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Abstract

We propose to build an intelligent mechanism within a
computerized subway system that will adjust frequency
of services according to the observed variable demand.
Operating costs are generally associated with the num-
ber of one way trips per day per line, while social cost is
measured as the total waiting time of all passengers per
day. The proposed transit system will automatically
seek optimal performance minimizing operational costs.
The structure of the control variables (headways) and
their relationship with other model parameters make
the problem suitable for ersdtz estimation where the
gradient w.r.t. a control variable is estimated in terms
of local gradients w.r.t. other variables.

1 Introduction

Consider a subway network composed of line itineraires
described as a sequence of consecutive subway plat-
forms where passengers board a line for the first time
or transfer to other lines. By a “line” we mean here a
specific direction. For example, in Figure 1 the initial
platform on Line L; (say platform p) is in a transfer sta-
tion where there are three other platforms (belonging to
Lines Lo, Ls and Lg). Passengers arrive at platform p
according to three arrival sources: incoming passengers
from outside, and transfer passengers arriving into the
station from lines Ly and L¢ (passengers arriving from
line Ly are assumed not to board trains on plaform p).
In typical railroad problems where travel times are large
and frequencies small, it is important to establish the
epochs of the first outgoing train every day for each line,
as explained in [2] and [4] . Travel times are asumed
deterministic in transfer optimization models, so that
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Figure 1: Model of Transfer Station, Eastbound Platform.

timetables are completely determined by the initial de-
parture times and the period of the timetable [1]. In [4]
stochastic aproximation is used to establish the opti-
mal threshold for waiting at a transfer platform: trains
wait for possible transfer passengers from other lines, as
long as they do not wait longer than a given threshold
that ensures satisfaction of the timetable for future sta-
tions. In a subway network trains are frequent enough
that synchronization may even hinder performance [7].
In the present paper, it is assumed that there is no
synchronization between lines, i.e., trains do not wait
for transfer passengers. Each line L; has a “headway”
w; (mean times between consecutive trains) associated
with it. The model incorporates fluctuations in travel
times as well as the time it takes passengers to board
the trains.

Given the transit demand, the expected cost F'(t) of the
network is the expected operating cost per day plus the
expected cumulative wait of passengers in platforms.
For each line, an increase in frequency will necessar-
ily decrease the average wait of passengers, and F(-) is
convex in each component puy. Stochastic approxima-
tion can therefore be applied to this problem to improve



performance. Let {¢,} be a sequence of consecutive es-
timators of V; F(fi), each obtained using D consecutive
days and adjust the control parameter using:

filn +1) = fi(n) — e o(n). (1)

Suppose that the measurements p(n) were taken but no
updates were performed. That is, (n) = . If for this
process E[p(n)|i(n) = @] = G(@), for a bounded and
continuous function G(-), then under verifiable condi-
tions (see [5]), as n — oo the time-varying control se-
quence {ji(n)} converges in a weak sense to any stable
point of the ODE:

dp(t) _
= i)

that is, points g* which satisfy G(g*) = 0. To mini-
mize F', one usually seeks to build unbiased estimators
for which G(fi) = VzF(fi), using data collected from
the sensors at each platform. The advantage of such
learning algorithms is that once the estimation code is
programmed in the sensors at the platforms, the con-
trols themselves adjust their values to track optimal
performance even when traffic patterns change due to
seasonal or slowly changing environments.

But direct estimation of the gradient of the expected
cost per day may prove to be a challenging and compu-
tationally impractical goal. When the control parame-
ters py are scalable, we proved in [8] that at any transfer
platform, gradient estimation can be performed using
the derivatives w.r.t. other control parameters. If pa-
rameters are not scalable, we showed how correction
factors can be estimated. In this paper we extend our
analysis to the whole network and show that the estima-
tion of sensitivities can be simplified by distributing the
computation per platform. These are called “ersétz” es-
timators. While they may be less efficient than some
direct estimates, ersitz estimation allows a simple im-
plementation of counters. The local data is then broad-
cast towards the computers at the initial platforms on
each line, which in turn put together the received infor-
mation to update asynchronously using (1) individually
for each component.

In Section 2 we state the model, Sections 3 and 4 in-
troduce the ersétz model and gradients, and Section 5
discusses the implementation of the learning algorithm.

2 Global Model per Day

Suppose that there is a total of L lines denoted
Ly,...,Ly. A line is defined as a list (or sequence) of
platforms p € Ly. Notice that given a platform p, there
is a unique [ such that p € L;. Denote by p; = p- the
relationship that platform p; immediately precedes po
in the list. To ease notation, it is assumed that there is

a unique sequence of platforms (may be changing lines)
per origin-destination (o,d) pair, where both o,d are
platforms. This assumption can be relaxed to the case
where passengers take more than one possible path, as-
suming that each arriving passenger at (o, d) takes each
of the possible paths randomly and independently of the
choice of other passengers.

Every day is divided into several time periods (or seg-
ments s = 1,...,.5) that correspond to different travel
demand patterns. The length of each segment is Tk,
and 7, =11 +...+T,s_1 is the epoch of the start of the
s-th day segment of length 7.

Assumption 1 Passengers with destination platform
d arrive at the origin platform o according to a Poisson
process on each day segment. The rates are given by
Xod(s),s =0,...,8 — 1. All Poisson arrival processes
are independent and independent of the train departure
processes at the platforms.

At the initial platform p; on Line L; trains depart with
an average time p; , (the headway), that is, V;(p1) =
Vic1(p1) + pe,s + Aj(pr), for 7o < Vj_1(p1) < 75 + Ts.
Fluctuations around i, model the time required for
conductors to prepare their gear. Once a train departs
from any platform pg € L;, the time until departure
of the same train on platform pg41, with pr = pri1
is modeled as the travel time plus the time the doors
remain open while passengers board the train:

Vi(rt1) = V;(pk) + T(pks Prt1) + T (Prs1),

where T'(pg, pr+1) is the average travel time from py, to
DPk+1 Plus the waiting time at platform pgiq prior to
departure. Our model assumes that at each platform p
the fluctuations I'j(p) around the mean are i.i.d. In ad-
dition, our model assumes that ;¢ is a scale parameter
of the distribution of these fluctuations. This assump-
tion is made in order simplify the form of the ensuing
ersitz estimation formulas, as shown in [8], correction
factors may sometimes be calculated for other models.

Assumption 2 For each line L;, during day segment
s, Aj(p1) = tu,s0;(p1) for p1 the first platform, and
for all other platforms p € Ly, T';(p) = s 9,(p), where
{6;(p),7 = 1,2,...} is a sequence of zero mean i.i.d.
random variables, also independent amongst platforms.

The average operating cost per day is K (fi): it costs kg
dollars per trip of any train on line Ly, that is:

S
K(m) =Y r

where Ty is the length of segment s (in units of fractions
of a day) and pg s is the corresponding value of the
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control parameter. The cumulative wait of passengers
is the total time that passengers have to wait in the
platforms and it represents a social cost, penalizing idle
time. Passengers wait at any platform p € L; whenever
they arrive (either from the outside or from transfer
lines) between two consecutive train departures at p.
Call W;(p) the total wait of passengers on platform p
that take the j-th train of line £. If M,(-) denotes the
train departure counting process at platform p, then:
My (Ts+Ts)

L
Fp=K@+Y Y > E > W 2

s=11=1pELly j=Mp(1s)+1

Notice that M(-) are dependent processes: if p;, py €
Ly and p; = --- = pg, then the j-th train departs
platform pry1 at time Vj(pr) = Vj(pi) + T'(pispr) +
v;(pi, pr), where T'(p;,pi) is the total average travel
and waiting time of trains between the platforms and
~v; (Pi, Pi) is the sum of the independent travel time per-
turbations of train j at the intermediate tracks from p;
up to px. However, if p; € Ly and pr & Ly, then the
correspoding departure processes are assumed to be in-
dependent, under no synchronization.

The passenger arrival processes at every platform is
compounded by a Poisson process of passengers board-
ing from outside, plus all the passengers arriving from
other transfer lines. The (batch) arrival processes of
transfer passengers from line L,, # L; at the station
where platform p € Ly is located depends on the depar-
ture process at the platform prior to the transfer plat-
form on line L,,, as well as possible previous transfers.
This high degree of interdependency makes it difficult
to estimate the cost function as well as its derivatives
with respect to the control parameters f.

3 Ersatz Modeling

This section develops a local model that approximates
the global performance meaure (2). From the platform
point of view, the interaction with individual processes
from other stations in the network can be simplified
using the theory of Poisson processes. This allows a
decoupling of the whole network where each platform is
modeled via incoming passenger processes with known
distributions.

3.1 The Ghost Subway Network

Consider any platform p and suppose first that the day
segment s is streched out to eternity, that is, the Pois-
son arrival processes will be assumed stationary with
constant rates, and the frequencies are assumed time
invariant. In this section we simplify the model by “lo-
calizing” the computation of waiting times at each plat-
form. Dropping the explicit dependency in p from the
notation of Vj(p), the total waiting time for passengers

boarding train j at this platform can be written as:

No(Vj)

Wilp) = >

n=~No(Vj-1)+1
M N (V;)
> X

m=1 k=N7n,(Vj—1)+1

(V; —Sp) +

Bt (Vi= 551 ()

The first sum is the waiting time of outside passengers,
and Ny(-) denotes the aggregate Poisson process of all
arrival streams of origin p, with arrival epochs {S°}
while the second term is the waiting time of transfer
passengers, assuming that there are M different lines
that can transfer at this station towards platform p,
and we denote by Np,(-) the arrival process of trains
from line L., at the station where platform p is located.
Their corresponding arrival epochs are {S}}. Finally,
the quantity P;" is the number of passengers in transfer
at the arriving train k from line L,,. Whenever conve-
nient, use P} (o0,d) for the number of such passengers
with origin o and destination d.

Let platforms p € L,y and p,, € L,, be at the same
station, that is, lines £ and m meet at a transfer sta-
tion where the corresponding platforms are p and py,,
respectively. Consider a transfer line L,,, and let p,, €
L,, be the platform at the transfer station where p be-
longs: trains departing platform p,, at times {Vi(pm)}
correspond to the transfer arrival process Ny, (-) at plat-
form p € Ly and passengers will transfer from p,, to p.
Let D, (pm, p) denote the set of destinations that must
carry out the transfer from p,, € L,, to p € L,. Call
“first order transfer” passengers those transfer passen-
gers coming from the k-th train on line L,,, who transfer
for the first time at platform p € Ly, illustrated in Fig-
ure 1. That is, Y c;  Pi"(0,d)1{4eD,(p,..p)}» Decause
these transfer passengers necessarily boarded from the
outside at some platform o € L,,.

Proposition 1 Let p be a platform of line Ly where
transfer trains arrive from lines L,,,m =1,..., M at
times ST, with T = S7* — S7* | the interarrival times.
Call platform py, € Ly, the transfer platform belonging
to the same station as p. Then the number of transfer
passengers P arriving at S} satisfies E[P"|T}"] =
pm Ty, where:

L
P = Z Z Ao, d)L{aeD, (pm.p)}-

n=1o0€L,

Proof: Consider first order transfer passengers first.
As shown in Figure 1, the number of passengers that
arrive on train k is the sum of the passengers from ev-
ery possible origin o € L,,, with a destination requiring
transfer from p,, to p, that is: d € Dy(pm, p). Working
backwards, the time of departure of the k-th train at



the origin platform o € L,, is of the form:

Vk(O) = Vk(pm) - T(Oapm) — Hm 5k(0apm)
= S;" = T(0,pm) — Hm 6k(0; Pm)-

Because the number of passengers that board the train
at this origin o € L,, with destination d € D,(pm, p) is
the number of Poisson arrivals with rate A, 4 that arrive
within [V—1(0), V% (0)), it follows that this is a Poisson
random number whose conditional mean is given by:
E[Xo,a(Tk + prm (0k (0, Pm) — Ok—1(0, Dm))||Tk] = No,aTk-
This follows because of the assumed independence be-
tween passenger arrivals and train departures: the Pois-
son process with rate A, ¢ at the origin node on platform
L,, is statistically independent of the train departure
times and the variables {dx (0, p,)}, which are i.i.d.

Next, the total number of first order transfer
passegers that board train j from p,, is P]m(O, d) =
Zﬁ? +1 Pj*(0,d) is the total number of Poisson arrivals
at o between trains k1 = Np,(Vj—1) and ky = N, (V}),
N c
that is: PJ"(0,d) = no,a(V}) =n0,a(V]_1) where 1, a(-) ~
Poisson(\,q) and the interval [V, V/) corresponds to
the shifted time interval at o between trains k1 and ks:

‘/J!—l = Vkl (pm) - T(07p7n) - Mmékl (O’pm)7
‘/JI = sz (pm) - T(Ovpm) - /j‘m(SkZ (0,pm)'

!

Letting Y/ = V] — V!, it follows from station-

arity of Poisson processes that ij(o, d) £ No,a(Y] +
L [0k, (0, Pm) — Ok, (0,0 )]). Finally, because the de-
parture process at o is renewal, E[Y/[Y;(p)] = Y;(p) for
Yi(p) = Vj(p) — Vj—1(p) and therefore the conditional
expectation of ]5]7" given Y;(p) is Ao,qaY;(p), using in-
dependence of the delay functions at line L,, and de-
parture times at platform p € Ly (no synchronization),
and the fact that dx (o, p,) are iid.

The foregoing allows us to establish by induction that
passengers from second and higher order transfers ar-
riving to p in train k at epoch Si* from p,, € L,, but
which originated at some other line L,, also have a mean
conditional expectation proportional to Tj, which es-
tablishes the result. ™

Using the above proposition, the objective function of
interest in (2) can be expressed in terms of the con-
ditional expectations E[P;*|T}"], which in turn are the
same as the conditional expectations of surrogate pas-
senger numbers that have a Poisson distribution with
intensity p,, T;". This is what we call the “ghost” net-
work, because the approximation uses an equivalent
model where only arrivals and departures of trains at
the platforms are important. Table 1 shows the esti-
mation of waiting times when passengers are generated
(real network) and when the expected value of such pas-
sengers is used instead (ghost network). Estimations
were done for a subway network with 36 platforms and
8 lines. Results are shown only for transfer plarforms.

Total Waiting Time

Real | o | Ghost | o |%Error

2890.8 | 297.7 | 29859 | 301.2 3.29
48918.4 | 1040.2 | 49128.8 | 899.2 0.43
11 || 7431.5 | 297.7 7540 249.8 1.46
14 || 42692.9 | 1536.9 | 43342.2 | 1575.4 1.52
19 || 14067.8 | 733.3 | 14198.7 | 719.5 0.93
24 || 33457.8 | 1909.1 | 33865.2 | 1948.2 1.22
29 || 28177.6 | 1066.5 | 28750.9 | 1113.2 2.03

p
2 2940.7 | 289.5 | 3023.6 | 2924 2.82
S
7

Table 1: Comparison between real and ghost systems.

3.2 Local Performance Model

Instead of looking at the interdependency of the train
processes, the following results establish that the dis-
tribution of the processes at each platform can be ap-
proximately described locally. The ensuing local mod-
els permit a probabilistic representation that “ignores”
the outside world and decouples the time-dependencies
between lines. Let platform p € L; be fixed, as well
as the day segment s. Drop the labelling of p,s and
call p1 the variable yi; ;. At the station where platform
p is located, there are M other platforms from differ-
ent lines (M can be zero). The local platform model is
built in terms of the following processes, all defined in
a common probability space (€, P).

Proposition 2 The times between consecutive train
departures Y; at platform p € Ly follow a distribution
G,, where E[Y;] = p and p is a scale parameter of G,,.

Proof: Let p; € L; be the initial platform. Then,
Y; = V41 — V;. By Assumption 2, we can write Y; =
w(1+9;(p1)+6;(p1,p) —dj+1(p1,p), which implies that
Y; = uX,, where X is independent of p with E[X;] =
1, which implies the result. [

Train departure process M(t). Let {Y;} be ii.d.
random variables on (£, P) following a distribution G,,,
for which p is a scale parameter and such that P(Y; =
0) = 0. Call V; = V;_1 + Y;_1 the epochs of train
departures at the platform. Assume that time ¢ = 0 is
the start of the current day segment which is defined to
last up to t = T. V < 0 corresponds to the last train
departure time from the previous day segment (if any).

Transfer trains arrival processes Ny, (t). For m =
1,...,M, {T}"} are iid. random variables on (€2, P),
independent of the process M (-), with common distri-
bution F},, , for which pp, is a scale parameter and such
that P(T* =0) = 0. Call S = S;*; + T} the arrival
epochs of the trains in transfer process N, (). The time
Sg* < 0 corresponds to the last arrival in the previous
day segment.



The performance F(ii) in (2) is an expectation. Use
conditioning to express the performance of the platform
(3) in terms of p,, T} = E[P;™ | T}""] and use instead of
W;(p), the surrogate waiting functional:

M(T) M Nom (V)
=D 30 STHD SEE Ul
j=1 m=0 k:N,,L(Vj,l)Jrl

For the first term m = 0, pg = >, Ap,q is the arrival
rate of passengers originating at p and the correspond-
ing expected waiting times of passengers can be calcu-
lated theoretically (as shown in [6]) so that instead of
the previous pathwise functional, we will consider the
partially integrated random functional:

M(T) M Nem (V5)

/)OT Z Z Pm Z " V _SIT)

j=1 m=1k=N,,(V;_ 1)+1

o(i,w) =

It follows from Proposition 1 that E[¢(f)] is indeed the
expected waiting time at platform p over the time seg-
ment s, except for the end effects of passengers that
boarded at some origin o during a day segment s’ < s
and transferred at platform p during the current day
segment. We state this result in Theorem 1 below.

Theorem 1 Under stationarity conditions, i.e., if the
Poisson arrival processes are stationary with constant
rates and the frequencies are time invariant between day

segments, then E[¢(i)] = EZ;WAT/;(H 1 Wi(p).-

The time scales that are realistic for metropolitan trans-
port systems suggest that the end effects will only af-
fect few passengers. However, the net effect may yield
a non-negligible bias and we are currently developing
correction terms to estimate this bias.

4 Ersatz Derivatives

4.1 The Local Gradients

At platform p € L; on day segment s, let ¢, (i) be
the cumulative ersitz waiting time of transfer passen-
gers arriving from transfer stream m within this day

segment, for each m =1,..., M, that is:
M(T:) Nom (Vj)
=Y o Y TR - @)

Jj=1 N (Vi—1)+1

At the start of the segment ¢ = 0, S is the epoch
of the immediately preceding train arrivals in the pre-
vious day segment from line L,,, and V5 < 0 is the
epoch of the previous train departure for the current
platform. These quantities are assumed known at
t = 0. Denote by Ej the conditional expectation given
{Sg,..., S8, Vo }. From the renewal assumptions of the

model, this conditioning has the same effect as condi-
tioning on the whole past history of the process. A local
sensitivity estimator of the ersétz performance function
Eo[¢m (12)] is a function ¢, (&) of the underlying pro-
cesses of the local model (namely train arrivals at in-
coming platforms p,, and train departures from p) such

that: oE ~
Eolpn()] = 222,020 )

Building such derivative estimators can be done in a
number of ways. One of the authors has developed
three estimators using the Likelihood Ratio method,
the Smoothed Perturbation Analysis method, and the
Weak Derivative method, as explained in [3, 9]. The de-
tails of derivative estimation for the local performance
will be reported elsewhere. Next we will express all
the desired derivatives in terms of the local derivative
w.r.t. i, which is the basis for ersdtz estimation.

Theorem 2 If Eg[dn(R)],1,..., M are continuously
differentiable in p, 1, ..., s, then form=1,... M:

(Sgl‘f'/ﬁ) 8EO [¢m(/j)] = —lm aEO({[;ZZ(M)]

aM + 2 EO [¢m (ﬂ)]

The proof of this result follows from Theorem 1 in [§]
and the scalability assumptions in the model of Sec-
tion 3.1. One of the practical problems for the imple-
mentation of gradient-search methods for network op-
timization is the number of derivatives required. Theo-
rem 2 reduces the number of required estimates: only
M estimators ¢, are required per platform, which
implies that the computational effort is independent of
the degree of connectivity of the transportation net-
work.

4.2 Global Gradients via Ersatz Estimation

To obtain the desired gradient, the local performance
model is used by noticing that the global performance
is additive with respect to the platforms. More specifi-
cally, from (2), and the results on Section 3:

OF(i)  OK(h

aul,a 3Ml o

Y

s=opeL, \ meZ(p)

pp(0)T5 S*(o,p)
-3 el

pEL,

OE[¢y m (1)] OE[¢;, , ()]

> ol 5O
Mo neo(p) Mo

where S*(0,p) = E[Y?(0,p)]/pj is independent of sy
and it can be calculated at each platform, Z(p) is the
set of all platforms m in the same station as p with
passengers transferring to p, and O(p) is the set of plat-
forms in the same station to which passengers from p
may transfer. The rate p,(0) = >, A\p.a(0) is the in-
coming passenger rate from outside. Finally, ¢7, , is
the ersitz waiting time (4) at platform p of all passen-
gers arriving within the day segment s from the m-th



incoming platform, and ¢, , is the waiting time at plat-
form n-th of passengers that left platform p towards n.
In expressing the derivative, we used the fact that the
average wait of passengers from outside is not affected
by any other headway but the one of the line where
and when they originate, thus only the term for day
segment o and line [ are affected by changes in p .
As well, using the ersitz performance models at each
platform, 14, can only affect the surrogate wait at plat-
forms p along line L;, as well as the wait at platforms
n € Z(p). Furthermore, changes in y; , will not affect
previous day segments, only future ones, and this only
through the initial condition. Finally, for platforms
p € L; which are not inside transfer stations, both Z(p)
and O(p) are empty. Denote by ¢; ,,, the local ersiitz
sensitivity estimator satisfying (5) for each segment s.
From the structure of the local models, it follows that
E[¢p m(B)[(Vo(p),S™) = ] is Lipschitz continuous in
1,5 for every x, which implies:

Elopml = (1) (Vo(p), §™) = a] P(dx)

3#15
am’s/E[ p.m (1) (Vo(p), S™) = 2] P(dz)

OE[¢p m (11)]
aﬂl,s

where P(dz) is the distribution of the initial condition
of the day segment s and is independent of j; ;. Using
Theorem 2, we propose the erséitz estimation:

OF (k) ~ 15 pp(0)Ts S*(0, p)
Opir.o Mo 1 2
Ly { S el
peLe \meZ(p)
o o (1) = (5577 = 15y )25
+ SE [ oy e (0
neo(p) Hie

There are two sources of bias in (6). The first one is
due to neglecting end effects in Theorem 1, and the sec-
ond, to neglecting the propagation effects of the control
variable s ; on a given platform p € L; for future day
segments: i, can affect the performance of day seg-
ment s + 1 only via the initial conditions. But we are
estimating the derivatives conditional on the initial val-
ues. We conjecture that the main contribution to the
global cost is indeed over the current day segment.

5 The Learning Algorithm

For each segment s, after D,(s) days, each platform p
constructs the sample averages of the local derivative
estimators ¢y ,,,,m € Z(p). The estimators have been
built using the ghost local model and therefore only

basic counters are required at each platform, capable
of recording train departure times. These averages are
broadcast first, to the initial platform on the line L;
where p belongs. Next, each ¢}, . is also broadcasted
towards the initial platform along line L;(,,) where pat-
form m belongs. At the initial platform of each line
L;, the information received for each segment from all
platforms in the network is added to the estimation of
OF /s, using (6). Periodically, each line updates its
own frequency ps; using (1) for that component.

Under stationary conditions and fixed values of f, all
estimators are i.i.d. from day to day. Furthermore, by
assumption they are bounded (using the fact that day
lengths are bounded). Using the methods in [5], the re-
cursion (1) can be shown to yield sub-optimal policies,
due to the sources of bias mentioned before. To track
slow changes in traffic patterns, it is necessary to esti-
mate as well the aggregated traffic intensities A, 4(s)
of the network. We are currently implementing the
scheme to a realistic model with up to third order trans-
fers to assess this sub-optimality numerically.
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