sional version (see [12], for the �nite dimensional
version).

Proposition 2 (Output Feedback) There ex-
ists a controller that renders kGzwkH2

< 
 if and
only if for each � 2 [��; �]d there exist X(�),
Y (�), K(�), L(�), M(�), and Z(�) that satisfy�

A(�)� +A(�) B(�)
(B(�))� �
I

�
< 0

�
X (�) C(�)T

C(�) Z(�)

�
> 0

1

(2�)d

Z
�2[��;�]d

trace(Z(�))d� < 
; (9)

where we have used the notation

A(�) =

�
A(�)Y (�)+B2(�)M(�) A(�)

K(�) A(�)X(�)+L(�)C2(�)

�
;

B(�) =

�
B1(�)

X(�)B1(�) + L(�)D21(�)

�
;

C(�) =
�
C1(�)Y (�) +D12(�)M(�)C1(�)

�
;

X (�) =

�
Y (�) I

I X(�)

�
(10)

Moreover, if a solution to (9) exists, then there ex-
ist nonsingular U(�), V (�) with I�XY = UV T for
each � 2 [��; �]d. In this case, a suitable controller
is given by:

Ac(�) = U(�)�1�(�)V �T (�); Bc(�) = U(�)�1L(�);

Cc(�) =M(�)V (�)�T ; Dc(�) = 0; (11)

where V (�)�T := (V (�)�1)T and �(�) = [K(�) �

X(�)(A(�)Y (�) +B2(�)M(�))� L(�)C2(�)Y (�)].

Notice that since the formulas (10) are aÆne in the
unknowns, the conditions (9) are LMIs, therefore
de�ne a convex optimization problem.

We note that the trace conditions on (9) and
(8) only involve in e�ect the constant component
of the Fourier expansion of Z(�). For instance,
in the one dimensional case, representing Z as
the in�nite series Z(�) =

P1
k=�1 Zke

jk� ; we have:

R �

��
Tr[Z(�)]d� =

P1
k=�1 Tr[Zk]

R �

��
ejk�d� =

2�Tr[Z0]: Therefore in the one dimensional case
the trace conditions in (9) and (8) reduce to

Tr[Z0] < 
; (12)

which will simplify the analysis later on. Simi-
lar arguments allow the same simpli�cation for the
multi-dimensional case (x 2 Zd).

2.1 One dimensional KYP lemma

This section states a well known result: the
discrete version of the Kalman-Yakubovich-Popov
Lemma; following [11]:

Lemma 3 (KYP Lemma) Given three matrices
A, B and M = M�, with det(e�j�I � A) 6= 0
for � 2 R, the following statements are equiv-

alent: (i)

�
(ej�I �A)�1B

I

�
�

M

�
(ej�I �A)�1B

I

�
<0;

8� 2 [��; �]; (ii) There exists a matrix P = P �

such that M+

�
A�PA� P A�PB

B�PA B�PB

�
< 0:

Given any LMI with FIR dependency on �, sayPN

k=�N Mke
jk� < 0 for all � 2 [��; �], for arbi-

trary matrices Mk, it is possible to write it in the
form of item (i) on the KYP Lemma. Then, by
using the KYP Lemma, this � dependent LMI can
be made of the form (ii) and therefore �nite dimen-
sional.

3 The Problem of Localization

We will frequently expand a multiplication op-
erator A(�) in a series of the form: A(�) =P

k2ZdAke
jhk;�i; where Ak are matrices indexed by

the discrete spatial coordinate k. That expansion
embeds the spatial structure of the operator A. To
understand that, consider an arbitrary operator A
and the application g(�) = A(�)f(�) for the one di-
mensional case � 2 [��; �]. Transforming back to
the spatial coordinate k 2 Zwe get the convolution
in space: g(n) =

P1
k=�1 Akf(n� k): Note that in

general the value of g(n) will depend on the value
of f at an in�nite number of positions.

Now assume Ak = 0 for jkj > N . Then g(n) will
depend on f(n � k) for jkj � N only, i.e, g(n) =
A�Nf(n�N) + : : :+A0f(n) + : : :+ANf(n+N):
We de�ne such A to be a localized operator (of or-
der N). In other words, in one-dimensional case,
a localized operator has the �nite impulse response
(FIR) form in space: A(�) =

PN

k=�N Ake
jk� .

The de�nition extends naturally to the multi di-
mensional case: an operator A with is said to be
a localized operator when its associated multipli-
cation operator A(�) has the FIR form in space:
A(�) =

P
k2f�N;��� ;Ngd Ake

jhk;�i; for some N <1.

The extreme case happens when N = 0, i.e, g(n) =
A0f(n), then A is said to be a decentralized opera-
tor. An operator for which no N <1 can be found
is said to be a centralized operator.



From now on we will assume that the opera-
tors on the system (1) are localized for some or-
der Np <1, in other words, we assume that A(�),
Bj(�), Ci(�), Dij(�) have FIR dependency on the
space of order Np. This is a very natural assump-
tion for open loop models obtained by discretiz-
ing spatially distributed dynamics; in fact typically
N = 1, meaning the state space description of a
particular discretized element is only directly in
u-
enced by its immediate neighbors. This issue is less
obvious for the operators C1, D11 and D12 which
embed our performance speci�cations, but we make
this assumption as well which will simplify the fol-
lowing discussion.

We now study the characterization of controllers
with respect to localization. Consider an arbitrary
controller of the form (3). Such a controller requires
input from  c(k; t) and y(k; t) from several neigh-
boring controllers and units of the plant. The oper-
ators Ac(�) and Cc(�) rule the form that the states
 c from neighboring locations enter the controller
at a speci�c location. For example, consider the one
dimensional case. If Ac or Cc are centralized opera-
tors, then the controller needs to have access to the
state  c(k; t) from an in�nite number of neighbors.
Conversely, if Ac(�) and Cc(�) are localized (e.g, in

the one dimensional case: Ac(�) =
PN

k=�N Ake
jk�

and Cc(�) =
PN

k=�N Cke
jk�), then the controller

at a certain location only needs to have access to
the state of the 2N closest neighbors.

The same holds for the operators acting on
y(k; t). Therefore requiring localization from a
controller (3) amounts to require localization both
on the transmission of the state  c(k; t) and out-
put y(k; t). We generalize this idea for the multi-
dimensional case: the controller (3) is localized con-
troller (decentralized) when Ac(�), Bc(�), Cc(�)
and Dc(�) are localized (respectively, decentral-
ized) operators. A static controller, u(�; t) =
F (�)y(�; t), is called localized (decentralized) if
F (�) is localized (respectively, decentralized).

In general, controllers found by Propositions 1
and 2 require information from an in�nite number
neighboring locations, i.e, are centralized.

In the next section, at the price of some conser-
vatism, we will suggest a method to preserve con-
vexity while including localization on the synthesis
problems.

4 Convex Synthesis of Localized Control
Consider the following restriction on the synthe-

sis: if in the LMIs of Proposition 1, the Lyapunov-
like matrix X(�) were chosen to be constant across
�, then imposing that F (�) is constant amounts
to requiring Y (�) to be constant as well. In other
words, solving those LMIs for constant X and Y

provides a suÆcient condition for the resulting feed-

back to be decentralized. This idea is reminiscent
of the techniques proposed in [12] to treat multi-
objective problems, the di�erence here is that the
search for a constant Lyapunov matrix for all the
systems is not essential to the solution but simply
a tool to force decentralization in the controller.

To illustrate the idea, we look at feedback stabi-
lization alone. Setting X(�) = X0 > 0 and Y (�) =
Y0 in (5) results in A(�)X0+B2(�)Y0+X0A(�)

�+
Y �
0 B2(�)

� < 0; which replacing F0 = Y0X
�1
0 gives

[A(�) + B2(�)F0]X0 + X0[A(�)
� + F �0B2(�)]

� < 0:
This is of course the Lyapunov inequality for the
closed loop system. So we see that besides requiring
a decentralized F (�) = F0, the above condition is
restricting the search to those controllers F0 that
admit a constant Lyapunov function X(�) = X0.
In the original space coordinates, this amounts to
a Lyapunov function V ( ) =

P
k2Zd (k)

�X0 (k);
a \decentralized" Lyapunov function in the sense
that it involves no cross-terms between state vari-
ables at di�erent locations. The same observation
applies to the Lyapunov or storage functions that
arise in H2 or H1 control.

So far, the conservatism of the method comes
from the fact that not all decentralized controllers
need to admit a decentralized Lyapunov func-
tion. Indeed, an admissible decentralized con-
troller for any of the above problems could al-
low a general X(�), Y (�), provided the product
F0 = Y (�)[X(�)]�1 is constant. Unfortunately,
this cancellation feature is not a convex condition,
which explains the reasoning behind our assump-
tion.

Besides decentralized control, we would also like
to treat the problem where we allow some degree of
localization on the controller, e.g. we may want to
impose that each unit can use sensor measurements
from immediate neighbors, in addition to its own,
but is not allowed access to any sensors which are
further away. In a two-dimensional array we could
seek localized feedback laws of the form F (�1; �2) =
F0+F

1
1 e

j�1+F 1
�1e

�j�1+F 2
1 e

j�2+F 2
�1e

�j�2 : As long
as the restriction of constant X remains in place,
this change is easily accommodated without los-
ing convexity, by choosing Y (�) of the same form
Y (�1; �2) = Y0 + Y 1

1 e
j�1 + Y 1

�1e
�j�1 + Y 2

1 e
j�2 +

Y 2
�1e

�j�2 : Then the condition (5) is an LMI in
the unknowns X0; Y0; Y

1
1 ; Y

1
�1; Y

2
1 ; Y

2
�1, at each fre-

quency �, and the resulting control law F (�) =
Y (�)X�1

0 will have the desired spatial structure.

The same idea applies to the state feedback H2

synthesis, as follows:

Proposition 4 (Localized State Feedback)
Assume that the plant has localization of order
Np. Given an integer N < 1 and a 
 > 0, if
there exist matrices X0, Yk for k 2 f�N; � � � ; Ngd,



and Zr for r 2 f�Nz; � � � ; Nzg
d, such that 
;

X(�) = X0, Y (�) =
P

k2f�N;��� ;Ngd Yke
jhk;�i and

Z(�) =
P

k2f�Nz;��� ;Nzgd
Zke

jhk;�i satisfy inequal-

ities (6), (7), and (8), then the feedback gain
F (�) =

P
k2f�N;��� ;Ngd Yke

jhk;�i[X0]
�1 internally

stabilizes the closed loop system (4), satis�es
kGzwk

2
H2

< 
, with localization of order N .

We note that Proposition 4 follows directly by ap-
plication of Proposition 1. By inspection, the de-
gree of decentralization of the resulting controller
is found to be N .

We remark that Proposition 4 has the extra as-
sumtion that Z(�) is a localized operator of order
Nz. This assumption adds some conservativeness
to the method, but the choice of large values of Nz

can reduce the conservativeness added on this step.

The extension to output feedback is more elabo-
rate, but the basic idea is the same. It can be shown
that X plays a role similar to a Lyapunov matrix
in Proposition 2, then our strategy becomes forcing
X to be constant with respect to �. This is done
without losing convexity by forcing X(�) = X0 and
Y (�) = Y0 both to be constant matrices.

Proposition 5 (Output Feedback) Assume
the plant has localization of order Np. Given
an integer N and a 
 > 0, if there exist
X0, Y0, Kk, Lk, Mk, k 2 f�N; � � � ; Ngp,
and Zr, r 2 f�Nz; � � � ; Nzg

p, such that
X(�) = X0; Y (�) = Y0; K(�) =

P
k2f�N;��� ;Ngd

Kke
jhk;�i;

L(�) =
P

k2f�N;��� ;Ngd
Lke

jhk;�i; M(�) =
P

k2f�N;��� ;Ngd
Mke

jhk;�i;

and Z(�) =
P

k2f�Nz;��� ;Nzgd
Zke

jhk;�i satisfy the conditions

on Proposition 2, then there exists a controller
with localization of order Np +N that renders
kGzwkH2

< 
. Moreover, there exist nonsingu-
lar U0, V0 with I �X0Y0 = U0V

T
0 . A suitable

controller is given by the formula (11).

Similarly to the state feedback case, we have added
the conservative restriction on the localization of
Z(�). It is easy to see from (11) that Proposition 5
produce controllers of localization not greater than
Np +N .

In computational terms, the restrictions in the
variables narrow down the variable spaces to �nite
dimensions. However we have a coupled family of
LMIs. If we grid the frequency �, this gives rise to
a large problem, which is a costly approach. This
coupling can be overcome exactly for the one di-
mensional case, as we see in the next section.

5 Finite Dimensional Conditions for
Localized Synthesis

In this section we use the ideas in Section 4 to
obtain �nite dimensional conditions for localized
synthesis. For simplicity, the presentation is carried

out with a one dimensional (k 2 Z) state feedback
control.

Assume we are to synthesize a state feedback con-
trol law F = F0 with no spatial dependence with
respect to H2 performance. Using the assumption
of X constant, this amounts to solving the required
LMIs by searching for a solution pair X = X0 and
Y = Y0 with no dependency on the spatial fre-
quency �. Then, F0 = Y0X

�1
0 is our decentralized

control law.

Assume the plant is given by (2) with

A(�) = A�1e
�j� +A0 +A1e

j�; (13)

and arbitrary constant matrices B1, B2, C1 and
D12. Now we look at Proposition 1 under the cur-
rent assumptions and use the KYP Lemma to elim-
inate the frequency dependency of the H2 synthesis
conditions.

For this particular case we can takeNz = 0, with-
out adding conservativeness to the method. To
note that this extra assumption does not add con-
servativeness in this case, assume that a solution
to Proposition 1 is found such that X(�) = X0

and Y (�) = Y0. Then substituting the expres-
sions for X and Y in inequality (7), if we per-
form a Schur complement on the left-hand-side of
(7), we arrive at: (W )

�
X�1

0 W < Z(�); where
W = C1X0 + D12Y0: Since W and X are a con-
stant matrices; Z(�) can be taken to be a constant
Z = Z0 without loss of generality. Then (7) is
automatically freed of any frequency dependency.
Condition (8) can be replaced by (12). We are left
with the task of reducing (6) to a �nite dimensional
condition.

In view of (13) and the spatial structure assumed
for X and Y , the inequality (6) becomes:

�
A�1e

�j� +A0 +A1e
j� B2

� �X0

Y0

�
+ (14)

�
X0 Y

�

0

� �(A�1e
�j� +A0 +A1e

j�)�

B�2

�
+B1B

�

1 < 0:

If we de�ne: A = 0;B = I; M =

�
0 M21

M�
21M22

�
;

with M21 = A1X0 + X0A
�
�1 and M22 =�

A0 B2

� �X0

Y0

�
+
�
X0 Y

�
0

� �A0

B�
2

�
+ B1B

�
1 , then it

is possible to write the inequality (14) in the form
(i) of the KYP Lemma. We then apply the KYP
Lemma to get an equivalent �nite dimensional con-
dition of the form (ii). With this result, we re-state
Proposition 1 for the particular case studied here.

Proposition 6 (H2 Decentralized Synthesis)
Let the plant (2) be given by (13) and B1, B2, C1

and D12 constant. Given a 
 > 0, if there exist
X0 = X�

0 , Z0 = Z�0 , P = P � and Y0 satisfying the



conditions TrZ0 < 
;

�
�P M�

21

M21M22 + P

�
< 0, and�

X0 (C1X0 +D12Y0)
�

(C1X0 +D12Y0) Z0

�
> 0; then

there exists a constant feedback gain F (�) = Y0X
�1
0

that internally stabilizes the closed loop system (4)
and satis�es kGzwk

2
H2

< 
:

Whenever the underlying spatial coordinate is one
dimensional, i.e k 2 Z, the same idea can be used
to �nd �nite dimensional conditions for the H2 syn-
thesis of localized controllers, namely simply make
use of Propositions 4 and 5 and apply the KYP
Lemma on the resulting inequalities to reduce them
to �nite dimensional conditions.

For multi-dimensional cases k 2 Zd, it is possible
to extend the KYP lemma using a descriptor form.
Although that extension is only a suÆcient condi-
tion, we can use it the on the respective LMIs of
Propositions 4 and 5 to generate �nite dimensional
conditions.

6 An Example
We illustrate the method with the problem of

temperature regulation along an in�nite rod. The
space-discretized model for the dynamics of the

temperature on the rod is given by dT(k;t)
dt

=C[T(k+
1; t) � 2T(k; t) + T(k � 1; t)] + w(k; t) + u(k; t);
where C is the conductivity constant, T (k; t) is
the temperature, u(k; t) the control and w(k; t) is
a disturbance. The position is k 2 Z. The spa-

tial Fourier transform of the system is dT (�;t)
dt

=
C(ej� � 2 + ej�)T (�; t) + w(�; t) + u(�; t):

The H2 performance signal is z(k; t)� :=�
qT (k; t) u(k; t)

��
; where q 2 R is a constant. For

C = 10, we solved the following problems: Trun-
cated Centralized Optimal Solution: found by
truncating the optimal control law F (see [2]) to a
decentralized law u(k; t) = F0T (k; t); Decentral-
ized Synthesis Solution: Found using Proposi-
tion 6; Optimal Decentralized Solution: For
this simple example, the optimal decentralized con-
troller can be found by searching over the space
of all pure gain controllers. The plot in Figure 2
shows how the norms achieved by: the gain found
by truncation (T), the decentralized synthesis gain
(DS), and the optimal decentralized gain (OD)
compare for q = 1. The controller found through
Proposition 6 has shown to be a better option in
this case than the controller obtained by simply
truncating the optimal centralized control law.

7 Concluding Remarks
We have presented a method to synthesize local-

ized and decentralized controllers for systems with
spatial invariance. The basic assumption is that
the closed loop system admits a decentralized Lya-
punov function; this automatically gives convex,
though in�nite dimensional, synthesis. A reduction
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Figure 2: Closed Loop H2 Norm for q = 1 versus
controller gain

to �nite dimensional LMIs was given in terms of the
KYP Lemma, which is exact for one dimensional
arrays, but conservative in higher dimensions.
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