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Abstract

The need for effective and efficient deadlock avoidance
policies (DAP’s) is ever increasing due to the higher de-
mand for system automation. This paper considers the
deadlock avoidance problem for the class of Conjunc-
tive/Disjunctive (sequential) resource allocation sys-
tems (C/D-RAS), in which multiple resource acquisi-
tions and flexible routings are allowed. A new siphon-
based characterization of deadlocks arising in C/D-RAS
is developed, and subsequently, this characterization fa-
cilitates the development of a polynomial complexity
deadlock avoidance policy for the considered RAS class.
The developed policy can be perceived as a generaliza-
tion of RUN DAP, originally developed for sequential
RAS with unit resource allocations and no routing flex-
ibility. The proposed approach is demonstrated by an
example.

1 Introduction

Deadlock avoidance in sequential resource allocation
systems (S-RAS) is a well-defined problem in Discrete
Event System literature. From a theoretical stand-
point, the problem arises in any resource sharing sys-
tem where a set of concurrently executing sequential
processes can get permanently blocked – i.e., deadlocked
– due to the fact that each process in that set is allo-
cated and holds resource(s) requested by some other
process in the set for its further advancement. From a
practical standpoint, the problem is experienced in the
operational control of many contemporary technologi-
cal systems, including the material flow control of flexi-
bly automated production systems, the traffic manage-
ment of unmanned discrete material handling systems
like automated and/or rail guided vehicle systems, and
the traffic control of railway and monorail transport sys-
tems. In all of these systems, the resolution of a devel-
oped deadlock can imply a major disruption of the nor-
mal system operation, while during its occurrence, the
utilization of the involved resources is driven to zero.
It is, therefore, desirable that the controller supervising
the real-time operation of these systems incorporates a
control function that foresees and effectively prevents
the occurrence of the problematic deadlock states, by
appropriately restricting the allocation of the system

resources to the various requesting processes.

Ideally, due to performance considerations, the afore-
mentioned deadlock avoidance function should be car-
ried out in the least restrictive way. However, it has
been formally established [1] that, in the general case,
implementation of the optimal – i.e., least restrictive
– deadlock avoidance policy (DAP) is an NP-Hard [7]
problem for the considered class of S-RAS. Hence, in the
light of this result, one should aim at the development
of suboptimal, but computationally efficient – i.e., poly-
nomial complexity – deadlock avoidance policies, which
also maintain a significant level of operational flexibil-
ity.1 It has also been found that the complexity of the
synthesis of effective and efficient policies for the con-
sidered class of resource allocation systems strongly de-
pends on the underlying system structure and the par-
ticular assumptions regarding the admissible resource
allocation requests. A taxonomy that attempts to man-
age the problem complexity by classifying S-RAS on
the basis of the resource allocation request structure is
presented in [14]. According to that taxonomy, S-RAS
are classified in four major classes: (i) Single-Unit (SU)
RAS, in which every process stage requires only a single
unit of a single resource for its successful execution, (ii)
Single-Type (ST) RAS, in which every process stage re-
quires an arbitrary number of units of a single resource
for its successful execution, (iii) Conjunctive (C) RAS,
in which every process stage requires an arbitrary num-
ber of units from an arbitrary resource (sub-)set for its
successful execution, and (iv) Conjunctive / Disjunc-
tive (C/D) RAS, in which every process stage poses a
finite number of alternative conjunctive-type resource
requests.

Past research has addressed successfully the afore-
stated deadlock avoidance problem primarily in the
context of SU-RAS. Some indicative results can be
found in [2, 13, 10, 6]. Of particular interest to this
work are the developments presented in [5, 4, 11], which
also leverage recently obtained results in the area of
Petri Net (PN) structural analysis. Specifically, the re-
sults presented in [5, 4, 11] have established that for
the case of single-unit resource allocation, the occur-

1Another interesting research line in the area of Deadlock
Avoidance for S-RAS has sought to identify special system struc-
ture that admits polynomial complexity deadlock avoidance; c.f.
[9] for an overview of these results.



rence of deadlock can be structurally explained in the
PN formalism through the concept of an empty siphon.
Recently, the work of [15] has also shown that the
empty siphon can be the deadlock interpreting mech-
anism, even in the case of C/D-RAS, in which, how-
ever, resources are acquired one unit at a time. An
attempt to generalize the notion of empty siphon to-
wards the interpretation of deadlock occurring in the
general C/D-RAS has been presented in [3], but that
work fails to provide a polynomial-complexity solution
to the problem of deadlock avoidance. Motivated by
these remarks, this work: (i) characterizes deadlock
arising in the general C/D-RAS through a new perti-
nent siphon construct, and (ii) employs this character-
ization towards the development of a polynomial com-
plexity deadlock avoidance policy for the considered S-
RAS class. The developed policy can be perceived as
a generalization of the RUN DAP, originally developed
in [13] for SU-RAS. The paper is organized as follows:
Section 2 first provides a formal (set-theoretic) char-
acterization of the C/D-RAS structure and the under-
lying deadlock avoidance problem, and subsequently it
proceeds to their further modeling in the PN formalism.
Some important properties related to the liveness of the
resulting PN class is presented in Section 3. Section 4
presents a polynomial-complexity DAP for C/D-RAS
and establishes its correctness. An example is given to
demonstrate the implementation of the proposed DAP.
Finally Section 5 concludes the paper and suggests fur-
ther research directions. A more extensive discussion
of the paper results and some additional developments
can be found in [12].

2 C/D-RAS and their Petri Net-based
Modeling

C/D-RAS and polynomial-complexity deadlock
avoidance C/D-RAS is formally defined by a set of
resource types R = {Ri, i = 1, . . . ,m}, and a set of job
types J = {Jj, j = 1, . . . , n}. Every resource type Ri

is further characterized by its capacity Ci ∈ Z+, where
Z+ is the set of positive integers. Job type Jj is defined
by a sequence of stages < Jjk, k = 1, . . . , λj >, where
λj represents the number of job stages. Each job stage
Jjk is further characterized by a set of m-dimensional
vectors Ajk = {Jjkl | l = 1, . . . , αjk}, of cardinality
αjk, with component Jjkl[i], i = 1, . . . ,m, indicating
how many units of resource Ri are required for the ex-
ecution of the l-th processing alternative of the k-th
stage of job type Jj .2 The entire set of resource alloca-
tion schemes according to which a job instance of type
Jj can be executed, is given by the cartesian product
JR = Aj1 × . . .×Ajλj . Hence the number of possible
routes for a certain job type Jj is αj1 · · ·αjλj , which
is of exponential size with respect to λj . The C/D-
RAS state is uniquely determined by the currently exe-
cuted processing alternatives by all active job instances.

2It should be noted that the conjunctive resource require-
ments must be satisfied simultaneously for the initiation of a job
stage alternative. Nevertheless, the situation in which multiple
resources are allowed to be allocated one by one until the re-
quirements are satisfied, can be modeled by defining a series of
job stages.

Since each resource possesses finite capacity, the set of
distinct RAS states is finite. Hence, the state space
of the RAS can be modeled by an finite state automa-
ton (FSA) [8]. Naturally, the initial and final states in
this automaton correspond to the RAS idle and empty
state, q0, and thus, in order to avoid deadlock in the
least restrictive way, the system operation must be con-
fined to the maximal communicating class of the under-
lying state transition diagram (STD) that contains the
FSA initial state, q0. Let us denote this class by Qs.
Then every state q ∈ Qs is characterized as safe while
states q belonging to the complement of Qs, denoted
by Qu, are characterized as unsafe. It has been shown
in the literature that the decision problem q ∈ Qu is
NP-complete [1]. Due to this result, it has been pro-
posed [13] that, in the general case, the development of
a polynomial-complexity DAP should be based on the
identification of a property H(q),q ∈ Q, such that: (i)
H(q) ⇒ q �∈ Qu, ∀q ∈ Q, and (ii) H(·) is polynomially
computable on any given system state. Then, by al-
lowing only transitions to states satisfying H(·), it can
be ensured that the visited states will also satisfy the
condition q �∈ Qu, and therefore the system will never
enter the forbidden region Qu. In addition, the sub-
space Q(H) admitted by the resulting policy must be
a single communicating class containing q0 in order to
be induced deadlock-free.

Petri Net preliminaries A marked Petri Net (PN)
is defined by a quadruple N = (P, T,W,M0), where
P is the set of places, T is the set of transitions,
W : (P × T ) ∪ (T × P ) → Z+ is the flow relation,
and M0 : P → Z+ is the net initial marking, assigning
to each place p ∈ P , M0(p) tokens. The set of input
(resp., output) transitions of a place p is denoted by
•p (resp., p•). Similarly, the set of input (resp., out-
put) places of a transition t is denoted by •t (resp.,
t•). This notation is also generalized to any set of
places or transitions, X , e.g. •X =

⋃
x∈X

•x. The
ordered set X =< x1 . . . xn > ⊆ P ∪ T is a path, iff
xi+1 ∈ x•

i , i = 1, . . . , n − 1. Furthermore, a path X is
characterized as a circuit iff x1 ≡ xn. Given a marking
M , a transition t is enabled iff ∀p ∈ •t, M(p) ≥ W (p, t),
and this is denoted by M [t〉. t ∈ T is said to be dis-
abled by p ∈ •t at M iff M(p) < W (p, t). Furthermore,
a place p ∈ P for which ∃t ∈ p• s.t. M(p) < W (p, t)
is said to be a disabling place at M . Firing an enabled
transition t results in a new marking M ′, which is ob-
tained by removing W (p, t) tokens from each place p ∈
•t, and placing W (t, p′) tokens in each place p′ ∈ t•.
The set of markings reachable from M0 through any
firable sequence of transitions is denoted by R(N,M0).
If a marked PN is pure (i.e., ∀(x, y) ∈ (P ×T )∪(T ×P ),
W (x, y) > 0 ⇒ W (y, x) = 0), the flow relation can
be represented by the flow matrix Θ = Θ+ − Θ−
where Θ+[p, t] = W (t, p) and Θ−[p, t] = W (p, t). A p-
semiflow y is a |P |-dimensional vector satisfying yΘ = 0
and y ≥ 0, and a t-semiflow x is a |T |-dimensional
vector satisfying Θx = 0 and x ≥ 0. A p-semiflow y
(t-semiflow x, resp.) is said to be minimal iff � ∃ a p-
semiflow y′ (t-semiflow x′, resp.) such that ‖y′‖ ⊂ ‖y‖
(‖x′‖ ⊂ ‖x‖, resp.), where ‖y‖ = {p ∈ P | y(p) > 0}
( ‖x‖ = {t ∈ T | x(t) > 0}, resp.). Given a marked
PN N = (P, T,W,M0), a transition t ∈ T is live iff



∀M ∈ R(N,M0), ∃M ′ ∈ R(N,M) s.t. M ′[t〉, and t ∈ T
is dead atM ∈ R(N,M0) iff � ∃M ′ ∈ R(N,M) s.t.M ′[t〉.
A marking M ∈ R(N,M0) is a (total) deadlock iff
∀t ∈ T, t is dead. A marked PN N is quasi-live iff
∀t ∈ T, ∃M ∈ R(N,M0) s.t. M [t〉, it is weakly live
iff ∀M ∈ R(N,M0), ∃t ∈ T s.t. M [t〉, and it is live
iff ∀t ∈ T , t is live. Of particular interest for the
liveness analysis of marked PN is a structural element
known as siphon which is a set of places S ⊆ P such
that •S ⊆ S•. A siphon S is minimal iff � ∃ a siphon
S′ s.t. S′ ⊂ S. A siphon S is said to be empty at
marking M iff M(S) ≡ ∑

p∈S M(p) = 0.

While the notion of empty siphon has been very useful
for characterizing the existence of a (partial) deadlock
in RAS classes where acquisition of each resource type
is limited to one unit at a time, it fails to effectively
characterize deadlock in the considered C/D-RAS class.
The operational characteristic of multiple resource ac-
quisitions allows a partial deadlock to occur even if
there is no empty siphon. Hence, next we propose a
new siphon construct that is subsequently shown (i) to
effectively characterize partial deadlock in C/D-RAS,
and (ii) to facilitate the further development of an ef-
ficient deadlock avoidance policy for this class of RAS.
This new siphon construct is formally defined as fol-
lows:

Definition 1 Consider a marked PN N = (P, T,W,
M0). A siphon S ⊆ P is said to be deadly marked at
M ∈ R(N,M0) iff ∀t ∈ •S, t is disabled by some p ∈ S.

The next lemma follows directly from Definition 1.

Lemma 1 Consider a marked PN N = (P, T,W,M0),
and let S ⊆ P be a deadly marked siphon at M ∈
R(N,M0). Then, (i) ∀t ∈ •S, t is a dead transition in
M , and (ii) ∀M ′ ∈ R(N,M), S is deadly marked.

PN-based modeling of C/D-RAS The PN class
that can effectively model the C/D-RAS class consid-
ered in this paper is called S2PGR2 nets (System of
Sequential Processes with General Resource Require-
ments), and it is formally defined as follows :

Definition 2 A well-marked S2PGR2 net is a marked
PN N = (P, T,W,M0) such that

1. P = PS∪P0∪PR, where PS =
⋃n
i=1 PSi s.t. PSi∩

PSj = ∅, ∀i �= j, P0 =
⋃n
i=1{p0i} s.t. P0∩PS = ∅,

and PR = {r1, . . . , rm} s.t. (PS ∪ P0) ∩ PR = ∅.
2. T =

⋃n
i=1 Ti.

3. W = WS∪WR, where WS : ((PS∪P0)×T )∪(T×
(PS∪P0)) → {0, 1} s.t. ∀j �= i, ((PSj ∪P0j )×Ti)∪
(Ti × (PSj ∪ P0j )) → {0}, and WR : (PR × T ) ∪
(T × PR) → Z+ s.t. ∀r ∈ PR,

∑
t∈r• WR(r, t) =∑

t∈•rWR(t, r).

4. ∀i, i = 1, . . . , n, the subset Ni generated by PSi ∪{p0i} ∪ Ti is a strongly connected state machine
such that every cycle contains {p0i}.

5. ∀r ∈ PR, ∃ a unique minimal p-semiflow yr s.t.
‖yr‖∩PR = {r}, ‖yr‖∩P0 = ∅, ‖yr‖∩PS �= ∅, and
yr(r) = 1. Furthermore, PS =

⋃
r∈PR

(‖yr‖−PR).

6. N is pure and strongly connected.

7. ∀p ∈ PS , M0(p) = 0; ∀r ∈ PR, M0(r) ≥
maxp∈‖yr‖yr(p); and ∀p0i ∈ P0, M0(p0i) ≥ 1.

We note that the proposed S2PGR2 net is a weighted
generalization of the ES3PR net, proposed in [15]. As
in [15], let the set of holders of a resource place r be
defined by H(r) = ‖yr‖−{r}. Then, given an S2PGR2

net representing a C/D-RAS, it follows that ∀ri ∈ PR,∑
p∈{ri}∪H(ri)

yri(p) ·M(p) = M0(ri) ≡ Ci.

Finally, the subsequent theoretical developments in-
volve also the notion of the modified S2PGR2 mark-
ings, formally defined as follows:

Definition 3 Given a well-marked S2PGR2 net N =
(PS ∪P0∪PR, T,W,M0) and M ∈ R(N ,M0), the mod-
ified marking M is defined by

M(p) =
{

M(p) if p �∈ P0

0 otherwise

Furthermore, the set of all modified markings induced
by the reachable markings is defined by R(N ,M0) =
{M | M ∈ R(N ,M0)}

3 Liveness Analysis of the S2PGR2 Net

In this section we derive some important properties re-
lated to the liveness of the S2PGR2 net. First we es-
tablish some basic properties that characterize the net
behavior under the existence of deadlock. Then, we
show that the non-existence of a special type of reach-
able deadly marked siphons in the space of modified
net markings is a necessary and sufficient condition for
the S2PGR2 net to be live. We start with the follow-
ing lemma, which is a straightforward implication of
Definition 2; its formal proof can be found in [12]:

Lemma 2 [12] Let N = (P, T,W,M0) be a well-
marked S2PGR2 net. Then, N is quasi-live.

A straightforward implication of Lemma 2 is the fol-
lowing:

Lemma 3 Let N = (P, T,W,M0) be a well-marked
S2PGR2 net. If there exists a dead transition at M ∈
R(N,M0), then M0 �∈ R(N,M).



The next lemma relates the notion of total deadlock
in well-marked S2PGR2 nets to the notion of deadly
marked siphon.

Lemma 4 Let N = (P, T,W,M0) be a well-marked
S2PGR2 net. If marking M ∈ R(N,M0) is a total
deadlock, then there exists a deadly marked siphon at
M .

Proof : Since all transitions are dead at M , ∀t ∈ T , t
is disabled by some p ∈ P . Let S be the set of disabling
places. Since S• = T , •S ⊆ S•. Therefore, S is a
siphon. It is clear that S is deadly marked from the
construction. �

Lemma 5 3 Let N = (P, T,W,M0) be a well-marked
S2PGR2 net. If there exists a dead transition at M ∈
R(N,M0), then there exists a marking M ′ ∈ R(N ,M)
such that the modified marking M ′ contains a deadly
marked siphon, S, with at least one disabling resource
place r ∈ S.

Proof: From the fact that there exists a dead tran-
sition at M , it is easy to see that, by firing only
transitions in T − P •

0 , N can reach M ′ ∈ R(N ,M)
at which ∀p ∈ PS s.t. M ′(p) ≥ 1, ∀t ∈ p•, t is dead
(otherwise, M0 can be reached from M by firing non-
dead transitions, which results in a contradiction, due
to Lemma 3). Let B = {p ∈ PS | M ′(p) ≥ 1}.
B �= ∅ (otherwise, M ′ = M0). Consider
the set of places S = SR ∪ SP1 ∪ SP2, where
SR =

⋃
p∈B

⋃
t∈p•{r ∈ •t ∩ PR | M ′(r) < W (r, t)},

SP1 = {p ∈ PS | p ∈ H(SR) ∧M ′(p) = 0}, and SP2 =⋃
i:∃t∈•p,p∈(PSi

∩SP1)∧•t∩SP1=∅∧∀r∈•t∩SR,M ′≥W (r,t)} PSi

∪{p0i} The definitions of M ′, B and SR, together with
the fact that ∀t, |•t ∩ Ps| ≤ 1, imply that the set of
disabling resource places SR �= ∅. Next we show that
S is a deadly marked siphon containing at least one
disabling resource place.

Case 1: t ∈ •SR. Let r ∈ t• ∩ SR. The net purity and
the selection of t also imply that •t ∩P0 = ∅. Let
{p} = •t ∩PS . Obviously, p ∈ H(r). We consider two
sub-cases: (i) M′(p) = 0 : Then, p ∈ SP1, t ∈ S•

P1 ⊆
S•, and t is disabled by p ∈ S. (ii) M′(p) ≥ 1 : From
the definition of M ′, t is dead. It follows that ∃r′ s.t.
M ′(r′) < W (r′, t). But then, r′ ∈ SR, t ∈ S•

R ⊆ S•,
and t is disabled by r′ ∈ S.

Case 2: t ∈ •SP1. Let p ∈ t• ∩ SP1. We consider
three sub-cases: (i) � ∃r ∈ SR s.t. t ∈ r• : ∃p′ s.t.
M ′(p′) = 0 ∧ t ∈ p′

•
(otherwise, M ′(p′) ≥ 1, which

contradicts the deadness of t). Furthermore, p ∈ SP1

implies ∃r′ s.t. p ∈ H(r′) ∧ r′ ∈ SR, and by the
sub-case assumptions, t �∈ r′

•
. Therefore, p′ ∈ H(r′),

which implies that p′ ∈ SP1. It follows, then, that
t ∈ S•

P1 ⊆ S•, and t is disabled by p′ ∈ S. (ii) ∃r ∈ SR

3We would like to thank Drs Tricas and Ezpeleta for pointing
out a problem in the original version of this result.

s.t. t ∈ r• ∧ M′(r) < W(r, t) : t ∈ S•
R ⊆ S•, and t is

disabled by r ∈ S. (iii) ∀r ∈ •t ∩ SR, M′(r) ≥ W(r, t) :
If ∃p′ ∈ SP1 s.t. t ∈ p′

•
, t ∈ S•

P1 ⊆ S•, and t is dis-
abled by p′ ∈ S. Otherwise, ∃p′ ∈ SP2 s.t. t ∈ p′

•

(from the definition of SP2). Furthermore, M ′(p′) = 0
(otherwise, ∃r ∈ SR s.t. t ∈ r• which contradicts the
sub-case assumption). Therefore, t ∈ S•

P2 ⊆ S•, and t
is disabled by p′ ∈ S.

Case 3: t ∈ •(SP2 − SP1). Let p ∈ t• ∩ SP2. We con-
sider two sub-cases: (i)M′(p) = 0 : p �∈ H(SR). There-
fore, ∃p′ ∈ SP2 s.t. M ′(p′) = 0 ∧ t ∈ p′

•
(otherwise,

∃r ∈ SR s.t. t ∈ r• ∧ M ′(r) < W (r, t), which im-
plies p ∈ H(SR)). It follows that t ∈ S•

P2 ⊆ S•,
and t is disabled by p′ ∈ S. (ii) M′(p) ≥ 1 : If
∃p′ ∈ SP2 s.t. t ∈ p′

• ∧ M ′(p′) = 0, t ∈ S•
P2 ⊆ S•,

and t is disabled by p′ ∈ S. Otherwise, ∃r ∈ SR s.t.
t ∈ r• ∧M ′(r) < W (r, t). It follows that t ∈ S•

R ⊆ S•,
and t is disabled by r ∈ S. �

Theorem 1 Let N = (P, T,W,M0) be a well-marked
S2PGR2 net. The net is live iff the space of modi-
fied reachable markings, R(N ,M0), contains no deadly
marked siphon with a disabling resource place.

Proof: (i) To show the necessity part, suppose that
there exists a marking M ∈ R(N ,M0), such that the
modified marking M contains a deadly marked siphon,
S, with at least one disabling resource place. Let r ∈
S∩PR be a disabling resource place, and consider t ∈ r•
s.t. M(r) < W (r, t). Lemma 1 implies that ∀t′ ∈ •r, t′

is dead inR(N ,M). From the definition ofM , it follows
that ∀M ′ ∈ R(N ,M), M ′(r) ≤ M(r). Therefore, t is a
dead transition atM , which contradicts the assumption
of the net liveness.

(ii) To show the sufficiency for liveness of the con-
dition stated in Theorem 1, suppose N is not live.
Then, ∃ M ∈ R(N ,M0) and t ∈ T s.t. t is dead
at M . But then, Lemma 5 implies that there exists
a marking M ′ ∈ R(N ,M) ⊆ R(N ,M0), containing a
deadly marked siphon with at least one disabling re-
source place. �
Finally, we remark that in the class of S2PGR2 nets,
weak liveness does not imply liveness. This is due to the
existence of partial deadlocks in the underlying C/D-
RAS, which might not lead to total deadlock.

4 A Polynomial-Complexity DAP for
C/D-RAS

As it was mentioned in the introductory section, it has
been established in [1] that, in the considered RAS
class, state safety is an NP -complete decision problem,
and therefore, the implementation of the optimal – i.e.,
least restrictive – DAP is NP -hard [7]. In this section,
we proceed to the development of a suboptimal, but
polynomial-complexity DAP, which is an effective gen-
eralization to C/D-RAS of the RUN DAP, originally



developed in [13] for SU-RAS configurations; for that
reason, we call the policy C/D-RUN. Next, we first pro-
vide the formal policy definition, then we establish its
correctness, and finally, we show that its implementa-
tion presents polynomial complexity.

C/D-RUN: Let oi ≡ O(Ri), O() : R → {1, . . . ,m}
be any partial order imposed on R. Also, let ρmax

jkl =
max{oi | Jjkl[i] > 0, i = 1, . . . ,m} and ρmin

jkl =
min{oi | Jjkl[i] > 0, i = 1, . . . ,m}. Job stage alter-
native Jj,k−q,l, q > 0 is said to be in the reservation
span of Jjk, RSjk, iff

ρmin
j,k−q,l ≤ max

u=0,...,q−1
min
l

ρmax
j,k−u,l

and ∀U ∈ {{0, . . . , w} : w = 0, . . . , q − 2},
min
l

ρmin
j,k−w−1,l ≤ max

u∈U
min
l

ρmax
j,k−u,l

Let NSjkl = {Jju | Jjkl ∈ RSju} be the neigh-
borhood (stage set) of alternative Jjkl. Note that
Jjkl �∈ NSjkl. The (resource) reservation scheme, πjkl,
for Jjkl, under partial ordering O(), is the subset of
(
⋃
Jju∈NSjkl

Aju ∪ {Jjkl}) such that: (i) Jjkl ∈ πjkl,
and (ii) ∀Jju ∈ NSjkl, πjkl ∩ Aju ≡ {Jjuv : ρmax

juv =
minw ρmax

juw }. The nominal resource allocation require-
ment for Jjkl (under reservation scheme πjkl) is defined
by Jπjkl[i] = max{Jjuv[i] | Jjuv ∈ πjkl}, if oi ≥ ρmin

jkl ;
Jπjkl[i] = 0, o.w.; ∀i = 1, . . . ,m. �

Since a job stage alternative Jjkl corresponds to a
place p ∈ PS , and the input transition to p repre-
sents a resource allocation / de-allocation for Jjkl, given
an S2PGR2 net, the controlled net, CS2PGR2, un-
der a C/D-RUN implementation, is constructed as fol-
lows: (i) Introduce the set of control places PW =
{w1, w2, . . . , wm} withM0(wi) = Ci, ∀i. (ii) ∀t ∈ T , let
Jjkl (resp., Jj,k−1,l′) denote the corresponding job stage
alternative for t•∩(PS∪P0) (resp., •t∩(PS∪P0)). Then,
∀wi ∈ PW , introduce W (wi, t) = Jπjkl[i]− Jπj,k−1,l′ [i], if
Jπjkl[i]− Jπj,k−1,l′ [i] > 0; W (t, wi) = Jπj,k−1,l′ [i]− Jπjkl[i],
if Jπjkl[i]− Jπj,k−1,l′ [i] < 0; nothing otherwise. It should
be easy to see that the constructed CS2PGR2 net still
belongs to the class of S2PGR2, with control places wi

playing the role of additional resources. We state this
effect in the following lemma.

Lemma 6 Let N = (PS ∪ P0 ∪ PR ∪ PW , T,W,M0)
be a (well-marked) CS2PGR2 net corresponding to a
C/D-RUN implementation. Then, ∀wi ∈ PW , ∃ a
unique minimal p-semiflow ywi s.t. ‖ywi‖∩PW = {wi},
‖ywi‖ ∩ PR = ∅, ‖ywi‖ ∩ P0 = ∅, ‖ywi‖ ∩ PS �= ∅,
and ywi(wi) = 1. Furthermore,

∑
p∈{wi}∪H(wi)

ywi(p) ·
M(p) = M0(wi) ≡ Ci, where H(wi) extends the notion
of resource holders to control places.

Next, we prove the correctness of the proposed C/D-
RUN implementations, by showing that the policy
negates the development of deadly marked siphons con-
taining at least one disabling resource place, in the
space of modified reachable markings, R(N ,M0).

Lemma 7 Let N = (PS ∪ P0 ∪ PR ∪ PW , T,W,M0)
be a (well-marked) CS2PGR2 net corresponding to a
C/D-RUN implementation. Then, R(N ,M0) contains
no deadly marked siphon with at least one disabling re-
source place.

Proof: We prove the above result by contradiction.
Hence, for the sake of the argument, suppose that there
exists M ′ ∈ R(N ,M0) containing a deadly marked
siphon S with at least one disabling resource place.
Then, from Lemma 1, and working as in the proof
of Lemma 5, we can construct a reachable marking
M ∈ R(N ,M ′), s.t. (i) M contains the deadly marked
siphon S, (ii) {p ∈ PS : M(p) ≥ 1} �= ∅, (iii) ∀p ∈ PS
s.t. M(p) ≥ 1, ∀t ∈ p•, t is dead in R(N ,M), and (iv)
(SR ∪SW ) �= ∅, where SR = S ∩PR and SW = S ∩PW .
Consider q1 ∈ SR ∪ SW .

From the construction of S, ∃p1 ∈ PS s.t. M(p1) ≥ 1∧
p1 ∈ H(q1), and ∀t ∈ p•1, t is dead. Let Jjuv be the job
stage alternative associated with p1. We select t1 ∈ p•1
s.t. t1 ∈ •s1, where s1 ∈ PS corresponds to job stage al-
ternative Jj,u+1,v with ρmax

j,u+1,v = minw ρmax
j,u+1,w. Since

t1 is dead, and M(p1) ≥ 1, ∃q2 ∈ SR ∪SW disabling t1.
Repeating the above argument on place q2, and con-
sidering the finiteness of the set SR ∪ SW , we conclude
that there exists a set {q1, q2, . . . , qk} ⊆ SR ∪ SW , and
a corresponding set {p1, p2, . . . , pk} ⊆ PS s.t. pi, i =
1, . . . , k, is a marked place belonging to H(qi). Further-
more, ti ∈ p•i is disabled by qi+1, i = 1, . . . , k − 1, and
tk is disabled by some qi, i ∈ {1, . . . , k}. Next, consider
a place qi∗ ∈ {q1, q2, . . . , qk} with oi∗ = mini=1,...,k oi,
where oi is the partial ordering used in the C/D-RUN
implementation, extended to PR ∪PW by imposing the
same order to a resource and its corresponding control
place. Let Jjkl and Jj,k+1,l′ be the job stage alterna-
tives respectively associated with places pi∗ and si∗ . We
consider four cases:

Case 1: pi∗ ∈ H(ri∗) and si∗ ∈ H(ri∗+1). Since ρmin
jkl ≤

oi∗ ≤ oi∗+1 ≤ ρmax
j,k+1,l′ = minw ρmax

j,k+1,w, Jj,k+1 ∈
NS(Jjkl). Furthermore, since ρmin

jkl ≤ oi∗+1, pi∗ ∈
H(wi∗+1), where wi∗+1 is the control place correspond-
ing to resource ri∗+1.

Case 2: pi∗ �∈ H(ri∗) and si∗ ∈ H(ri∗+1). Then, there
exists Jj,k+µ, µ ≥ 1 s.t. Jj,k+µ ∈ NS(Jjkl), and exists
Jj,k+µ,u such that Jj,k+µ,u[i∗] > 0. Also, from the defi-
nition of C/D-RUN DAP, ρmin

jkl ≤ oi∗ . Hence, it follows
that ρmin

jkl ≤ oi∗ ≤ oi∗+1 ≤ ρmax
j,k+1,l′ = minw ρmax

j,k+1,w.
Therefore, Jj,k+1 ∈ NS(Jjkl). Since ρmin

jkl ≤ oi∗+1,
pi∗ ∈ H(wi∗+1), where wi∗+1 is the control place corre-
sponding to resource ri∗+1.

Case 3: pi∗ ∈ H(ri∗) and si∗ �∈ H(ri∗+1). There exists
Jj,k+µ, µ > 1 such that Jj,k+µ ∈ NS(Jj,k+1,l′), and
exists Jj,k+µ,u such that Jj,k+µ,u[i∗ + 1] > 0 and
ρmax
j,k+µ,u = minw ρmax

j,k+µ,w. Furthermore, from the de-
finition of C/D-RUN DAP, ρmin

j,k+1,l′ ≤ oi∗+1. Since
Jj,k+µ ∈ NS(Jj,k+1,l′), and ρmin

jkl ≤ oi∗ ≤ oi∗+1 ≤
ρmax
j,k+µ,u = minw ρmax

j,k+µ,w, it follows that Jj,k+µ ∈



NS(Jjkl). Since ρmin
jkl ≤ oi∗+1, pi∗ ∈ H(wi∗+1), where

wi∗+1 ≡ qi∗+1.

Case 4: pi∗ �∈ H(ri∗) and si∗ �∈ H(ri∗+1). There exists
Jj,k+µ, µ > 1 such that Jj,k+µ ∈ NS(Jj,k+1,l′ ), and
exists Jj,k+µ,u such that Jj,k+µ,u[i∗ + 1] > 0. Also,
from the definition of C/D-RUN DAP, ρmin

jkl ≤ oi∗ ,
and ρmin

jkl ≤ oi∗ ≤ oi∗+1 ≤ ρmax
j,k+µ,u = minw ρmax

j,k+µ,w.
The last set of inequalities, combined with the fact that
Jj,k+µ ∈ NS(Jj,k+1,l′), imply that Jj,k+µ ∈ NS(Jjkl).
Since ρmin

jkl ≤ oi∗+1, it follows that pi∗ ∈ H(wi∗+1),
where wi∗+1 ≡ qi∗+1.

So, we have established that in all four cases,
pi∗ ∈ H(wi∗+1). By the policy definition, Jπjkl[i

∗ +
1] ≥ Jπj,k+1,l′ [i

∗ + 1], which further implies that
W (wi∗+1, ti∗) ≡ 0. This establishes the contradic-
tion for Cases (3) and (4), above. For the remaining
Cases (1) and (2), we have qi∗+1 ∈ SR, which com-
bined with the fact that pi∗ ∈ H(wi∗+1), imply that
ywi∗+1(pi∗)− yri∗+1(pi∗) ≥ W (ri∗+1, ti∗). Furthermore,
since ri∗+1 disables ti∗ in marking M , 0 ≤ M(ri∗+1) <
W (ri∗+1, ti∗). The last three inequalities, combined
with the facts that M(wi∗+1) ≥ 0, M(pi∗) ≥ 1,
H(wi∗+1) ⊇ H(ri∗+1) and ∀p, ywi∗+1(p) ≥ yri∗+1(p),
imply that ∑

p∈{wi∗+1}∪H(wi∗+1)

ywi∗+1(p)M(p)

−
∑

p∈{ri∗+1}∪H(ri∗+1)

yri∗+1(p)M(p) ≥
(
ywi∗+1(pi∗)− yri∗+1(pi∗)

)
M(pi∗)

+M(wi∗+1)−M(ri∗+1) > 0

But from Lemma 6,∑
p∈{wi∗+1}∪H(wi∗+1)

ywi∗+1(p)M(p) =

∑
p∈{ri∗+1}∪H(ri∗+1)

yri∗+1(p)M(p) = Ci∗+1

which establishes the contradiction for Cases (1) and
(2), above, and concludes, thus, the proof. �

Theorem 2 Any (well-marked) CS2PGR2 net corre-
sponding to a C/D-RUN implementation, is live.

Proof : Since CS2PGR2 ⊆ S2PGR2, this follows
directly from Lemma 7 and Theorem 1. �
Example: (Modified from [15]) As an example of
the policy implementation, consider a C/D-RAS con-
sisting of three resource types R1, R2, and R3, with
capacities C1 = 3, C2 = 4, C3 = 2, and sup-
porting two job types J1 and J2, with correspond-
ing job stage sequences {(1, 0, 0)} → {(2, 0, 0)} →
{(1, 0, 1), (3, 0, 0)} → {(0, 1, 0)}, and {(0, 1, 0)} →
{(0, 3, 0)} → {(1, 0, 0), (0, 1, 1)}. The resource or-
dering employed in the implementation of the C/D-
RUN DAP is o1 = 1, o2 = 2, and o3 = 3.

Then, the policy definition requires that NS(J111) =
{J12, J13, J14}, NS(J121) = {J13, J14}, NS(J131) =
{J14}, NS(J132) = {J14}, NS(J141) = ∅, NS(J211) =
{J22}, and NS(J221) = NS(J231) = NS(J232) =
∅. This neighborhood definition implies that π111 =
{J111, J121, J132, J141}, π121 = {J121, J132, J141}, π131 =
{J131, J141}, π132 = {J132, J141}, π141 = {J141}, π211 =
{J211, J221}, π221 = {J221}, π231 = {J231}, and π232 =
{J232} Therefore, Jπ111 = (3, 1, 0), Jπ121 = (3, 1, 0),
Jπ131 = (1, 1, 1), Jπ132 = (3, 1, 0), Jπ141 = (0, 1, 0),
Jπ211 = (0, 3, 0), Jπ221 = (0, 3, 0), and Jπ231 = (1, 0, 0),
and Jπ232 = (0, 1, 1). The resulting CS2PGR2 is de-
picted in Figure 1. �
It should be clear from the previous example, that, in
the derived CS2PGR2 net, the size of the control sub-
net is polynomially related to the size of the original
S2PGR2 net. Moreover, the complexity of the deriva-
tion of this control structure is polynomial with respect
to the original (uncontrolled) S2PGR2 net size. A for-
mal analysis of the policy complexity can be found in
[12].

5 Conclusion

This paper studied the deadlock avoidance problem for
the class of C/D-RAS, that allows for multiple resource
acquisitions and flexible routings. A new class of PN,
S2PGR2, was presented to model the C/D-RAS effec-
tively, and some important liveness properties were de-
rived. In particular, we were able to establish that in
the considered PN class, non-liveness can be interpreted
through the development of a special siphon construct,
characterized as a deadly marked siphon, in a modified
marking space, which constitutes the projection of the
original net reachability space to a pertinently selected
subset of the marking components. This construction
generalized the notion and the role of the empty siphon
in the deadlock analysis of SU-RAS to the class of C/D-
RAS, and provided the basis for the development of
C/D-RUN, an efficiently computable deadlock avoid-
ance policy for this broader class of RAS. Future work
will develop techniques for enhancing the flexibility of
the proposed C/D-RUN implementations, and will seek
to identify interesting special subclasses of C/D-RAS
that admit polynomial-time optimal deadlock avoid-
ance.
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