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Abstract

We present a unified and general framework forH1-control
in both continuous time, discrete time and combinations of
these. The general result is a hybrid continuous-/discrete-
timeH1-controller. Using a compact hybrid notation, the
work shows a close relationship between the continuous-
and discrete-time solutions. In fact, the pure continuous and
discrete time equations may be obtained as two similar in-
terpretations of the general result. There are no assumptions
made on certain system matrices being zero or normalised,
e.g.D11 = 0. The method is Riccati equation (RE) based,
and it is shown how the continuous REs can be “lifted” into
discrete ones reflecting the system behaviour during the pe-
riod.

Typical applications are control of continuous-time or
discrete-time periodic systems, as well as multirate and
sampled-data control, including mixed continuous and
sampled-data measurements.

1 Introduction

H1-control for pure continuous-time and discrete-time
problems are penetrated by many authors, however most of
them consider simplified system assumptions, e.g.D11 = 0,
e.g. [1]. Furthermore, continuous- and discrete-time cases
are treated one at a time. When controlling a continuous-
time plant with a digital controller, the system is hybrid
in nature. The most well known example of such con-
trol is sampled-data control, which means that a discrete-
time controller is designed for a continuous-time plant such
that a continuous performance measure is fulfilled. The
intersample behaviour during the sampling periods is thus
taken into account when the controller is designed; forH1-
applications see e.g. [2, 3, 4].

An obvious extension of this control problem is multirate

sampled-data control where control signals and/or process
measurements are sampled at different rates. If the multirate
sampled-data scheme is repeated after a period of time, such
a control system is an example of a periodic system.

For Linear Quadratic control, or rather the dual Kalman filter
problem, a solution to this hybrid control problem was pre-
sented already in [5]. More recently theL2-induced norm
for systems with jumps was considered in [6]. However,
no control design was included and no periodic or multirate
behaviour was assumed. TheH1 control for systems with
state jumps has also been considered in [7, 8, 9], mainly
focused on single-rate sampled-data control and with a sig-
nificant discrepancy between the pure continuous-time and
the quite complex discrete-time part of the solution. In [10]
systems with mixed continuous- and discrete measurements
have been treated.

The contribution of this paper is a generalised and uni-
fied framework for both continuous-time, discrete-time and
sampled-dataH1-controller design, including a general cri-
terion D11 6= 0. It is worth noting that this is often the
case when sensitivity is considered in the performance cri-
terion. Most results in the literature handleD11 6= 0 by
some system transformation, e.g. [1], but this is not needed
here. The solution is based on continuous REs with jumps,
expressed by discrete REs. In the infinite-horizon case a pe-
riodic behaviour is assumed, and it is shown how the related
continuous RE with jumps can be replaced by an equiva-
lent discrete “lifted” periodic RE. The suggested approach
is a flexible and efficient alternative to standard lifting meth-
ods, especially when the controller includes continuous be-
haviour and a number of discrete updates during one period,
as in the case of multirate sampling. The results presented
in [11, 12] are extended with the sampled-data application.
Simpler results are achieved, especially in infinite-time hori-
zon, compared to standardH1-theory.

The paper starts with notations, definitions and problem for-
mulation in Sections 2-3 and Sections 4-6 give the general
hybridH1-design procedure. These are applied on the spe-
cial sampled-data case in Section 7. Due to limited space
we refer to [13] for proofs of the theorems. They follow to a
great extent ideas in [14].



2 Hybrid notations

In this section, a compact hybrid notation is introduced that
reflects both continuous-time and discrete-time properties.
Consider timest 2 [0; Tf ]. The sampling instants are
tk 2 [0; Tf ] and the time-limitst+k and t�k are defined as
lim�!0(tk � �) for � 2 R+ .

Variables, that are solutions to differential- and/or difference
equations, appear as piece-wise continuous variables with
jumps. To describe differential- and difference-equations for
such variables similarly, a forwards/backwards notation is
introduced according to, “forwards”:

x+ =

(
lim
�!0

x(t+�)�x(t)
�

= _x(t); t 6= tk

lim
�!0

x(tk + �) = x(t+k ); k = 1; 2; : : :
(1a)

and “backwards”:

x� =

(
lim
�!0

x(t��)�x(t)
�

= � _x(t); t 6= tk

lim
�!0

x(tk � �) = x(t�k ); k = 1; 2; : : :
(1b)

where� 2 R
+ . The length of the sampling interval from

time tk to tk+1, is denotedhk.

A hybrid signalz and a hybrid matrixA are defined as

z(t) =

�
zc(t); t 6= tk
zd(tk); k = 1; 2; ::

A(t) =

�
Ac(t); t 6= tk
Ad(tk); k = 1; 2; ::

Thus, when no subscriptsc or d are used, signals and sys-
tems are in their hybrid form. When continuous time is
considered in the following, timest 6= tk, whereas when
discrete-time is considered, time points are the discrete time
updatest = tk; k = 1; 2; : : : . The size of the hybrid sig-
nal is composed of both discrete-time and continuous-time
contributions as:

kzk2[0;Tf ]=

Z Tf

0

z0c(t)zc(t)dt+
X

tk2[0;Tf ]

z0d(tk)zd(tk) (2)

Note thatzc in (2) is not formally defined at timestk. How-
ever, the time limits exist, and the integral can be considered
as a sum of integrals. A hybrid matrixA is positive definite,
if bothAc andAd are positive definite.

Hybrid system model: Consider the continuous- and
discrete-time system parts:

Gc :

�
_x(t) = Ac(t)x(t) +Bc(t)�c(t)
�c(t) = Cc(t)x(t) +Dc(t)�c(t)

; t 6= tk

Gd :

�
x(t+k )=Ad(tk)x(t

�
k ) +Bd(tk)�d(tk)

�d(tk)=Cd(tk)x(t
�
k ) +Dd(tk)�d(tk)

; k = 1; 2; : : :

These can be described uniformed as the hybrid systemG in
compact form as

G :

�
x+

�

�
=

�
A B

C D

��
x

�

�
(4)

With the augmented hybrid input/output signals� =
[w0 u0]0 and� = [z0 y0]0 the matrices are partitioned ac-
cording to:

G :

2
4 x+

z

y

3
5 =

2
4 A Bw Bu

Cz Dzw Dzu

Cy Dyw Dyu

3
5
2
4 x

w

u

3
5 (5)

Note that (4)-(5) can be interpreted as a pure continuous or
pure discrete model, ifx+ is interpreted as_x or xk+1 re-
spectively. The state transition from timess to t, �A(t; s),
for the hybrid matrixA is found from:8<
:

_�A(t; s) = Ac(t)�A(t; s); t 6= tk
�A(t

+
k ; s) = Ad(tk)�A(t

�
k ; s); k = 1; 2; : : :

�A(s; s) = I

Hybrid Lyapunov equation and stability: Riccati
equations often occur inH1derivations, and a special case
of these are Lyapunov equations. These are in continuous
time, t 6= tk, differential equations:

� _S(t) = A0c(t)S(t) + S(t)Ac(t) + C 0c(t)Cc(t) (6a)
_P (t) = Ac(t)P (t) + P (t)A0c(t) +Bc(t)B

0
c(t)(6b)

and in discrete time,t= tk, difference equations:

S(t�k ) = A0d(tk)S(t
+
k )Ad(tk) + C 0d(tk)Cd(tk) (6c)

P (t+k ) = Ad(tk)P (t�k )Ad(tk) +Bd(tk)B
0
d(tk) (6d)

HereS andP are symmetric quadratic piece-wise continu-
ous matrices with jumps. Introduce the formal notation “�”
according to

A � P =

�
AcP + PA0c; t 6= tk
AdPA

0
d; t = tk; k = 1; 2; : : :

(7)

This implies that the Lyapunov equations can be written in
the following hybrid way, to indicate the close formal struc-
ture between continuous- and discrete time:

S� = A0 � S + C 0C; P+ = A � P +BB0 (8)

In the following, when time instants in the matrices in
discrete-time are not shown, they are “opposite” to the ones
explicitly shown, e.g. in (8)S meansS(t+k ) whereasP
meansP (t�k ).

A hybrid system, with system matrixA, is exponentially
stable if there exist two positive real numbersc1; c2 such
that k�A(t; s)k � c1e

�c2(t�s) 8t � s � 0. This is also
denoted as the systemA being exponentially stable. Next
follows definitions of stabilisability and detectability for a
hybrid system, cf. [15]:

G is stabilisable if there exists a bounded hybrid matrixL
such thatA � BL is exponentially stable. This is also de-
noted as(A;B) being stabilisable. Similarly,G is detectable
if there exists a bounded hybrid matrixK such thatA�KC

is exponentially stable. This is also denoted as(C;A) being
detectable.



3 Control problem

Our control problem may be expressed as:Find a hybrid
controller such that the hybrid performance bound

kGzwk1 = sup
kwk[0;Tf ] 6=0

kzk[0;Tf ]

kwk[0;Tf ]
< 
 (9)

holds for a specified positive constant
. This is preferably
reformulated when also a penaltyS(Tf ) on the final states
x(Tf ) is included, as

J(z; w; Tf ) = (10)

= kzk2[0;Tf ] � 
2kwk2[0;Tf ] + x0(Tf )S(Tf )x(Tf ) < 0

To obtainJ < 0, the well known “
-iteration” has to be
performed, and the smallest
-value is finally chosen. The
problem will be solved in three major steps, first the static
feedback full information case is treated, followed by the ad-
joint filter and output-feedback cases. Finally, the sampled-
data case is a simplified special case of these.

4 The static feedback solution

In this section we give a fairly complete presentation of the
static feedback solution, and rely on these details when we
later discuss the filter and the output feedback cases. In the
static feedback full information case, the controller has ac-
cess to all plant statesx and disturbancesw, but the mea-
sured outputsy are of no interest. Therefore the hybrid plant
to consider is (part of (5))�

x+

z

�
=

�
A B

Cz Dz

� �
x

�

�
(11)

whereB =
�
Bw Bu

�
andDz =

�
Dzw Dzu

�
. In-

troduce the hybrid matrices

Q�c = D0
zc
Dzc � 
2Q
 =

�
Qwc

Qwuc

Quwc
Quc

�
(12a)

Q�xc = B0cS +D0
zc
Czc =

�
Qwxc

Quxc

�
; t 6= tk(12b)

Q�d = B0dS(t
+
k )Bd +D0

zd
Dzd � 
2Q
 (12c)

Q�xd = B0dS(t
+
k )Ad +D0

zd
Czd ; t = tk (12d)

Q̂w = QwuQ
�1
u Quw �Qw (12e)

with Q
 = diag(Inw ; 0nu). Matrix partitions in discrete
time Qwd

; Qwud ; Quwd
; Qud ; Quxd ; Q�xd are defined sim-

ilar to continuous time. Now we are ready to present
a theorem, which shows that the similarity between the
continuous- and discrete-time parts of the solution is strik-
ing compared to standard results inH1 control, see e.g. [1].
A related formulation of the discrete part in our theorems is
given in [1]. For a corresponding time-invariant continuous-
time solution, a related but not such compact description can
be found in [16, 17].

Theorem 1 Consider the hybrid plant in (11) on t 2 [0; Tf ]
with kwk[0;Tf ] 6= 0. Then there exists a hybrid full infor-
mation controller u = K(x;w) which achieves the perfor-
mance bound J < 0, if and only if there exists a bounded
piece-wise continuous matrix function S � 0, which satis-
fies the hybrid RE

S� = A0 � S + C 0zCz � L0Q�L; S(Tf ) = 0 (13)

where the hybrid static feedback gain L = Q�1
� Q�x and

Q�; Q�x are defined in (12). Necessary conditions for the
existence of bounded solutions S are Q̂w > 0; Qu > 0. The
hybrid optimal control signal u� = �Lux� Luww and the
worst disturbancew� = Lwx, where Lu=Q�1

u Qux; Luw=
Q�1
u Quw; Lw=Q̂�1

w (Qwx �QwuQ
�1
u Qux).

With worst disturbancew�, the optimal control isu� =
��Lx, where �L = Lu + LuwLw. In infinite-time hori-
zon this theorem holds with some additional demands
on the plant. Let the solution to the RE in this case,
when it exists, be denotedS1. Define Au = A �
Bu(D

0
zuDzu)

�1D0
zuCz ; Cu = D̂zuCz

Theorem 2 Consider the situation in Theorem 1. Assume
further that the system (A;Bu) is stabilisable, and the sys-
tem (Cu; Au) is detectable. Then there exists a hybrid static
feedback full information controllerK that exponentially in-
ternally stabilises the system (11) and achieves the perfor-
mance bound J < 0 when Tf ! 1, if and only if there
exists a bounded symmetric piece-wise continuous matrix
function S1 � 0, which satisfies (13), such that the hy-
brid system matrix A � BL is exponentially stable. One
controller that achieves the bound is then given as in Theo-
rem 1.

Note that the hybrid RE (13) and the feedback gainL in-
dicate a formal close relationship between continuous time
and discrete time, but the matrices in (12) differ in this re-
spect. The matricesQ� are indefinite due to the min-max
nature of the problem; the control signalu is to be chosen to
minimise the costJ , while the disturbancew tries to max-
imise it.

“Lifting” the continuous-time solution: In the
sampled-data case, the continuous-time RE shall be solved
between the sampling instants, while the discrete-time RE
shall be solved at the sampling instants, all iterated into con-
vergence. However, the continuous-time part of (13) may be
replaced by a “lifted”, discrete RE. To achieve this, study a
reformulation of the continuous-time part of the RE as

� _S = A0�cS + SA�c � SB�cB
0
�c
S + C 0�cC�c (14)

representing the continuous behaviour during the period.
Here

A�c = Ac �BcQ
�1
�c
D0
zc
Czc (15a)

C 0�cC�c = C 0zc(I �DzcQ
�1
�c
D0
zc
)Czc (15b)

B�cB
0
�c

= BcQ
�1
�c
B0c (15c)



The Hamiltonian matrix associated with this problem is

H� =

�
A�c �B�cB

0
�c

�C 0�cC�c �A0�c

�
(16)

and its transition matrix fromt�k+1 to t is �(t; t�k+1) is de-
fined by

_�(t; t�k+1) = H�(t)�(t; t�k+1); �(t�k+1; t
�
k+1) = I (17)

� is partitioned into sub-matrices of sizenx�nx according

to � =

�
�11 �12

�21 �22

�
. Now a “lifting” theorem is pre-

sented.

Theorem 3 The solution to the continuous-time RE (14)
based on S(t�k+1) can be obtained by the following discrete-
time RE

S(t+k ) =
~A0�S(t

�
k+1)

~	�
~A� + ~C 0z ~Cz (18)

where time arguments in the discretised matrices are as in
the definitions below:

~A�(tk; hk) = ��1
11 (t

+
k ; t

�
k+1) (19)

~B~�(tk ; hk) ~E
�1
�

~B0~�(tk; hk) = ��1
11 (t

+
k ; t

�
k+1)�12(t

+
k ; t

�
k+1)

~C 0z(tk; hk) ~Cz(tk; hk) = �21(t
+
k ; t

�
k+1)�

�1
11 (t

+
k ; t

�
k+1)

~E� = diag(�
2Inw ; Inu)

~	�(tk; hk) = (I + ~B~�
~E�1
�

~B0~�S(t
�
k+1))

�1

and �(t+k ; t
�
k+1) is the transition matrix defined in (17).

Furthermore, the discretised system model

�
x(t�k+1)
~z(tk; hk)

�
=

�
~A�

~B~�
~C~z

~D~z~�

��
x(t+k )

~�(tk; hk)

�
(20)

where ~D0
~z~�

~D~z~� =

�
0 0
0 I

�
; ~D0

~z~�
~C~z = 0

and a corresponding H1-criterion, cf. (10), generates the
discrete-time RE (18) between times t+k and t�k+1.

When the control is optimal,u�, and the disturbance is the
worst one,w�, then the closed loop system matrix isA�BL,
in continuous time also expressed asA�c�B�cB

0
�c
S. It can

be shown, see e.g. [18], that the state transition fromt+k to
t�k+1 equals

�A�BL(t
�
k+1; t

+
k ) =

[�11(t
+
k ; t

�
k+1) + �12(t

+
k ; t

�
k+1)S(t

�
k+1)]

�1 (21)

In discrete-time the state transition from timest�k to t+k is
Ad�BdLd. Thus the state transition between timest�k to
t�k+1 is achieved as

�A�BL(t
�
k+1; t

�
k ) = �A�BL(t

�
k+1; t

+
k )(Ad�BdLd)

5 The filter solution

The problem considered in this section is the estimation of
the performancez as a function of the measured outputy.
We do not treat any control signalsu in the first step, since
these will not contribute to the estimation error and therefore
do not affect the optimality. Thus consider2

4 x+

z � ẑ

y

3
5 =

2
4 A Bw 0
Cz Dzw �I
Cy Dyw 0

3
5
2
4 x

w

ẑ

3
5 (22)

IntroduceC = [C 0z C 0y]
0 andDw = [D0

zw D0
yw]

0. The prob-
lem is to search afilter such that the performance bound, cf.
(9)

sup
kwk[0;Tf ] 6=0

kz � ẑk[0;Tf ]

kwk[0;Tf ]
< 
 (23)

holds for a specified positive constant
. This filter problem
will be treated as an adjoint static feedback disturbance feed-
forward controller problem as in [12, 1]. Only the resulting
expressions are listed here. Introduce the hybrid matrices,
cf. (12)

R�c = Dwc
D0
wc
� 
2R
 =

�
Rzc Rzyc

Ryzc Ryc

�
(24a)

Rx�c = Bwc
D0
wc

+ PC 0c =

�
R0xzc
R0xyc

�0
; t 6= tk(24b)

R�d = Dwd
D0
wd

+ CdP (t�k )C
0
d � 
2R
 (24c)

Rx�d = Bwd
D0
wd

+AdP (t�k )C
0
d; t = tk (24d)

R̂z = RzyR
�1
y Ryz �Rz (24e)

with R
 = diag(Inz ; 0ny ). We now summarise the results
in a theorem, dual to Theorem 1.

Theorem 4 Consider the hybrid system (22). Then there ex-
ists a hybrid filter ẑ = F(y) on t 2 [0; Tf ], which achieves
the hybrid performance bound (23), if and only if there exists
a bounded symmetric piece-wise continuous matrix function
P � 0, which satisfies the hybrid RE

P+ = A � P +BwB
0
w �KR�K

0; P (0) = 0 (25)

where K = Rx�R
�1
� and Rx�; R� are defined in (24). Nec-

essary conditions for the existence of a bounded solution P
are R̂z > 0; Ry > 0. One hybrid filter that achieves the
bound is, with x̂(0) = 0,

x̂+ = Ax̂+Buu+Ky(y � Cyx̂�Dyuu) (26a)

ẑ = Czx̂+Dzuu+Kzy(y � Cyx̂�Dyuu)(26b)

where Ky = RxyR
�1
y ;Kzy = RzyR

�1
y

In (26) the known but arbitrary control signalu is included.
In infinite-time horizon, the filter must also be stabilising,
which adds some demands on the plant. Furthermore, when
a solution to the RE exists, it is denotedP1. DefineAy =

A�BwD
0
yw(DywD

0
yw)

�1Cy ; By = BwD̂yw.



Theorem 5 Consider the situation in Theorem 4. Assume
further that the system (Cy ; A) is detectable and (Ay; By)
is stabilisable. Then there exists a hybrid filter that exponen-
tially internally stabilises the system and achieves the per-
formance bound (23) when Tf ! 1, if and only if there
exists a bounded symmetric piece-wise continuous matrix
function P1 � 0, which satisfies the hybrid RE (25) such
that the hybrid system matrix A�KC is exponentially sta-
ble. One filter that achieves the bound is achieved as in
Theorem 4.

Dual discussions on “lifting” and periodic behaviour are
valid also in the filter case with due modifications, [13].

6 The output feedback solution

Now the control problem is reorganised in order to find the
output feedback controller asu = �K(y). Introduce signal
transformations according to

�w = 
�1Q̂
1
2
w(w � w�); �u = Q

1
2
u (u� u�) (27)

which can be considered as weighted deviations from the
optimal ones. This transformation yields the following
equality, which can be regarded as a
-weighted isometric
property, [1]:

J(Tf ) = kzk22 � 
2kwk22 = k�uk22 � 
2k �wk22 (28)

Now the system to consider is the transformed system with
input �w (instead ofw) and output�u (instead ofz):2
4x+�u

y

3
5=
2
64 A+BwLw 
BwQ̂

� 1
2

w Bu

Q
1
2
u (Lu+LuwLw) 
Q

1
2
uLuwQ̂

� 1
2

w Q
1
2
u

Cy+DywLw 
DywQ̂
� 1

2
w Dyu

3
75
2
4 x

�w
u

3
5

Introduce the shorthands according to2
4 x+

�u
y

3
5 =

2
4 �A �B �w Bu

�C�u
�D�u �w Q

1
2
u

�Cy
�Dy �w Dyu

3
5
2
4 x

�w
u

3
5 (29)

When considering the estimated�̂u, with u = 0,2
4 x̂+

�u� �̂u
y

3
5 =

2
4 �A �B �w 0

�C�u
�D�u �w �I

�Cy
�Dy �w 0

3
5
2
4 x

�w
�̂u

3
5 (30)

the problem is equivalent to the filter problem in Section 5,
since (30) is similar to (22), and witĥ~u = 0 the related
criterion equals (28). The matrices needed for the output
feedback solution are now given similar to the filter case,
with �C = [ �C 0~u

�C 0y ]
0, �D ~w = [ �D0

~u ~w
�D0
y ~w]

0:

�R�c = �D ~wc
�D0
~wc
� 
2R
 =

�
�R~uc

�R~uyc
�Ry~uc

�Ryc

�
(31a)

�Rx�c = �B ~wc
�D0
~wc

+ �P �C 0c =

�
�R0x~uc
�R0xyc

�0
; t 6= tk (31b)

�R�d = �D ~wd
�D0
~wd

+ �Cd
�P (t�k )

�C 0d � 
2R
 (31c)
�Rx�d = �B ~wd

�D0
~wd

+ �Ad
�P (t�k )

�C 0d; t = tk (31d)

We now summarise the output feedback case in finite-time
horizon:

Theorem 6 Consider the hybrid plant G in (4). Then there
exists a hybrid controller u = �K(y) on t 2 [0; Tf ] which
achieves the performance bound J < 0, if and only if
there exist piece-wise continuous symmetric matrix func-
tions S � 0 and P � 0 satisfying (13) and (25) respectively,
and such that the spectral radius �(SP ) < 
2 for all times
t. Necessary conditions for the existence of bounded solu-
tions S and P are given in Theorems 1 and 4 respectively.
Then �P = P (I � 
�2SP )�1 in (31), and one controller is
given by

x̂+ = �Ax̂+Buu+ �Ky(y � �Cyx̂�Dyuu) (32a)

u = ��Lx̂� �Kuy(y � �Cyx̂�Dyuu) (32b)

where �A; : : : are defined by (29), �L is defined after The-

orem 1 and �Ky = �Rxy
�R�1
y ; �Kuy = Q

� 1
2

u
�R~uy

�R�1
y with

�Rxy; �Ry and �R~uy defined in (31).

Note that all matrices in (30) are time-dependent and espe-
cially that the spectral radius�(S(t)P (t)) must be fulfilled
on t 2 [0; Tf ]. Furthermore, of practical reasonsDyu = 0
is a realistic assumption, which implies avoiding algebraic
loops. In infinite-time horizon theH1-solution is found
from the following theorem. Let the RE-solution, when it
exists, be denoted�P1.

Theorem 7 Consider the situation in Theorem 6. As-
sume further that the system (A;Bu; Cy) is stabilisable
and detectable and the system (Ay; By) is stabilisable and
(Cu; Au) is detectable. Then there exists a stabilising hy-
brid controller u = �K(y) which achieves the performance
bound J < 0 when final time Tf ! 1, if and only if the
following three items all hold:

1. there exists a symmetric piece-wise continuous matrix
function S1 � 0 satisfying (13) such that the system
A�BL is exponentially stable

2. there exists a symmetric piece-wise continuous matrix
function P1 � 0 satisfying (25) such that the system
A�KC is exponentially stable

3. the spectral radius �(S1P1) < 
2

The controller is given as in Theorem 6

7 The sampled-data solution

The sampled-data case is the hybrid case, when neither mea-
surements nor control signals are in continuous time. The
performance measure, however, isonly in continuous time.
This allows us to make significant simplifications in the hy-
brid results from Sections 4 to 6. The continuous-time evo-
lution during the sampling interval is easily found from the
“lifted” solutions, whereas the discrete-time characteristics



give updates at the sampling instants. The corresponding
discretised system model for the static feedback and filter
cases turn out to be the same:�

x(t�k+1)
~z(tk; hk)

�
=

�
~A ~B ~w

~C~z 0

� �
x(t+k )

~w(tk; hk)

�

where ~A; ~Bu; ~C~z are found as in (19). Due to lack of space,
only the final controller for the case with a hold circuit at
controller output is given:

x̂(t�k+1) = ~	 ~w( ~A� ~BuLud)x̂(t
+
k ) (33a)

x̂(t+k ) = x̂(t�k ) +
�Kyd(yd(tk)� Cyd x̂(t

�
k ))(33b)

u�d(tk) = �Lud x̂(t
+
k ) (33c)

where~	 ~w is found as in (19),Lud is found as in Theorem 1
and �Kyd as in Theorem 6.

Summary

We have presented a general and unified, RE based, frame-
work for hybrid continuous-/discrete-time and sampled-data
H1 output feedback controller design. Hybrid notations
are introduced to indicate a very close relationship between
the continuous-time and discrete-time solutions. The frame-
work is easily adopted, to pure continuous- and discrete-
time systems, by simply interpreting the equations accord-
ingly, but also to (multi-rate) sampled-data systems and hy-
brid systems with a mixture of continuous-time and discrete-
time parts.

The solution is based on continuous REs with jumps, ex-
pressed by discrete REs. In the infinite-horizon case, a pe-
riodic behaviour is assumed, and it is shown how the re-
lated continuous REs with jumps can be replaced by equiv-
alent discrete periodic REs, which can be solved by stan-
dard methods. This means that both continuous-time and
discrete-time performance, control, measurement and dis-
turbance signals may be taken into account.

We treat a general system model without prerequisites like
certain matrices being zero, and this is done without the of-
ten complicated transformations, that are found in the litera-
ture. The strategies shown in this paper have all successfully
been applied on a MIMO-model of a jet-engine.
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