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Abstract— This paper presents new results on state
estimation of discrete event systems modeled by In-
terpreted Petri nets. First the concepts of event-
detectability and observability are introduced. Then
necessary and sufficient conditions for observability of
systems described by marked graphs and state machines
are presented. Finally, a general scheme for state esti-
mation is proposed. This result is illustrated using an
example of a manufacturing system.
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I. Introduction

In some applications, such as state feedback control
or monitoring and fault tolerance systems, it is impor-
tant to have a whole knowledge of the state of the sys-
tem. Unfortunately, in most of applications, it is not
always possible to perform all the required measure-
ments to completely determine the current state of the
system. However, if the knowledge of the system in-
ternal structure, its inputs and outputs and the total
amount of resources involved on it suffices to compute
its current state. In this case, the problem is overcame
and this kind of systems are called observable.

Petri nets (PN) are proved to be an appropriate
modelling tool for the study of the observability issue
in discrete event systems because of their modelling
power and flexibility, [1]-[3].

The observability and state estimator design prob-
lems in DES modeled by a PN has been studied in
[4]- [7]. In [4], the observability problem is divided
into two sub-problems: computing the initial marking
of the net and determining the firing sequence that
leads the observer from the initial marking to the cur-
rent system state given a sequence of input and out-
put words. In that work, algorithms to determine a
set of possible initial markings of a PN and the cor-
responding firing sequence are presented. In [5] and
[6] algorithms to determine the current system state
are presented, it is assumed that all transitions are ac-
cessible, i.e. the state estimator knows exactly which
transition was fired. This hypothesis is too restrictive
for an actual DES in which internal events occur. In [7]
that limitation has been overcame for binary nets. The
existence of internal events is allowed, and the initial
marking of the observer is defined to be bigger than
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the system initial marking.

Herein we present a more general state estimator
scheme which operates whether the initial marking of
the observer is bigger or lower than the system initial
marking. In this scheme the estimator is a copy of the
system that includes additional input and output tran-
sitions to its places allowing to reduce the estimation
error.

This paper is organized as follows. Section II
presents a definition of Interpreted Petri nets (IPN)
and some related basic definitions. Section III reviews
the concepts of event-detectability and observability,
and a sufficient condition for DES observability. In
section IV, it is proved that event detectability is a
necessary and sufficient condition for observability in
live and bounded marked graphs and state machines.
The design of an asymptotic state estimator, which is
an extension of those presented in previous works is
presented in section V.

II. BACKGROUND DEFINITIONS

In this paper we use IPN [§], an extension of PN
which allows to represent the input and output lan-
guages of a system to study the observability property.

Definition 1: A Petri Net structure is the 4-tuple
G = (P, T,1,0) where P = {p1,p2,....,pn} and T =
{t1,%2, ...t} are finite sets of elements called places
and transitions, respectively, I : P x T — {0,1} is
a function representing the arcs going from places to
transitions, and O : P x T' — {0,1} is a function
representing the arcs going from transitions to places.

Pictorially, places are represented by circles, transi-
tions are represented by rectangles, and arcs are de-
picted as arrows. The incidence matrix of G is Clc;;],
where ¢;; = O(p;,t;) — I(ps,t;). The marking is a
function M : P — {Z*}" that assigns a non nega-
tive integer to each place of the net, representing the
number of tokens (depicted as dots) residing in them.

Definition 2: A Petri Net (PN) is the pair N =
(G, My), where G is the PN structure and My is an
initial token distribution.

A transition ¢; is enabled at a marking M iff Vp; € P,
M (p;) = I(pi,tj). An enabled transition t; can be fired
reaching a new marking M’ which can be computed by
the PN state equation: M’ = M + Cv, where v(i) =0
for ¢ # j and v(j) = 1. The reachability set of a PN,
R(G, My), is the set of all possible reachable markings



from My by firing enabled transitions. A PN is called
binary or safe, if there is non reachable marking that
assigns more than one token to every place.

Let t; € T , o(t;) and (¢;)e denote the sets of all
places p; such that I(p;,t;) # 0 and O(p;,t;) # 0, re-
spectively. Similarly, e(p;) and (p;)e denotes the set of
all transitions ¢; such that O(p;,¢;) # 0 and I(p;,t;) #
0, respectively.

Definition 3: An Interpreted Petri Net (IPN) is the
6-tuple Q = (IV, X, P, A\, D, ) where
o« N = (G, M) is a PN,

o« X={01,09,...,0,} is the input alphabet of the net,
where o; is an input symbol,

o ®={0,P9,...,0,} is the output alphabet, where ¢,
is an output symbol,

e \: T — X U{e} is a labeling function of transitions
with the following restriction: V&¢;,¢, € 1, j # k if
I(pi,tj) = I(pi,tk) 75 0 and both )\(tj), )\(tk) 75 g, then
A(t;) # A(tx), where ¢ represents an internal system
event,

e« D:T — T is a feed-forward function, where T =
7 U {e} and 7 is the set of symbols of the name of
transitions. If a transition ¢; fires, then its name ¢; or
the symbol ¢ are presented as an output,

e ©:R(G,Mg) — {® U {e}}? is an output function,
where R(N',My) is the reachability set defined as in
a PN, ¢ is the null action.

Remark 4: We will write (Q, Mp) instead of Q@ =
(N,%,®,\, D, ) to enhance the fact that there exists
an initial marking in an IPN.

A tramnsition t; € T of an IPN is enabled at a mark-
ing M ifVp; € P, M(p;) > I(pi, t;). If X(t;) = a; #eis
present and ¢; is enabled, then ¢; must fire. If A(Z;) = ¢
and t; is enabled then t; can be fired. If an enabled
transition ¢; fires at a marking My, then a new marking
Mj,+1 is reached which can be computed using the dy-
namical part of the state equation: My = M+ Cuj,
where C and v; are defined like in a PN. This fact is

represented as: My, 2t—J> Miptq.

Definition 5: If A\(t;) # ¢ the transition ¢; is said
to be controllable, and non-controllable, other-
wise. A place p; € P is said to be measurable if
VMJ‘ (pi) 75 Mk(pi) it holds that (pMj 75 (pMk, and
non-measurable, otherwise. A transition ¢; is said to
be measurable if D(t;) = ¢; and non-measurable,
otherwise. In this paper, the measurable places of an
IPN are depicted as clear circles, the non-measurable
ones as dark circles, the measurable transitions as clear
bars, while the non-measurable ones as dark bars.

This paper focuses on the case where ® = Z*, i.e ®
is the set of the non negative integer, and ¢ : Z™" —
Z14 is linear and can be represented as a g X n matrix
¢ = [p;;] where ¢ is the number of measurable places
and the i-th row vector ¢, of ¢ is the transpose of the
elemental vector e; (e;[i # jl = 0, ¢;[j] = 1), if p;
is the i-th measurable place (¢, = ejT), according to
the order given by the place labeling. In this case, the
state equation of an IPN can be written as:

My = My, + Couy, +CDU]? (1)
Yp = @ & My,

where C = [C®:CP], C° and CP are formed by the
columns of the non-measurable and measurable transi-
tions, respectively.

Definition 6: Let (Q,Mp) be an IPN. A firing
sequence of (Q,My) is a sequence o = ;...

such that M, — My -2 .. % M,. The
set of all firing sequences is called firing lan-
guage £(Q,M,) = {olo = tt;..t and My —

M, My}. The input language

of (Q, M) is £in(Q,Mo) = {XL)AE)--A(te)]
titj..t, € £(Q,Mp)}, while the output language
is Low(Q, Mo) = {o(Mp)p(My)...o(My)...| My =
My —2 5 M. and it b, € £(Q, Mp)}.
Definition 7: A positive p-invariant of an IPN given
by (Q, Mp) is a rational-valued non negative solution of
the equation XC = 0, where C is the incidence matrix

Of (Q,Mo).

I1I. OBSERVABILITY CONCEPTS

In this section, we first review the concepts of event-
detectability and observability for DES modeled by an
IPN; then a sufficient condition for IPN observability
is presented based on event-detectability and the syn-
chronic distance defined on the transitions of the net.

Definition 8: AnIPN (Q, My) described by the state
equation (1) is event-detectable iff all ¢oC* columns
are not null and different from each other.

In other words, since yp+1 — Y = PMpr1 — My =
o( My, + C’E)) — My, = @Cﬁ), then the firing of any
non-measurable f;, can be detected iff the column cor-
responding to fj in the matrix ¢C¢ is different from
any other column and it is not zero.

Definition 9: A set of Conservative Marking Laws
(CML) of an IPN given by (Q), Mp) is a set of equations

=
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EEN
Il

(2)

3

4 oy @ M(pj) = kuw

J

Il
-

such that a; € Z%, ¥Yp; non-measurable it occurs that
a; # 0 for at least one equation and Voz; #0, k;/ a; is
an integer value.

The following definition of observability is an exten-
sion of that used in control theory for continuous sys-
tems [9].

Definition 10: An IPN (Q, M) is observable at
k steps ifl Yw € £;,(Q,Mp) 3z, such that wz €
£ (Q, Mp),|2] < k < oo and the information pro-
vided by wz, the output word generated by wz, a set



of conservative marking laws C ML and the structure
of the system C' suffices to uniquely determine M.

A set of conservative marking laws of an IPN does
not only depend on its structure but also on its ini-
tial marking Mp. Fortunately, it is common to know
this set in most of the systems [5] even when the ini-
tial marking is unknown, because it can be obtained
from the knowledge of the maximum number of avail-
able resources (parts that a store can hold, a machine
capacity, etc.). In this case, given a CM L, it is possible
to establish upper and lower bounds for all reachable
markings of an IPN in the following way.

Definition 11: Let (Q, My) be an IPN, where a
CML is defined. Then

Z:loz;” o M(pj) = kuw
J:
Vpi, M(pi) 2 0

4 la;“oM(pj) = ky

J
Vpi, M(pi) = 0

(3)

are the minimum and maximum marking bounds
of the place pp respectively. Also, the maximal
marking gap in the place py is Dy = MYB(py) —
M*%B(p;,). These quantities can be arranged in a vec-
tor mode as MYE = [MYB(p,)..MYE(p,)]*, MLB =
[MEB(py)... MEB(p,)]T, D= [Dy...D, )T

The following is a definition of the synchronic dis-
tance between two transitions, [2].

Definition 12: Given an IPN (Q,M;), the syn-
chronic distance of a transition #; with respect to a
transition ¢; is the maximum number of firings of t;
without firing ¢; in all firing sequences. This value is
denoted as SD(Q, Mo; Li,t;).

Using the above definitions, we can establish the fol-
lowing result, which is an extension of those presented
in [5]-[7].

Theorem 13: Let (Q, Mp) be a cyclic, live, bounded
and event-detectable IPN, described by the state equa-
tion (1), where the initial marking M is unknown, but
a CML in the sense of definition 9 can be obtained.

(Q, Mo) is observable, if ¥p; non-measurable either:
i) SD(Q, Mos e (py) , (b;)®) > D or
ii) SD(Q, Mo; (p;) @, ® (p;)) = Dj.

Proof:  Since (Q, M) is event-detectable, then
any firing sequence 7);, such that Mg BN M;, can be
computed. In order to compute My it is necessary to
know M;; however, it cannot be directly obtained be-
cause of the existence of non-measurable places. Let
pr. be a non-measurable place:

Assume that ) holds, then a firing transition se-
quence o0, -such that the number of firings of transi-
tions in e (p;) without firing any transition in (pg)e
is equal to Dg- exists. If o does not occurs im-

mediately from My, since (@), Mp) is cyclic, then it
will return to My and eventually o will occur. oy
can be split as 0, = 0709, such that oy does not
contain any transition in (p;)e and the transitions in
o (p;) appears Dy times. Then M;(pr) = Mo(pr) +
C(pr, )77 + C(pr,9)03 = My(pr) + D = My (pr) +
MYB(py) — MLYB(pr). We claim that, M,(pr) =
MEB(py) and M;(pr) = MY (p;). To prove it, as-
sume that M, (px) = M5B (pi)+A M, this implies that
AM > 0, then M; (pk) = MLB (pk)—FAM—FMUB (pk)_
MEB (pr) = MYB(py) + AM > MYB(p;), which is a
contradiction. Thus, after firing oz the marking of py
is MYB(p;), which can be determined from the output
because (Q, M) is event-detectable.

Now, assume that é¢) holds, then a firing transition
sequence 07}, -such that the number of firings of transi-
tions in (py) e without firing any transition in e(py) is
equal to - exists. Following a similar procedure like
in the previous case, after firing o}, the marking of py,
can be determined.

Once the actual marking of pj, has been computed, it
will remain known for any firing sequence since (@, M)
is event-detectable.

Moreover, using this procedure, the marking of the
remaining non-measurable places can be determined.
Then the whole marking will be known and M, can
be computed using the fired sequence and the state
equation (1). Therefore, (@, My) is observable. |

IV. OBSERVABILITY IN MARKED GRAPHS AND STATE
MACHINES

Unfortunately, the firing sequence 7, of the previous
theorem not always exists for any kind of net. In this
section, we study the observability property in live,
bounded and event-detectable marked graphs and state
machines. We will prove that in such PN subclasses it
always exists a sequence w such that, after its firing, it
is possible to uniquely determine the whole marking of
the net.

Theorem 14: Let (Q, M) be a live interpreted
strongly connected marked graph, where the total
number of tokens of each p-invariant is known. (Q, M)
is observable iff it is event-detectable.

Proof:  (—) If (Q, Mp) is not event-detectable
then two cases are possible: a) there exists a zero @C*®
column, ie. there exists a transition ¢; that is not
connected with measurable places and its firing is not
detected, so it is impossible to distinguish My and M,

t.
where My —— M]; b) there exist two @C*® columns
that are equal, i.e. there exist transitions ¢;,t; such
that @C(e,t;) = pC(e,t;), so it is impossible to dis-
tinguish markings My and M|, where My N My and

also M 4, Mj. In both cases, (@, Mp) is not observ-
able.

(«—) Since (Q, M) is a strongly connected marked
graph then every place of (Q is contained in at least
one p-invariant and due to the number of tokens inside



each p-invariant is known, then the set of p-invariants
forms a CML. The C ML can be arranged as follows:

a1 M (p1)+ +agM(pn) =k
: : : (4)
O/iUM(pl)_F +Q$M(pn) = ky
where [ ap e al ]T is the ¢ — th p-invariant.

For each place p;, two different markings can be com-
puted: My, when p; reaches its upper marking bound
and M, when p; reaches its lower marking bound. The
marking of the remaining places p; # p; can be com-
puted to fulfill the set of equations (4), for both cases
Mp, and M.

Now, as theorem 3.21 in [3] states, in a live strongly
connected marked graph there exists a sequence o such
that My —— M, iff the number of tokens in each p-
invariant at My and M, remain constant. Hence previ-
ous solutions My, M;, are reachable markings and since

M, -1 My then My -2 My, My N Mj.. Moreover

36 such that Mj, LR M, fulfilling conditions of theo-
rem 13. Since the net is cyclic, the procedure can be
repeated for any place, therefore (Q), Mp) is observable.
]
Theorem 15: Let (Q, My) be a cyclic, live and
bounded interpreted state machine, where a CML is
defined as the p-invariants of the net. (Q, Mp) is ob-
servable iff it is event-detectable.
Proof: It follows from the proof of the previ-
ous theorem since a live state machine has only one
p-invariant. |

V. DYNAMICAL OBSERVERS

In [5]-[7], the issue of designing an estimator for DES
modeled by PNs has been already addressed. The ob-
server scheme design technique herein presented is an
extension of all of them and is based on the block dia-
gram depicted in figure 1.

Let us begin by giving the following definition.

Definition 16: The system IPN model is

Ng = (Ps,Ts,15,05, 5,2, )\, D, )
and the observer net is
NO = (PS7TO7IO7OO727(I)7Id7ld7ld)

Note that in the observer all transitions are control-
lable and all places are measurable. The state equation
of the IPN system is as the state equation (1) and the
state equation of the net observer is:

- . Tx
My =M+ [ C F T ]| B (5)
Or
r = M,
where F[i

and Y[i,j] = 0,7 # j.

System Output

+A
TSIV ITEIS PN .
marking

A
IS Marking M l l
+'+ Observer Output
( Delayq'

C Computation of
| l * firing vector ¢
Computation of

F firing vector P
Computation of

| T l' firing vector 8

Observer

V.-

@ (M- ¢ (M)

Fig. 1. System and observer scheme.

Now the observer initial marking My and the firing
vectors ¥y, B, 0r will be defined.

Definition 17: Let Ng be an IPN model of a system
and No be its observer IPN, where a C'M L is defined.
The initial admissible marking My of Ny is the follow-
ing M(p;) = M(p;) if p; is measurable and M (p;) is any
value fulfilling that MUB (p;) > Mo(p;) > MZB(p;) if
p; is not measurable.

The state equation of (S, Mp) is defined as the state
equation (1) and the state equation of the (O, Mp) is
given by:

~ ~ Tx
Mypr=Me+[C F Y ]| 6 (6)
ox

Gk = M,

where F[i,i]) = —1 and F[i,j] =0, ¢ # j; and T[i,i] =
1 and Y[i,j] = 0, i # j. Now we use the following
definition to compute the firing vectors v, 8;, and oy
of the observer.

Definition 18: Let Ng be an IPN model of the sys-
tem and No be its observer net. If transition 7 fires
in Ng then

. vy, if it is enabled in the observer h
* Tk 0 otherwise where
N
UV = tk,
w1
o B, = , where
Wn
1 if ['yk —aj, = 1}, and
Mi(pi) + C(pi, o)y, > MU (Pi)}
@i = or |7 # ai = 1, pi € e(te), and

Mi(pi) > MPP(py)|
0 otherwise




U1
o« b= |, where
Unp
if {'yk =5 = ;f;, and
Mi(pi) + C(pi, ®)7;, < MLB(Pi)}
vi= or [’Yk Fap = %;pi € (tx)e, and

Mi(pi) < MU (p)|
0 otherwise

The previous definition states that when the number
of tokens in the observer are not enough to fire the
same transition t; that fires in the system then the
additional input transitions in the observer will be fired
to add tokens into the output places of ¢;; or when the
marking of a place exceeds the known marking bound
for that place, those tokens are removed by the firing
of the additional output transitions in the observer.

Using this firing vectors the state of the observer will
tend to the state of the system as we will prove in the
following theorem.

Theorem 19: Let Ng be a cyclic, live, bounded
and event detectable IPN modelling a system, where
a CML is defined. Let No be an observer with
an initial marking according to definition 17. If
Vp; € Ps either, SD(Ns, Mo;e(p:),(pi)e) = D; or
SD(Ng, Mo; (p;)e,¢(p;)) = D; and the firing vectors
of the observer «,, 3, and 6 are computed as in the
definition 18, then

lim HMk+1 - Mk+1H =0
o] — o0
where « is the transition sequence fired in Ng and |a]
is its length.
Proof: 'The initial marking of No is Mo = Mo +
M', where ‘M’ < D.

Assume that SD(Ng, Mo; e(py), (pir)e) = Dy for
some py, and the firing vectors of the observer v, 3
and § are computed as in definition 18, then a tran-
sition firing sequence o -such that the number of fir-
ings of transitions in e (py) without firing any transi-
tion in (pg)e is equal to Dy~ exists. Then, as in the-
orem 13, when oy, is fired, a new marking is reached:
Mj(px) = Mn(pr) + Dy, where M;(px) = MY5(py)
and M, (px) = MLB(p;). Three cases are possible:

a) M'(pr) = 0. If a transition t; € o(py) is fired in
01, then by definition 18 either v = E) or v = 1 and
wy = 0, then the estimation error of pj remains zero
over the execution of oy,.

b) M'(px) > 0. If a transition t; € o(py) is fired
in 0, then by definition 18 the following subcases are
possible:

b.1)y=1; orvp =1 and @y = 0 when M(pz) <
MVYB(py), the estimation error of p; does not change.

b.2) v = ﬁ or v, = 1, and w; = 1 and when
M(pr) > MUB(p;), then the estimation error of py
decreases, and will be equal to zero over the execution

of Jf.

Note that, in both cases v = E) is mutually exclusive
with vy, = 1 and the case b.2) occurs exactly M'(p)
times because marking MYZ(p;) is reached and the
observer marking is not allowed to exceed it.

¢) M'(py) < 0. During the firing of 0}, the mark-
ing M,(pr) = M*B(p,) was reached. By definition
18, when the firing of any transition reduces the mark-
ing M(py,) below MEB(p), then vy, = 1 freezing this
marking in M%8B(p;), so the estimation error of py is
reduced to zero when the marking M, (p;,) is reached.

Thus, in all cases the estimation error of pj is re-
duced to zero.

Now assume that SD(Ng, Mo; (pr)e, ¢(p)) = Dy, for
some Py, and the firing vectors of the observer v, 3 and
6 are computed as in definition 18, then a transition
firing sequence oy -such that the number of firings of
transitions in (py)e without firing any transition in
¢(p;) is equal to Dy- exists. Using a similar reasoning
it can be proved that the estimation error will be equal
to zero for place p, when o}, has fired.

Since at least one of the conditions on the synchronic
distance holds for each place and Ng is a cyclic IPN,
then estimation error will be zero in all places when a
transition sequence o = > o fires in the system. B

i=1..n

Ezxample 20: Consider a manufacturing cell, where a
product consisting of two parts (Pa, Pb) is processed.
The part Pa requires to use the machines M1 and M2,
while the part Pb requires the machines M3 and M?2;
both in that sequence. Afterwards both parts are pro-
cessed, they are assembled and the final product is re-
leased and the cell is ready to start another cycle. The
IPN of figure 2 is a model of the cell, where a token
in the place p; represents an idle state of the cell; the
transition f1 represents the start of a cycle. A token in
p2 (ps) represents that the machine M1 (M3) is being
used. The place p3 (p4) represents that the macjime
M1 (M3) is available. The transition 5 (f3) represents
that the process in M1 (M3) has finished. A token in
D¢ or pr represents a part waiting for M2 to be avail-
able. The transitions #4 and t5 represent the start of
the process of a part in M2. A token in pg represents
that M2 is available. The place pg (p1o) represents a
part PA (PB) being processed in M2. The transitions
te¢ and t7 represent that the process in M2 has finished.
Tokens in py; and pio represent the parts waiting for
being assembled. Finally, the transition g represents
the assembling and release of the product.

Two different signals are displayed when the ma-
chines M1 and M3 are being used, respectively, and
M2 display two different signals depending on the piece
that is being processed. Therefore pa, ps, ps and pig are
measurable places and, since the releasing of a product
can be detected, also {g is measurable.

The initial marking shown in figure 2 makes the
model to be a binary IPN where a C'ML is given by
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Fig. 2. Manufacturing cell IPN model.

the following p-invariants:

M(p2) + M(p3) =1 (7)
M(ps) + M(ps) =1
M(ps) + M(po) + M (p1o) =1
M(p1) + M(p2) + M(ps) + M(ps) + M(p11) =1
M(p1) + M(ps) + M(p7) + M(p1o) + M(p12) =1

For this model all columns in the matrix

1 -1 00 0 00
c_ |1 0 -10 0 00
Y =10 0o 01 0 -1 0
0 0 00 —1 01

are not null and different, then the net is event-
detectable and the firing of any transition can be deter-
mined. Using the information provided by the CML
(7) for the initial marking depicted in the figure 2 the
transition firing sequence ¢ = t; is enough to compute
the system markings M; and M since it is known that
p2 and ps are marked at M; and using 7 the number
of tokens in all other places can be computed.

If the observer shown in figure 3 is used with the
initial marking depicted in the figure, which is accord-
ing to definition 17 then, for example, if in the system
the sequence 11,12, %3, 14 is executed and in consequence
ty, tl ta, 13, t] 1 is executed in the observer, then the
markings in both IPNs become equal.

VI. CONCLUSIONS AND FUTURE WORK

This paper presented three new results. The first
one, presented as a theorem, is a characterization of
observable IPN; this result was particularized to the
strongly connected marked graphs and state machines

1) [ ) 1"
B T, a
o &; #5 na
t ty ty t's
t's ~ft's t; It
1" ‘ thy 7 t"
t' 9 t'1o

et

Fig. 3. Observer IPN for manufacturing cell model.

cases, where necessary and sufficient conditions on the
structure of these nets were found. Finally an asymp-
totic observer and its convergence conditions were pre-
sented; this result is an improvement of previous ones
because it is applied in more general IPN classes.

Current research addresses the application of this ob-
server scheme to state feedback control and fault toler-
ant systems. Furthermore, the study of minimal sensor
configurations that preserve the observability property
is a work in process.
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