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Abstract

In this paper, we consider the optimal control of time-
scalable systems. The time-scaling property is shown to
convert the PDE associated with the Hamilton-Jacobi-
Bellman (HJB) equation to a purely spatial PDE. So-
lution of this PDE yields the value function at a fixed
time, and that solution can be scaled to find the value
function at any point in time. Furthermore, in certain
cases the unscaled control law stabilizes the system, and
the unscaled value function acts as a Lyapunov function
for that system. The PDE is solved for the well-known
example of the nonholonomic integrator.

1 Introduction

In addressing optimal control problems, one frequently
looks for structures in the dynamical system being con-
trolled which influence the structure of optimal trajec-
tories and which simplify the solution of the problem.
In this paper, we will discuss one such structure, namely
the optimal control of dynamical systems which are
time-scalable, meaning the equations of motion remain
the same when time is reparameterized.

Examples of time scalable dynamic systems include
driftless systems and mechanical systems without po-
tential energy. Application areas include locomotion of
systems with nonholonomic constraints, control of un-
derwater vehicles, and satellite reorientation [1, 7, 4].
These systems are not linearly controllable (when un-
deractuated) and analysis of these systems has relied
heavily on concepts and tools from differential geome-
try.

Optimal control of these classes of systems has been
studied previously [8, 9], primarily in the context of
simplifying the Euler-Lagrange equations using symme-
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try reduction. In contrast, we present some preliminary
results regarding the structure of the Hamilton-Jacobi-
Bellman (HJB) equation using the notion of time scal-
ability. Specifically, we show that if the cost function
is compatible with the time scaling, one can deduce
a priori the time-dependence of the value function as-
sociated with the HJB PDE. This results in conver-
sion of that PDE, which depends on space and time,
into a purely spatial PDE. The solution of this PDE,
combined with the known time dependency, yields the
control law which generates the optimal finite time tra-
jectories. If the time variation of the control law is
omitted, the same value function can produce a stabi-
lizing (though not optimal) control law, with the value
function playing the role of Lyapunov function.

The paper is structured as follows. In Section 2, we
define time scalability and derive some properties of
time-scalable dynamic systems. In Section 3, we discuss
the application of time scalability to the optimal control
problem. In Section 4, we solve the PDE for a simple
example and show via simulation how it produces both
finite-time and infinite-time stabilizing trajectories.

2 Time Scaling

2.1 Definitions

Let x € RP, u € R®. Let an nth order control
system be a dynamical system of the form z( =
f(z,&, ..., 2"V v), where the superscript in paren-
theses indicates the order of differentiation. Let T €
RP™ be a point of the form z = (z,#,...,2""V).

Definition 1 An nth order control system is said to
be affinely time scalable if, for any affine scaling of time
T = at + 3, there exists a scaling of u such that the
scaled equations of motion are identical to the original
equations. Let K : RP" xR xR — RP™ x R® xR denote
the time scaling operator associated with a given time
scaling. That is, K(Z,u,t) maps each of the operands
to its time-scaled counterpart.



We can easily write how K acts on the various operands
by applying the chain rule. We see that

dr _dadr _ dx (1)
dat  drdt dr

and thus we see that K maps & to ©/a. More generally,
we can see that K maps 2\ to 2U)/a’. Because z is
independent of time, it does not vary by time scaling..
To determine if a control system is time-scalable, one
simply makes this substitution and then sees if u can
be compatibly scaled such that o can be factored out
of the equation.

Remark Because K acts on each operand indpen-
dently, we will use K (u), for example, to denote the
image of v under the time scaling.

Example 1 First-order driftless systems, meaning sys-
tems of the form & = f(x)u, are time scalable. If we
scale time and substitute, we arrive at the equation

dx U

== f(n)—. 2
L ) @)
If we define K(u) = u/a, and substitute, we recover
the original equation. More generally, systems of the
form (") = f(x)u, are also time scalable, with the
substitution K(u) = u/a™.

Example 2 Mechanical systems, including those with
nonholonomic constraints, are time-scalable when the
control vector fields are functions of the configuration
space and the Lagrangian consist solely of a kinetic en-
ergy term. In coordinates, these systems take the form

G+ 5’ d" = 9" (q)u; (3)

where I" are the Christoffel symbols associated with the
connection which defines the system. See [1] for more
information on nonholonomic mechanical control sys-
tems. When u = 0, the time-scalability corresponds
with the well-known time scalabilty of geodesics [5].
When u is nonzero, it can still be scaled by the pro-
cedure noted above.

Definition 2 A point Z which exhibits the property
K(z) = z is said to be scale invariant. A scaling K
for which K(T) = T, where T' € R, is said to be T-
mvariant.

Remark The scale invariant points are clearly those
for which all derivatives are zero. For a first-order con-
trol system, these consist of the entire space. A time
scaling is T-invariant if § = (1 — a)T. We see that the
function (T" — ¢)~™ is compatible with any T-invariant

time scaling, and the scale factor is f(a) = a™ ™.

Definition 3 A function L(T,u,t) is said to be com-
patible with a time-scaling operation K if the following

holds there exists a function s : R — R such that:

L(K(Z,u,t)) = s(a) L(T, u, t) (4)

Remark An obvious property of s(«) is that s(1) = 1.
Also, it is easy to see that s(a™!) = s(a)™!.

We see that the class of linearly time-scalable systems
is fairly rich, and includes systems for which significant
work has been done in the areas of controllability and
trajectory generation. To our knowledge, however, the
time scaling property of these systems has never explic-
itly been exploited. In the development which follows,
we discuss the implications time scalability has for the
optimal control problem.

2.2 Properties of Time-Scalable Systems
The following proposition follows immediately:

Proposition 1 Given a time-scalable control system,
initial conditions T; at initial time t = t;, a control time
history u(t) defined on the interval t € [t;,t¢], and a
resulting trajectory T(t) defined on the interval, the time
scaled control K(u) defined on the interval K([t;, ty]),
when applied to the time-scaled initial condition K (Z;)
at time K(t;), will produce the time-scaled trajectory
K@K ().

Remark In other words, the time scaling of an integral
curve yields another integral curve generated by the
time-scaled control history. In particular, if the initial
and final points are scale invariant, then a control time
history which connects the two points in a given time
interval can be scaled to connect those two points in
any interval of time.

Proposition 2 Given a time-scalable control system,
a time scaling K for which o > 0, a function L(Z,u)
which is compatible with K and for which f(a) > 0,
and a control history u*(t),t € [t;,ty] which drives the
system between m; € M at timet =1; and my € M at
time t =ty and minimizes the quantity

J = / L(z,u)dt. (5)
ti
Then the time-scaled control history K (u*(K(t))) min-
imizes J bewteen the time-scaled endpoints.

Proof: To see the correspondence of J with its scaled
counterpart, let us evaluate

. K(ty)

J :/ L(7,v) dr (6)
K(tl)

with endpoints K (m;) and K(my). We can evaluate

the integral in the unscaled interval by changing coor-

dinates through K—1. Letting t = K~1(7), we apply



the formula for change of coordinates of an integral to
arrive at
ty
J= / LK (7, 0))ovdt (7)
ti

where the extra « term is the Jacobian of the coordinate
transformation. Replacing v with K(u) and applying
the definition of compatibility yields

j:/tfas(a)L(f,u)dt = as(a)J (8)

7

which is clearly minimized by v = u*, or v = K(u"*),
since the quantity as(«) is assumed positive. ™

Proposition 2 guarantees that K (u*) does in fact drive
the system to the desired endpoint, and hence is an
admissible control history. Furthermore, it guarantees
that every control history which is admissible for the
scaled function is also admissible for the original func-
tion. Hence no other control history could exist which
yields a lower J than v = K (u*).

We now consider the properties of the integral function
J for a special case. Suppose the final point m; of the
previous proposition is scale invariant, and let us fix
the final time ¢¢. The function J can be thought of
as a function of the initial point Z and the initial time
t; € (—oo,ts). It is not an explicit function of w, since
u is chosen according to the initial position and time.
From the proof above, the following proposition holds:

Proposition 3 Given the above conditions, J(Z,t;)
is compatible with the set of all ty-invariant scalings.
Specifically,

J(K(7,t:)) = oof () J (T, 1) 9)

The following proposition shows how the temporal par-
tial derivative can be converted to a spatial quantity
which includes time as a parameter.

Proposition 4 Let L(Z,u,t) be a function which is
compatible with the set of all T-invariant time scalings.
For simplicity, assume K(u) = u/a™. Then, for all

to 7é T;

oL 1 [ os — aL oL

it — 2

Ot |,y to—T <8a +Z’ et

(10)

Proof: Recall the definition of the partial derivative:
oL — lim L(Z,u,tg + At) — L(x,u,to). (11)
ot t=to At—0 At

We can map the first term on the right hand side using
the time scaling operator. If we set

to—T TAt

to+ At =T’ b to+At—T (12)

we recover the unique T-invariant time-scaling for
which K(tg + At) = to. Thus,

i x(n—l) U

1
L(f,u,to—l—At):mL (fE,—,..., t()

(13)
Now a™" = 1+nAt/(to—T) + O(At?). Using this, we
can Taylor expand the right hand side to first order, to
arrive at

a an—1 7 gn’

L@, u, to + At) = (14)
n—1 .
o) [LJF (Zz ity at) +ngy ) toAfT} ’

where the right-hand side is evaluated at (Z,u,tp). If
we recall that at At =0, we have a = 1 and thus s(«)
goes to 1 in the limit. Substituting into Equation (11)
and taking the limit, we have

oL
ot

_1_4)

I
Ao s(a)At

to — 8 (7’) 8u ’

The ﬁnal term can be simplified by noting that a =
1-— m, Taylor expanding s(«) to first order, and
taking the limit as before. This results in the following:
oL 1 s

t=to t() -T 804 a=1

n—1
oL . oL
0L @, 0L
at €+;Zax<i>x +"au“>

which proves our proposition. ™

3 Optimal Control of Time-Scalable Systems

3.1 Application of Time-Scalability to the HJB
equation

We are now ready to consider the relationship between
time scaling and the optimal control problem. Re-
call that the value function V(Z,t) associated with the
Hamilton-Jacobi-Bellman (HJB) equation is defined as
the minimum cost necessary to drive a system from a
point T at time ¢ to a desired final condition at time
(not necessarily finite) T'. To apply the above theory to
this problem, we consider a finite time optimal control
problem with fixed final state which is scale invariant,
and a cost function L(Z,u,t) which is compatible with
all time scalings. Given this, we see that the value func-
tion is given by

T
V(z,t) = min/t L(Z,u,T)dr. (15)

u



Applying Proposition 3, we see that V(Z,t) is compati-
ble with all T-invariant time scalings, and hence Propo-
sition 4 applies as well.

The HJB equation for this optimal control problem is
given by

aa—‘t/ =— muin L(Z,u,t) + g—‘gg(i,u) (16)
Proposition 4 allows us to replace the left-hand side
with a term involving V' and its spatial partial deriva-
tives. Solving this spatial PDE yields the value function
at one point in time, and the value function at any other
time can be found using the time scaling.

The presence of the 1= term in Equation (10) indicates
that as t approaches T', the value function will approach
infinity at all points except the desired endpoint. This
is expected - as time runs out, the cost associated with
driving the system to the endpoint increases. Ordinar-
ily, the HIB equation is solved by defining V(Z, T') using
a terminal cost function and propagating that function
backwards in time. In our case, the Z(T) is fixed, so
a terminal cost constraint is not meaningful. Nonethe-
less, the Principle of Optimality from which the HJB
equation is derived is still applicable, so the use of that
equation is still valid.

In the next sections, we consider the cases of first-order
systems and mechanical control systems in greater de-
tail. For the former, we shall show that solving the
spatial PDE yields a stabilizing controller in addition
to solving the finite-horizion optimal control problem.

3.2 First-Order Systems
Let us consider a system of the form

&= g(x)u (17)

where g(z) is C*, and a value function

T
V(z,t) = min1 / uwlu dt (18)
u 2 J,

where V' is minimized over control histories with the
property that they integrate Equation (17) to the value
z(T') = 0. Evaluating the HJB equation for this system
yields

1
Vi= 35V 9(2)g" (@)Va (19)
and optimal control u*(z,t) = —gT (x)V,, where the

subscripts on V' indicate partial derivatives. We now
turn to replacing V; with its spatial counterpart. The
cost function u”u is compatible with any time scaling,
and the scaling function is s(a) = a~2. The scaling for

V, following Proposition 4, is s(a) = a~!. Applying
Proposition 4, we have
I (20)
Tt

Furthermore, applying the definition of time-scalability,
we see that

T —tg
T—t

V(z,t) = V(z,to). (21)

Letting to = 0 and defining V(z) = V(z,0), we can
substitute into Equation (19) and derive the following
spatial PDE:

2V = Vo) ()7 (22)

T

Solving this PDE yields the optimal finite-horizon con-
trol law by setting @(z) = —g7 (z)V, and scaling (z)
approriately in time to arrive at u*(z,t).

We now consider the possiblity of using @(z) as a con-
trol law without time scaling, and asking whether that
control law stablizes the system. When V is smooth,
it is easy to show, using Equations (17),(22) and the
definition of @(z), that

V=_2V. (23)

2
T
Because V is a value function, it must be positive at all

points away from the origin, and thus V must be nega-
tive. This implies that V is a Lyapunov function, and
that @(z) asymptotically stabilizes the system. Thus,
solving a single spatial PDE yields both optimal finite-
horizon trajectories and an asymptotically stabilizing
controller whose gain can be set. Conceptually, a con-
troller of this form can be thought of as applying the
optimal control one would use if the final time were al-
ways T — ty away, reminiscent of receding-horizon con-
trol concepts used in model predictive control [6, 10].
Note further that by varying the value of ty used to de-
fine V, we can influence the rate of convergence of V,
i.e. the gain of the controller.

3.3 Mechanical Control Systems
In this section, we consider systems of the form

i+ Thdd* = 9" (q)u; (24)

as discussed in Section 1, with the cost function in
Equation (18). In this case, the scaling function is
s(a) = a™%, and the scaling function for V is as(a) =
a3, Thus, following Proposition 3, we have the fol-
lowing equation for V:

T —t)* T—t

Vg = GVl i), (29)
from which V4 is calculated and found to satisfy Propo-
sition 4. Again, we set {9 = 0 and denote the spa-
tial PDE as f/(x,x) = V(q,q¢,0), where x = ¢q, & =
G(T —t)/T. As in the first order case, Equation (16)
can be evaluted for this system, and we can substitute



Equation (25) and its derivative to arrive at the PDE
for V:

37 IV — Vet T a0 4 0T g()gT ()T
T T° R L 2 ¢ (2(;”)'

If we attempt to use this value function as a Lyapunov
function as done earlier, we arrive at the following equa-
tion:

Y 3e ler T .

V= _TV — §V£ g(x)g" (x)Vi + =Vid. (27)
The above equation is not necessarily negative due to
the last term. Given a solution V, this equation can
be evaluated to determine if V is in fact a Lyapunov
function.

3.4 Example - The Nonholonomic Integrator

As an example of this theory, we consider a classic non-
linear optimal control problem, namely the first-order
nonholonomic integrator [2]. The system, is defined by

(tl = U
{tg = U2 (28)
T3 = iUz — TaUl

with the cost function in Equation (18). The system
is driftless, linearly uncontrollable, and time-scalable.
The HJB equation for this system is

V= % (V2 + V2 +dVE + 2V (a1Va, — 22Va, )]

(29)
where d = x24-23. Following the development in Section
3.1, we can replace V(x,t) with V(z) and V; with V in
the above equation. We now seek a functional form for
V which is consistent with this equation. If we assume
the form V = V(d,z3), we can substitute and simplify
the equation to

- . d ~

V =24V} + 51/53. (30)
If we further assume that V = d f(r)/2, where r =
x3/d, we can reduce the equation to an ODE:

F= o D) (31)
This equation is quadratic in f/, and can be factored to
form two ODEs. To solve either ODE, we need an initial
condition. Note that when r = 0, this is equivalent
initial conditions in the z; — z2 plane. Reviewing the
equations of motion, we see that this case can be solved
directly using constant uy = x1/T,us = x2/T,. This
corresponds to V(d,0) = %, meaning f(0) = 1. One
of the ODEs has a nonzero solution at f(0) = 1 for
r > 0, and the other has a nonzero solution for r <
0. Thus, by solving the initial value problem for both
positive and negative r using the ODE which does not

give a trivial solution, we derive f(r), and thus the value
function as well.

At points away from the z3 axis, we have the following
control law:

1]1 = —I1 (f — f/’l“) + $2f’/2 (32)
ﬁg = —xg(f - f/T) - xlf'/2 (33)

While ligl f(r) = oo, the value function remains fi-
T— 100

nite, as well as the limit of f/(r). This allows us to
define V' at points where z1, 29 = 0. Furthermore,
lim wy; is finite, but dependent on the path along which

T—00

one takes the limit. It can be shown that along the z3
axis a control law of the form

. = (2V)Y%sin6 (34)
iy = (2V)Y2cosh (35)

for arbitrary 6 yields a control law which is continuous
along trajectories.

Figures 1 and 2 show optimal finite-time trajectories
and stabilizing trajectories for two initial conditions.
The stabilizing trajectories were generated using the
value function at tg = 9 to give faster convergence.
The initial conditions in Figure 1 are at a point where
the value function is smooth. Those for Figure 2 are at
a nonsmooth point. Both show the trajectory reaching
zero at the appropriate time for the finite-horizon case,
and decaying to zero in the infinite horizon case.

This example is a classic one in nonlinear control theory,
and the optimal trajectory for initial conditions lying
on the x3 axis can be found many places in the liter-
ature. The trajectories found here are consistent with
those results, and also provide the globally minimizing
trajectory for all points in the space.

4 Future Work

In the example shown above, we see that the solution
to the spatial PDE is nonsmooth. This is unsurprising -
the existence of a smooth solution would imply the ex-
istence of a continuous stabilizing feedback, which was
shown by Brockett to be impossible [3]. The discon-
tinuity, however, is relatively benign, in that trajecto-
ries never cross it. It would be desirable to show that
the discontinuities inherent in the solution do not pre-
vent the control law from stabilizing the system. Such
a proof would involve tools from nonsmooth analysis,
and will be the subject of future research. Addition-
ally, we seek to refine the conditions under which me-
chanical control systems can be stabilized. Issues of
smoothness will have to be addressed in this setting as
well. Another area of future work is the development of
numerical methods for solving the spatial PDE which
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Figure 1: Finite-Time Optimal Trajectory, Stabilizing Trajectory, o = (2, —3,4)
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Figure 2: Finite-Time Optimal Trajectory, Stabilizing Trajectory, o = (0,0, 4)

exploit the structure of the underlying system. The
literature regarding the geometric structure of the sys-
tems discussed in this paper is very rich. We expect to
be able to exploit this structure in designing numerical
methods.
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